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1. BBE)J;EHHE 

)/(aHy ,abedoHHe u HcaaKy Jl.ZJ10.My 
nocuiqaemc.11 ... 

BBC,llCHHCM K MOHOrpa<t>HH c TaKHM Ha3BaHHCM Moma 61>1 6b1Tb 

OT,lleribHWI pa6oTa c IlO,llp06HblM aHaJIH30M IlOJIO:lKCHIDI ,llerI B o6cyx­

.n;aeMOM sonpoce. PeaJI1>H1>1e non1>1TKH C03,llaHIDI TaKoro sse,lleHIDI 

npHBeJIH K HCCKOJibKHM sapHaHTaM o6wHpHoro MaTepHarra, 

OCHOBHOH HC,llOCTaTOK KOToporo COCTOBJI B TOM, "ITO OH MOr 61>1 6blTh 

IlOHSIT CilCUHarrHCTaMH c TPa,um.niOHHblM o6pa30BaHHCM B o6rracm MC­

XaHHKH He «,llO», a nocrre npotITeHIDI MOHorpa<t>HH. Ho 3TO ,lle.rraJio ero 

B }'Ka3aHHOM KaqeCTBe npnrnqecKH 6ecCMblCJICHHblM. Ilo3TOM)' B 

OKOH'laTeJibHOM sapHaHTe 6bIJIO npHHSITO peweHHe COKpaTHTb 31)' 

tiaCTh pa60Thl ,llO MHHHMyMa, IlOMCCTHB 6orree IlO,llp06HblC o6C}')K,llCHIDI 

tiaCTHbIX BonpocoB B KOMMeHTapHH K OCHOBHblM nOJIO:XCCHIDIM TeopHH. 

B nepBOH rrrase npo,llOJI:XCCHO COBepweHCTBOBaHHe pa3pa6oratt­

HOH B [33] aKCHOMaTHKH raJIHJICCBOH MCXaHHKH, npHHUHilHaJibHO 

OTJIHtialOIUCHC.Sl OT H3BCCTHblX CJICJzyIOIUHMH IlOJIO:XCCHIDIMH. 

1. B KaqecTBC MaTeMaTHtICCKOH MO,lleJIH peaJibHOH cpe,llbl IlOC'l)'­

JIHpyeTC.Sl H3MCpHMblH IlO ne6ery ToqeqHblH JIOKaJlbHO a6COJIIOTHO 

HenpepbIBHl>IH OTHOCHTeJibHO MCpbl ne6era (B ,llaJibHCHWCM - HC­

npepbIBHblH) KOHTHHYYM c HanpaBJI.SIIOIUHM OpHCHTHpOBaHHblM CBK­

JIH,llOBbIM BCKTOpHbIM npocTpaHCTBOM, CB.Sl3b c KOTOpbIM (KaK H no­

JIO:XCCHO) onpe,n:err.SICTCS TpeM.SI OT,lleJibHblMH aKCHOMaMH (B UeJIOM 

17 aKCHOM r. BeH.IUI) (11, 50, 52]. . 
IlOKa3aHO, qTo qacTO OTO:xc,llCCTBJI.SICMbIC IlOH.SlTIDI «HenpepbIB­

HOCTb», «CilJIOWHOCTb» H «KOHTHHYYaJibHOCTb» cpe,llbl [7' 16, 17' 
37, 38, 46] Ha CaMOM .n:erre npHHUHilHaJibHO pa3JIHqH1>1. Cpe,lla -

KOHTHttyyaJibHa, CCJIH BbIIIIeyica3aHHOe ToqetIHOe MHOXCCCTBO HMeeT 
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MomHOCTb KOHTHHyyMa (HanpHMep, cpe,lla aua.rm:TWleCKOH MeXaHH­

KM [37] TaKOBOH He jJBruJ:eTcg), HO npH 3TOM He o6g3aHa 6bITb HH B 

KaKOM CMblCJie HM HenpepbIBHOH, HM CTIJIOIIIHOH (HanpHMep, cpe,lla 

THTia COBepmeHHOro KaHTOpOBOro MHO)l(eCTBa (15]). IlOHUHe «He­

npepbIBHOCTb» cpe,llbl HHKaK He CBg3aHO c CaMOH cpe,llOH (ToqeqHbIM 

KOHTHHyyMOM), a IlOJIHOCTbIO onpe,llerrgeTCjJ xapaKTepoM pacnpe,lle­

JieHlfj{ Ha Heli cKarrgpHbIX H aeKTOpHbIX Mep Mexaumrn. CaolicTBo 

«CTIJIOIIIHOCTb» cpe,llbI 3KBHBarreHTHO TPe6oaaHHIO coxpaueHlfj{ cKa­

AApHbIX Mep HHepl.lHH H IpaBliTal.\HH Ha CHrMa-arrre6pe MeXaHttqe­

CKMX CHCTeM H He HMeeT npgMoro OTHOIIIeHlfg K CBOHCTBY «Henpe­

pbIBHOCTI»>. Onpe,n:eJieHII}'IO .sicHOCTb B Bonpoc BHOCHT rrocryJrn:po­

BaHHOe B MOHOrpaqmH CBOHCTBO HeCBjJ3HOCTH BcerreHHOH MeXaHHKM 

I'ammeH. 

2. }lmI Ka)l(,n:OH TOqKM HenpepbIBHOro KOHTHHyyMa CTpOHTCjJ 

OKpeCTHOCTb, Ha KOTOpoii pearrbHbIH npoqecc ,n:BH)l(eHlfg cpe,llbl B 

onpe,n:eJieHHOM CMbICJie MaJIO OTJIWlaeTC.sI OT JIHHeHHOro npeo6pa.30-

Bafflfj{ cooTBeTcTByiomero HanpaBJU110mero BeKTopHoro npocTpaHcT­

Ba. TeM CaMbIM ycTauaBJIHBaeTcg B3aHMHo o,n;H03HaqHoe cooTBeTcT­

BHe Me)l(,l{y BCeMH JIHHeHHbIMH npH6JIH)l(eHlfj{MH pearrbHbIX npeo6pa-

30BaHHH cpe,llbl B BbIIIIeYKa.3aHHOH OKpecTHOCTH H 3JieMeHTaMH 

HeKOTOpoii no.n;rpynnbl IlOJIHOH JIHHeHHOH rpynnhl, ,l{eiicTByiomeii Ha 

JIOKaJibHOM KOMTIJieKTe BeKTOpHoro npocTpaHCTBa. 3Ta qeTbipexna­

paMeTPHqecKag rpynna MaTPHl.l gBJigeTC.sI rpynnoii KHHeMaTWleCKHX 

.n:ecpopMaTOpOB (K-,n:ecpopMaTOpOB) -MaTeMaTHqeCKHX MO,n:eJieii KH­

HeMaTHKH JIHHeHHblX npH6JIH)l(eHHH pearrbHOfO ,IJ;BH)l(eHHg cpe,llbl B 

OKpeCTHOCTH rr1060H: TOqKH, yqacTByiomeH: B ,IJ;BH)l(eHHH napa.JIJie.n:b­

HOro nepeHoca OTHOCHTeJibHO 6a30BOH (HHepl.lHaJibHOH, eCJIH 3TO 

Hy)l(HO) CHCTeMbl KOopn1rnaT. 

YKa3aHHbie MaTpHl.lbI - pemeHH.sI HeKOToporo MaTpWIHoro 

.u:mpcpepeHl.lHaJibHOro ypaBHeHlfj{ KHHeMaTHKM Ha rpynne K-,llecpop­

MaTOpOB - jJBJljJJOTCjJ e,l{HHCTBeHHbIMH HOCHTeJijJMI{ HHcpopMal.lHH 0 

JIHHeHHOM npH6JIH)l(emm pearrbHOro JlBH)l(eHHg cpe,llbl B OKpecTHO­

CTH rr106oii ToqKH, IlOCTPOeHHag MO)leJib HenpepbIBHOH cpe,llbl jJBJUl­

eTCjJ B l.leJIOM HeCBjJ3aHHbIM ToqeqHbIM JIOKaJibHO HenpepbIBHbIM 

KOHTHH)'YMOM cnen:HaJibHOro BH,!la (3, 15, 41], B KOTOpOM B COOTBeT­

CTBHH c pearrbHbIM IlOJIO)l(eHHeM JleJI HeT HH H30JIHpOBaHHbIX ToqeK 

[7, 37], HH IIOJlMHO:lKeCTB, KOTOpbie MO:lKHO 6bmo 6bI B KaKOM-JIH6o 

qm3HqecKH pa.3YMHOM CMbICJie TPaKTosaTb KaK spamaromHecg H 3a-
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TeM .n:e<iJopMHpyeMLie <<'laCTHULI», HH «MaTepHaJILHblX TOqeK» KaK 

MexaHHIIeCKHX CHCTeM, «pa3MepaMH KOTOpLIX MOXHO rrpeHe6pe'IL». 

Mex~ecme cHcTeMLr, TPMHUHOHHo Ha3LmaeMLie a6corrIDTHO 

TBepALIMH TeJiaMH, Boo6w;e He cyw;ecTByroT (33], a B ycJIOBIDIX npea­

IlOJIO)l(eHIDI 06 HX cyw;ecTBOBaHHH TaK)l(e 51BJUIIOTC51 HerrpepLIBHOH 

KOHTHHyyaJILHOH cpe.n:o:H c AOilOJIHHTeJILHLIMH CBOHCTBaMH. 

B MeXaHHKe KOHTHHyyMa Boo6w;e H JIOKaJILHO HenpepLIBHOro, B 

qacTHOCTH, onpe.n:erreHLI CBOH «IlpaBHJia HrpLI», He HMelOw;He attarro­

rnii c MexaHHKOH KOHeqHoro MHOXecTBa ToqeK (aHaJIHTnqecKOH Me­

xaHHKOH) HJIH MeXaHHKOii .n:e<iJopMHpyeMLIX «qacTHU». HarrpHMep, 

H3 o6C}')!QleHIDI HCKJIIOqeH BOilpOC 0 nepeHOCe TeopeM «06 H3MeHe­

HHH KonnqecTBa ABHXeHIDI H MOMeHTa KorrnqecTBa .IJ:BH)l(eHIDI» (.n:o­

Ka3bIBaeMLIX AJI5I KOHeqHoro MHOXeCTBa ToqeK c HCilOJIL30BaHHeM 

BToporo 3aKOHa HLIOTOHa [7, 37]) Ha He cyw;ecTByrow;He B pearrLHOH 

KOHTHHyyaJILHOH cpe.n:e .n:e<iJopMHpyeMLie «06JiaCTH» c HHrae He 

;::i:H<iJ<iJepeHUHpyeMLIMH HJIH Boo6w;e Hecyw;eCTByIDW:HMH rpaHHUaMH. 

IlOKa3aHO, qTo npH onpe.nerreHHblX .noroBopeHHOCT51X 0 CBOHCTBax 

BcerreHHOH MeXaHHKH rarrHJie51 HJ)l(Aa B TaKOBblX AJI5I HerrpepLIBHOH 

KOHTHHyyaJILHOH cpe;::t:LI He B03HHKaeT BOo6w;e. '.3TO CBH.IJ:eTeJILCTBy­

eT 0 TOM, qTo BLIIIIeyKa3aHHLie TeopeMLI 51BmIIOTC51 He «3aKOHaMH pe­

aJILHOH npHpOAbl», a 3JieMeHTaMH Hey.n:aqHoii aKCHOMaTHKH MeXaHH­

KH, onpeJleJUIIOllJ;eii CBOHCTBa 3TOH npHpO;::t:bl. HanpHMep, OTCIO,n:a 

cne.n:yeT, qTo yrBep)l(JleHHe 0 CHMMeTpHH «TeH30pa» HaIIp51XeHHH, 

H3BJieKaeMoe TOJibKO H3 <iJopMbl 3aIIHCH «HHTerparrLHOH <iJopMbl Teo­

peMbl 0 coxpatteHHH MOMeHTa KOJIHqeCTBa ABHXeHIDI HenpepLIBHOH 

cpe,L(bl», He HMeeT IIO,L( co6oii HH MaTeMaTuqecKHX, HH <iJH3nqeCKHX 

OCHOBaHHH. 

3. B KaqeCTBe OCHOBHOro B MOHorpa<lJHH ,n:eiicTByeT cne.n:yrow;ee 

yrnep)l(JleHHe: JII06bie «3aKOHbl npHpOAbl» AJI5I pearrLHOH JIOKaJibHO 

Henpepr:.IBHOH KOHTHHyyaJibHOH cpe,L(LI, KaK nepBH:qHbJe CBOHCTBa 

BcerreHHOH MeXaHHKH rarrHJie51, MOryT <iJopMyrrHpOBaTbC.sI TOJlbKO B 

BH.IJ:e aKCHOM, TOJlbKO B ToqKe B BH.IJ:e yTBep)l(JleHiiH 0 6arrattce IIJIOT­

HOCTeii COOTBeTCTByIDllJ;HX BeKTOpHbIX H CKan.sipHblX Mep MeXaHHKH, 

onpe;::i:erreHHbIX Ha CHrMa-arrre6pe IlOAMHOXeCTB 3TOH cpe.z:tbI, H TOJib­

KO B HHepUHaJibHOH CHCTeMe KOOPJlHHaT. 

IlpH 3TOM, ecTeCTBeHHO, Hcqe3aIOT H3 o6paw;eHIDI TaKHe «IlpH­

BbNHble», HO 061.eKTHBHO pearrhHO He cyw;eCTByIDW:He IIOH51TIDI, KaK 

«CHJia, npHJIOXeHHa51 B ToqKe» (oHa BCer.n:a paBHa ttyJIIO), «ToqKa co 
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cocpeJJ;OTO'leHHOH MaCCOH» (Macca KOTOpoH: BCerJJ;a paeHa eymo), 

«yrJIOBruI CKOpOCTb TO'IKH» (rrpHHl.lHIIHaJibHO He cyw;eCTB)'lOll(ruI, TaK 

KaK rpyrrrra BpameHHH orrpeJJ;erreHa TOJibKG Ha BeKTOpHbIX rrpocTpaH­

CTBax p3.3MepHOCTH He MeHee JJ;Byx), KOJIH'leCTBO )J;BHXeHIDI (H TeM 

6onee MOMeHT KOJIH'leCTBa )J;BHXeHIDI) TaKOH TO'IKH H, CJieJJ;OBaTerrb­

HO, acg aKCHOMaTHKa HbloTOHa, 63.3Hpyrow;agcg Ha )'Ka.JaHHbIX rrono­

xeHIDIX, a TaKXe Bee, 'ITO HJ Hee crre.zzyeT (ypaeHeHIDI Jlarpattxa 

rrepaoro poJJ;a, o6w;ee ypaeHeHHe JJ;HHaMHKH, u;eHTPaJILHoe ypaeHe­

HHe JlarpaHXa, o6w;ee u;eHTPaJibHOe ypaBHeHHe [37] H T. II.). 

<l>HJH'leCKH Heo6octtoBaHHoe, Ho TPaJJ;Hl.lHOHHO HcrronbJyeMoe 

ycnoBHe paBHOBeCHil: HenpepbIBHOH cpe.n;bI B BH.n;e ycnoBHil: paeHoBe­

CHil: a6coJIIOTHO TBep.n;oro Terra ( «Bbipe3aHHbIX» H3 HenpepbIBHOH 

cpeJJ;bI napaJIJierrenHneJJ;oB, TeTpaH.n;OB HT. n.) JaMeHeHo Ha MaTeMa­

TH'leCKH co.n;epxaTeJibHOe ycJIOBHe paBHOBeCHil: )J;HHaMH'leCKH He­

rrpepbIBHOro KOHTHH}'YMa (paeeHCTBO H)'JIIO IUIOTHOCTH )J;HHaMH'le­

CKOH MepbI OTHOCHTeJibHO MepbI Jle6era). 

4. B MOHOrpaqmH OT)J;eJibHO BBOASITCil: IIOHil:TIDI HHepu;HOHHOH H 

rpaBHTau;HOHHOH Mace KaK CKaJigpHbIX Mep Ha CHrMa-arrre6pe Mexa­

HH'ICCKHX cHcTeM. TaKoe pamerrettHe HHorJJ;a JJ;errarrocb H patt:&we, 

HO 3aTeM rrocrynHpOBa.TIOCb HX paBeHCTBO [12]. 3JJ;eCb rrocry;mpyeT­

Cil: HX nponopl.lHOHaJibHOCTb c K03cpcjmu;HeHTOM B BH.n;e KOpHil: KBa)J;­

paTHOro H3 KOHCTaHTbI BCeMHpHoro Til:fOTeHHil:. 3TO yTBep:lK)J;eHHe 

rrpHBOAHT K B03MOXHOCTH nepeCMOTpa MHOrHX npHBbNHbIX IIOJIO­

xeHHH «KJiaCCH'!eCKOH» MexaHHKH B qacn1, Kacarow;elicg IIOHil:THH 

HHepu;HH H Til:fOTeHIDI. rpaBHTal.lHOHHail: Macca (cyw;ecTBeHHO MeHb­

Wail: HHepu;HOHHOH) CTaHOBHTCil: cpH3H'leCKH OC51:3aeMbIM IIOHil:THCM. 

He BbI3bIBaeT, HanpRMep, BHYTpeHHero conpoTHBJieHIDI 3aIIHCb JJ;H­

HaMH'leCKOro BHHTa 3eMHOro Til:fOTeHIDI B OKpeCTHOCTH 3eMJIH B BH­

JJ;e JJ;HHaMH'!eCKOrO BHHTa HHepu;HH c ycKopeHHeM 3eMHOro Til:roTe­

HIDI HT. II. 

5. 0JJ;HO 83 u;eHTpaJibHbIX MeCT B p3.3BHBaeMOH TeOpHH 3aHHMaeT 

npHHl.lHIIHaJibHO HOBbIH o6'heKT MeXaHHKH - )J;HHaMH'leCKHH BHHT 

(wecnlMepHruI KOCOCHMMeTpH'IeCKail: 6HMepa PaJJ;oHa Ha CHrMa-arr­

re6pe MeXaHH'!eCKHX CHCTeM) [33]. 0CMbICJieHHe 3TOro IIOHil:TIDI 

npHBO)J;HT K IIOHHMaHHIO )J;OCTaTO'lHO rrpOCTOro ¢aKTa: B pean:&HOH 

rrpupo.n;e He cymeCTByeT cj:>H3H'leCKHX o6'beKTOB, MaTeMaTH'leCKHMH 

MO)J;eJiil:MH KOTOpbIX il:BJiil:IOTCil: «MOMeHTbI» nro6oro rrpOHCXO:lK)J;eHHil: 

(KHHeMaTH'lCCKHe, KHHeTH'leCKHe, )J;HHaMH'lCCKHe HT. II.). 
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Ilo.SIBJieHHe MOMeHTa KaIC CaMOCTOSITeJILHOro IIOIDITHSI o6Sl3aHO 

HcKyccTBeHHOM}' pac'IJleHeHHIO Ha .z:i;se TPeXMepH1>1e qacTH 111ecTH­

MepH1>1X CKOJIL3Sl111HX BeKTOpOB H BHHTOB. H ,D;eJIO 3.z:i;ec1> He B cpopMe 

3aIIHCH: cpH3e:qecKHe o61>eKTbl, AJISI KOTOpLIX )J;HHaMffqeCKHe, KHHe­

MaTe:qecme H KHHeTe:qecKHe CKOJIL3S1111He BeKTOpbl H BHHTLI jlBJig­

IOTCSI MaTeMaTe:qecKHMH MO,D;eJigMH, npmmHmiaJILHO 111ecTHMepHLI. 

«MoMeHTbl» Ha CaMOM nene jIBJijllOTCSI qacrnMH 3THX o61>eKTOB, He­

C)'111HMH B ce6e HHcpOpMaQHIO AJISI BLIIIOJIHeHHSI 6onee my60KOH 

cpaicTOpH3aQHH BeKTOpHoro rrpOCTPaHCTBa cso6o.z:i;HblX BeKTOpOB (B 

qacTHOCTH, orrpe.z:i;eneHHSI «JIHHHH .z:i;eikTBHSI» CKOJib3Sl1llero BeKTopa, 

ecnH peqy, HAeT o reoMeTPe:qecKHx seKTopax - KJiaccax 3KBHBaJieHT­

HOCTH COHarrpaBJieHHLIX HarrpaBJieHHblX OTPe3KOB rrp.sIMOH O,D;HHaICO­

BOH JlJIHHbl). 3.z:i;ecL e111e pa3 MOX<:HO 3aMeTHTL, qTO n1061>1e MaTeMaTH­

qecKHe 061>eKTbl, IIOSIBJlglOIQHecg B 0,D;HHX aICCHOMaTHKax H e:cqe3a-

10111He - B .z:i;pymx, HM 3KBHBaJieHTHLIX, He MOryr 61>ITL MaTeMaTnqe­

CKHMH MO.!(emJMH Ka.KHX-JIH60 peaJILHLIX rrpon:eccoB mo6oii: 

IIpHpO,D;bl. 

Kaic pe3yn1>TaT, MexaHHKa fanHJleg B MOHorpacpHH orrpe.z:i;eneHa 

KaIC reoMeTpHSI (HHBapHaHT) 0606111eHHOH rpyrrnLI fanHJie.sI - rpyrr­

Ilbl rneCTHMepHLIX rrapaJIJieJILHblX rrepeHOCOB Ha IIOCTOSIHHLle BeKTO­

p1>1, BeKTOp1>1-11pOH3Be,D;eHHSI IlOCTOSIHHOH CKOpOCTH ToqeK Ha BpeMSI 

H IlOCTOSIHHLIX IlOBOpOTOB B BeKTOpHOM npocTpaHCTBe BHHTOB. IlpH 

3TOM CTaHOBHTCSI SICHblM, qTo o61>eKTHBHO orrpe.neneHLI TOJILKO ,n:Be 

MeXaHHKH: BbIIIIeYKaJaHHaSI H reoMeTpHSI rpyrrrrLI Ilopean:a (reoMeT­

pHSI MHHKOBCKoro) [50]. 
6. IloKa3aHO, qTo B MeXaHHKe fanHJieSI He C)'111eCTByeT ,D;HHaMH­

qecKHX BHHTOB, OTJll{qHLIX OT HHepn:HOHHLIX, rpaBHTaQHOHHLIX H .z:i;e­

cpopMa.a;HOHHLIX. IlpH 3TOM .z:i;ocrnmyra H,D;eHTl{qHOCTL orrpe.nenemm 

YKaJaHHbIX BHHTOB: 3TO rnecTHMepHLie seKTOpHLie Mep1>1 so3.z:i;eii:cT­

BHS1 Ha MexaHe:qecme CHCTeMLI HX ,D;OIIOJIHeHHH B CHrMa-anre6pe 

3THX CHCTeM. Bee rrpo•me 061>.SIBJieHHLle ,D;HHaMHtiecme BHHTLI (Ha­

rrpHMep' «KIDK)'lllHecg»' «.IJ:OIIOJIHHTeJibHLle», «BH6pa.a;HOHHble», 

«ITOBepXHOCTHLle», «peaICTHBHLle» HT. II.) JIH6o He C)'111eCTByIDT, JIH-

60 jJBJijJlOTC.sI 3asyanHpOBaHHLIMH BbIIUeYKa3aHHLIMH. 

7. B 06J1.acmu KUHeMamuKu HenpepblBHblX cpeo noJ1.yt(,eHbl cJ1.eoy-

10UJue pe3yJ1.&mambl. 

7.1. IloKaJaHO, 'ITO yTBepX(J{emre 0 pa3JIOXeHHH CKOpOCTH ,n:BH­

)l(eHHSI npoH3BOJILHOH TO'IKH «'IaCTHU:LI» cpe,D;LI Ha nocryrraTeJibHyID, 
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Bpall.{aTfm:l>HyIO H .u;ecpopMaUHOHHyIO COCTaBllillOII.{He (rrpHilHCI>IBae­

MOe Kourn H I'eJil>MI'OJII>uy) [16, 38, 46] HH cpH3Hqecirn, HH MaTeMa­

THtleCKH He COCTO.sITeJibHO no CJieJzyIOII.{HM rrpHtlHHaM: 

- EcrrH MaTeMaTHtleCKOH MOAeJil>IO cpeAOI .sIBIDleTC.sI JIOKaJIDHO 

HerrpepblBHbIH KOHTHHyyM, TO B HeM HeT ToqeK co cocpe,noToqeHHbl­

MH MaCCaMH H «qacTHU», KOTOpbie MOXHO 6oIJIO 601 «3aMOpaxH­

BaTM, Bparn.aTb, i:i;e¢opMHpOBaTb HT • .n. 

B 3TOM CMDicne MexaaHKa «HerrpepoIBHOH» cpe.u;DI HH B KaKOM 

CMbICJie He .sIBJIHeTC.sI o6o6Il{eHHeM IIOHHTIDI .QBHXeHIDI TBep,Z{OI'O Te­

rra - «3aMOpo)KeHHOH qaCTHUbI» c .no6aBJieHHeM K ee napaJIJieJibHO­

MY nepeHocy H Bpall.{eHHro .D.HJiaTartHOHHoro Ae¢opMHpoBaHIDI. B 
MOHorpaqmH IIOKa3aHO, qTo Ha CaMOM ,Z{eJie Bee Hao6opoT: a6COJIIOT­

HO TBep.u;oe TeJIO ( C}'ll.leCTBOBaHHe KOTOporo rrpHXO,Z{HTC.sI .uonycKaTb 

[33]) .sIBJUieTC.sI qacTHbIM crryqaeM .QBHXeHIDI HenpepoIBHOH KOHTH­

H)'YaJibHOH cpe.n;l>I c .UOilOJIHHTeJil>HbIMH CBOHCTBaMH ( CYJKeHHe Ha 

MHO:iKeCTBO TBep.l{bIX Tell rpynnoI K-.ue¢opMaTOpOB .sIBJI.sieTC.sI rpyn­

IIOH Bpall.leHIDI). 

- <«l>opM)'JIDI KomH-I'err1>Mrorr1>ua» [16, 38, 46] Ha CaMOM .ne­

ne He .sIBJI.sIIOTC.sI tPYHKUIDIMH H, CJie,Z{OBan~JlbHO, He MOryr 6bITb MaTe­

MaTffqeCKHMH MOAeJI.sIMH KaKoro-JIH6o ¢mHt1ecKoro rrpouecca. OHH 
rrpei:i;cTaBJieHI>l TOX,QeCTBaMH, B KOTOpbIX npaBbie qacTH .sIB.IDIIOTC.sI 

ApyrnM o6o3HaqeHHeM JieBl>IX, H Il03TOMY (KaK H mo6o1e Ap)'Ilfe TOX­

aecTBa) IIpHHUHIIHaJibHO He Moryr 6oITb HCTOqHHKOM HHtPOPMartHH 0 

xapaKTepe .QBHXeHIDI peaJil>HOH cpe,Z{I>I B006Il{e H 0 ee Bpall.{eHHH H 

,Z{HJiaTau;HH B qacTHOCTH. 

- C}'ll.lecTByeT 6ecKoaeqao MHoro Tox.u;ecTBeHHI>IX pa3llo)Ke­

HHH CKOpOCTH npOH3BOJlbHOH TOqKlf cpe,Z{bl B OKpeCTHOCTH JII060H 

TOqKH 3TOH cpe,Z{l>I, H, CJie.UOBaTeJibHO, HH O,Z{HO H3 HHX He .sIBJI.sieTC.sI 

MaTeMaTHtleCKOH MO,Z{eJiblO KaKOfO-JIH6o tPH3HtleCKOI'O rrpeo6pa30Ba­

HIDI peaJil>HOH cpe,Z{I>I (aaanorwrno TOMY, KaK rrpH pa3llOXeHim rryTH 

pearr1>aoro ABIUKemra ToqKH B pAAbI srreMeHTI>I 3THX pAAOB He HBJI.sI­

IOTC.SI MaTeMaTHtleCKHMH MO,Z{eJI.sIMH 3TOro peaJII>HOro ABH:XCeHIDI). 

- <«l>opM}'JlbI KoIIIH-I'eJIDMI'OJ.IbUa>> CWI3omaroT He CaMH npeo6-

pa30BaHIDI cpe,Z{l>I, a CKOpOCTH 3THX npeo6pa30BaHHH (no KOOp.l{HHaTaM 

H BpeMeHH), no BHeIIIHeM)' BHJJY KOTOpbIX (Ka.K. H mo6bIX npymx COOT­

HomeHHii:, CWI3bIBaIOII.{HX CKOpocrn) IIpHHUHIIKaJIDHO HeJib351 IIOJI)"IHTh 

HHKaKOH HHtPOPMauHH o ca.MHX. npeo6pa30BaHHSIX cpeAQI. Ta.K.aa HH­

¢opMartH.SI MOJKeT 6om norryqeHa TOJibKO nyreM mrrerpHpOBaHIDI JIH6o 
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CaMHX CKOpOCTeii, JIH6o HeKHX .uucpcpepeHIUiaJILHblX ypaimemm c KO­

::icpcpm.i;HeHTaMH, 3aBHC.sIIIUfMH OT 3THX CKOpOCTeH. 

- IlocryJIHpOBaB .a:ecpopMHpOBaHHe «qacTHW>I» B BH,a:e CHMMeT­

pffqeCKOH MaTpMI.IJ>I [16, 39, 46], TeM CaMLIM H3 paCCMOTpeHIDI HCK­

moqaioTC.sI Ka.Irne-JIH6o «C.D:BHIH» peanhHOH cpe,a:hI, TaK KaK B COCTa­

Be TaKOH MaTpHUbl C.D:BHroB HeT rrpHHUHIIHaJlbHO. 

7 .2. Pa3pa6oTaH anropHTM 11ocTpoeHH.sI rpymm K-.a:ecpopMaTo­

poB, He CO)lepxall{eH 011epaTopoB, KOTOpbie IIpHHUHIIHaJibHO He MO­

ryr 6bITb JIHHeHHbIMH I1pH6JIH:>KeHIDIMH cpH3HqeCKHX npoueccoB .a:e­

cpopMHpOBaHIDI peaJibHOH KOHTHH)'YaJibHOH cpe,a:bl ( CHMMeTplm, 3ep­

KaJibHbie OTpa:>KeHH.sI H T. )];.). fpynna K-AecpopMaTOpOB .sIBIDieTC.sI 

'leTbipexnapaMeTpH'leCKOH rpyrrnoli ( ee 3JieMeHTbl 3aBHC.sIT OT Bpe­

MeHH H Tpex IlOJieBbIX KOOp,a:irnaT) MaTPHQ, npe,UCTaBHMblX B BH,a:e 

CYMMI>I e.a:HHH'IHOH MaTPHUbI H MaTPHU:bI, 6ecKOHe'IHO Mano:H B AaH­

Ho:H TO'IK.e. IlpH onpe)l;eJieHHblX ycJIOBH.sIX IlOCJie'AJUllI MaTPHUa .sIBIDI­

eTC.sI MaTPHUe:H )lecpopMaUHH cpe.zu,I B 3TOH TOqKe. 

7.3. Pa3pa6oTaHbI ocHOBaHH.sI KHHeMaTHKH noKanLHO He11pe­

poIBHoli KOHTHII}'YaJILHOH cpe.a:LI, HH'iero o6mero He HMeIOII{He c 

TeM, ":ITO HOCHT TO :>Ke Ha3BaHHe B TPaAHUHOHHblX H3.l{aHH.sIX 110 Mexa­

HHKe «CilJIOWHOH cpe,a:LI» [16, 38, 46]. Mccne,a:OBaHH.sI CBeJIHCb K 

H3yq:eHHIO CTP}'KTYPLI rpynn1>1 K-.a:ecpopMaTOpoB B npOH3BOJILHOH 

TO":IKe yKa3aHHOH cpe.n;bI [9, 10, 11, 43, 44, 50]. 
Ha 3TOM rryTH c.a:e.rrmo K BLmcHeHo CJie;zyromee: 

- IlocTpOeHO ,a:HcpcpepeHUHaJibHOe ypaBHeHKe KHHeMaTHKH Ha 

rpyrrne K-.n;ecpopMaTOpOB - MaTpffqHQe ,a:HcpcpepeHUHaJibHOe ypaB­

Hemre, CB.sI3bIBaIOII{ee CaMH K-,a:ecpopMaTOpbI c HX CKOpOCTjlMH H 

I1pOH3BO.D:HblMH BeKTOpa CKOpOCTH TO'IKH cpe,a:bI no IlOJieBblM KO­

op,a:HHaTaM. HMejl nocJieAHHe H3 3KcnepHMeHTa HJIH KaK pe3ynoTaT 

pemeHH.sI JlHHaMH'ieCKOH 'laCTH 3a)l;a'IH, HaxO,a:HTC.sl K-.a:ecpopMaTop 

cpe,1.lbI, Ha CaMOM .a:ene .sIBIDIIOII{HHC.sl JIHHeHHblM npH6JIH:>KeHHeM Ma­

TeMaTH'leCKOH MO.l{eJIH peaJibHOro ,1.lBH:>KeHH.sI cpe)l;bl B paccMaTPH­

BaeMOH OKpecTHOCTH. )J:eHCTBHeM 3TOf0 onepaTOpa Ha BeKTOpbl JIO­

KaJibHOI"O KOMIIJieKTa BeKTOpHoro npoCTPaHCTBa onpeJleJijIJOTc.si Tpa­

eKTopHH TO'leK cpe.l{bI, )lIDI KOTOpbIX 3TH BeKTOpbI jlBJISIJOTCjl 

pa)J;HyCaMH-BeKTOpaMH, MHHy.sI CTa,1.lHIO npe,a:aapHTeJibHOro onpe,1.le­

JieHH.sI IlOJI.sl CKOpocTeH B OKpeCTHOCTH BbI6paHHOH TO'IKH. 

- Kax: u: B cnyq:ae «cpopMYJI KoIIIH-re.JlbMroJILUa>>, ue cyIUeCT­

ByeT cnoco6a onpe.a:eJIHTL (noHfib, YBHJleTD) xapax:Tep JIHHeiffioro 
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npH6nIDKeHIDI npoQeeea peam.Horo AeqmpMHpOBaHIDI epe,llbl no 

BHeurneM)' BHAY K-AecpopMaTOpa. 

- Ilon:yqeHbl H HeCJie,llOBaHbl Bee o6pa3yIDII.lHe rpynIIbl K-,lle­

cpopMaTOpOB. IlOKa3aHO, 'ITO eYII.leeTByeT 6eeKOHe'IHO MHOro TOXJJ;e­

eTBeHHbIX pa3JIOXeHHH K-,llecpopMaTopoB Ha npoeTeiimHe eOMHO:lKH­

TeJIH (TPaHeBeKI.lHH H ,llHJiaTaQHH [9, 10, 11, 33, 42, 43]). 
- CYII.leeTByeT 6eeKoHe'IHO MHoro «YKPYIIHeHHbIX» pa3noxe­

HHH K-,llecpopMaTOpOB, B KOTOpbIX BbIWeYKa3aHHbie npoCTeHmHe eo­

eTaBIDIIOII.lHe, KaK «KHpIIH'IH», YKJia;J;bIBaIOTeg B «6JIOKH». TaKHMH 

6noKaMH, HanpHMep, gBJI}IIOTeg rpynn1>1 Kaean1>epH nepBoro H BTO­

poro THIIOB, 3JieMeHTbl pa3nOXeHHH Eproa H T. II. [2, 10, 11]. 
- Oeo6oe BHHMaHHe )'lleJieHo pa3noXeHH}IM K-AecpopMaTOpoB, 

eo,llepx~ Bpall.leHH}I. 3'rn pa3nOXeHH}I (eCTeCTBeHHO, TaKXe TOX­

,lleCTBeHHb1e) ornocwreg K KJiaecy <<yKpyntteHHI>IX». OHH Ha3bIBaIOTeg 

IIOJISipHbIMH H npe,llCTaBJigIOT co6oii IIpOH3Be,lleHHe Bpall.leHH}I H ,llHJia­

TaTOpa - eHMMeTPH'leeKOH MaTPHI.lbl e IIOJIOXHTe.JlbHblM eneKTPOM [9' 
11, 43, 44]. TaKHX pa3noxeHHii ,llBa: neBoCTopoHHee H npaeoCTopoH­

Hee. Ilocne IIO,llCTaHOBKH 3THX pa3nOXeHHH B ypaeHeHHe KHHeMaTHKH 

Ha rpynne K-,llecpopMaTOpOB IIOJIY'laIOTeg ,llBa pa3nOXeHH}I BeKTopa eKO­

poCTH npOH3BOJibHOH TO'IKH B OKpeCTHOCTH paHee BbI6paHHOH TO'IKH. 

HH OAHO m HHX He eoBml,LtaeT e «cpopMYJiaMH KoIIIH-fe.JlbMroJibl.la>>, 

npH'leM He eOBIIa;J;aIOT H no cpopMe 3aIIHeH, H no cpH3H'leeKOM)' eMbie­

ny: H3 3TOro cne.uyeT, 'ITO eKopOCTh ,llBIDKeHH}I IIpOH3BOJibHOH TO'IKH 

HenpepbIBHOH KOHTHffYYaJibHOH epe,llbI, KaK H CJie,llOBaJIO O)l(H,llaTh, 

IIpHHllHIIHaJibHO HeB03MOXHO pa3JIOXHTh Ha <<'IHCTO Bpall.laTe.JlbHyro» H 

«'IHCTO ,llHJiaTaQHOHHyro» eOCTaBJigIOII.lHe, TaK KaK Ka)l(,llOe H3 AByx cna­

raeMbix eo,llepXHT o6e eOCTaBJigIOII.lHe (Bpall.leHHe H ,llHJiaTaQHIO). MHb1-

MH CJIOBaMH, Ha eaMOM ,llerre He cyll.leCTBYeT HHKaKHX peanbHblX Bpall.le­

HHH H ,llHJiaTaQHH KOHTHffYYWlbHOH epe,llbI: cyll.leCTBYeT HenpepbIBHbIH 

«KOKTeiinb» H3 MaTeMaTH'lecKHX MO,lleJieH 3THX ,llBIDKeHHH, npH'leM, 

BO-nepBbIX, TaKHX «KOKTeiineii» ,llBa H, BO-BTOpbIX, eYII.leCTByeT 6eeKO­

He'IHO MHOro Apyrnx «KOKTeiineii» H3 Apyrnx eOCTaBJigIOII.lHX, B cynep­

II03Hl.lHH 3KBHBaJieHTHbIX YKa3aHHbIM. 

- B o6oHX IIongpHbIX pa3.1IOXeHHn ~XMepHbie Bpall.leHH}I B eBOIO 

oqepe.llb pa3narawTeg Ha npoCTeHllIHe Bpall.leHH}I. TaKHX pa3noxeHHii 

TaKXe HeeKOJibKO (THIIa «eaMOJieTHbIX», «KOpa6e.JlbHbIX», «3Hnepo­

BbIX» - B ~XMepHOM IIpOCTPaHCTBe HJIH B IlPOCTPaHCTBax ,llpyroro 

THIIa [37] HT. II.). ECTeCTBeHHO, OHH TaKXe Bee 3KBHBaJieHTHbI. 
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- I1oKa3aHO, qTo HH O,lJ;HO H3 IIepeqHCJieHHbIX TO)KJ{eCTBeHHbIX 

pa3JIO:lKeHHH He &BJUieTC& MaTeMaTttqeCKOH MO)J;eJibIO pearrbHOI'O p;e­

cpopMHpOBaHH& cpe,11;bl. 3To nuace CBOeo6pa3Hbie «KOKTeiirIH» H3 

pa3JittqHLIX oIIepaTopoB, He HMeIOIIUIX <PmttqeCKoro cMbICJia B oT­

,lJ;eJILHOCTH, HO IIpHBO)J;&mHe B cynepII03HQHH K O,lJ;HOM)' H TOM)' :lKe 

JIHHeHHOM)' IIpH6JIH:lKeHHIO pearrbHOI'O IIpeo6pa30BaHH& cpe,11;bl. 

- PaccMoTpeHbI BOIIpocLI KHHeMaTHKH JIOKaJibHO HeIIpepLm­

HOH KOHTHH)'YaJibHOH cpe,11;bl WUI qacTHbIX crryqaeB p;ecpopMHpOBaHH& 

(6ecu11pKyJI&QHOHHOCTb, HecxHMaeMOCTb HT. II.). HarrpHMep, IIOKa-

3aHO, qTO cpep;a HeC:lKHMaeMa, eCJIH rpynIIa ee K-,lJ;e<t>opMaTOpOB &B­

JI&eTC& IIOp;rpynIIo:H CIIeQHaJibHOH JIHHeHHOH rpynIIbI (MaTpHU c e,lJ;H­

HHqHbIM OIIpep;eJIHTeJieM). 

- lfayqeH BOIIpoc 0 IIOCTpOeHHH MaTpHI..\bl p;ecpopMaQHH cpe,11;bI 

(HeCHMMeTpHqecKOH B o6meM crryqae) H ee CKOpOCTH. IIorryqeHa 

CB&3b 3THX MaTpHQ c K-p;ecpopMaTOpaMH, HX CKOpOCT&MH, CKOpOCT&­

MH H3MeHeHH& CKOpOCTH ToqKH IIO IIOJieBbIM KOOp,11;HHaTaM, BeKTO­

paMH IIepeMemeHH& H T. II. 

B qacTHOCTH, IIOKa3aHo, qTO p;ecpopMaUH&MH HeIIpepbIBHOH cpe­

,lJ;bI &BJUIIOTC& He CYMMLI qacTHbIX IIpoH3BOAHLIX BeKTopa IIepeMeme­

HHH IIO IIOJieBbIM KOOp,11;HHaTaM, Ka:K 3TO IIpHH&TO cqHTaTb [16, 38, 
46, 47], a CaMH 3TH IIpOH3BO,lJ;Hbie. YKa3aHHbie IIOH&TH& COBIIa,u;aIOT 

TOJibKO IIpH 6ecuHpKyJI&UHOHHOM ,lJ;BH:lKeHHH cpep;bl (TeqeHHH, p;e­

cpopMHpOBaHHH). 

BeKTOp IIepeMemeHH& cpep;LI BIIepBLie OIIpep;eJieH aHaJIHTffqe­

cKH, qTo II03BOJIHJIO <t>opMaJIH30BaTb MHOme IIOJIO:lKeHH& TeopHH, B 

qacTHOCTH, IIorryqHTb aHaJIHTHqecKoe yCJioBHe cIIJiomHoCTH cpe,11;b1 

IIpH p;ecpopMHpOBaHHH, He HMeromee HHKa:KOro OTHOllieHH& K IIpe­

TeH)J;yIOmHM Ha TY xe porrb yCJIOBH&M CeH-BeHaHa [38] H coCTo&mee 

B IIOCTO&HCTBe ,lJ;HBepreHQHH BeKTOpa IIepeMemeHH&, B qacTHOCTH 

paseHCTBa ee ttyrrro. 

7.4. Pa3pa6oTaH IIpHHQHIIHaJibHO HOBbIH MaTeMaTttqecKHH: cpop­

MaJIH3M KHHeMaTHKH, IIO IIpe)J;IIOJIO:lKeHHIO, a6coJIIOTHO TBep,l:\OI'O Te­

rra. CrroxHoe ,lJ;BH:xceHHe TeJia paccMaTpHBaeTc& Ka:K ,l:\BH:lKeHHe no­

CJiep;Hero 3JieMeHTa KHHeMaTttqeCKOH uenH B TepMHHax KHHeMaTH­

qeCKHX BHHTOB H mecTHMepHbIX KBa3HCKopoCTeH c yqeTOM 

B03MO:lKHblX KOHCTp)'KTHBHbIX IIapaJIJieJibHblX nepeHOCOB H IIOBOpo­

TOB B KHHeMaTffqeCKHX riapax 3TOH QeIIH [18, 33]. B IlOCJie,l:\HeM crry­
qae IIorryqeHbl IIpOCTbie B 3aIIHCH H Henocpep;cTBeHHOH pearrH3aQHH 

11 



Ha 3BM MaTpli'IHbie cpOpM}'JibI, HMeIOm;He KOMIIaKTH}'IO cpopM}' rrpH 

JII060M KOJIH'lecTBe rrpoMexyroqHbIX )l;BHXeHHH [33]. 
7.5. IIpocTOe cBo6o.n;Hoe .n;BHXeHHe H .n;BHXeHHe c rrpocTeH:nm­

MH roJIOHOMHbIMH CB.sI3JIMH IIOCTpoeHO Ka.K qacTHbIH cnyqaH: CJIO)K­

HOro ,n;BHXeHH.sI. IIorryqeHbI MaTpli'IHhie ypaaHeHH.sI KHHeMaTHKH Ha 

rpyrme K-.n;ecpopMaTOpoB cpe.n;bI rrpH ycrroBHH, qTO 3Ta cpe.n;a -

TBep.n;oe Terro, a .n;ecpopMHpoBaHHe 3TOH cpe.n;hI - Bpam;eHHe [33]. 
7 .6. Pa3pa6oTaHbI OCHOBaHH.sI Teop1m npe,n;CTaBJieHHH rpynrrbI 

Bpam;eHHH: TBep.n;oro Terra B rpynrrax Po.n;pHra-faMHJibTOHa, KeH:­

JIH-KrreH:tta H Terre KBaTepHHOHOB [34]. 
8. B 06.nacmu auHa.MuKu Henpepbl6HblX cpea no.ny'leHbl c.neay10-

Uf.Ue pe1y.nbmambl. 

8.1. B ypaaHeHH.sI ,n;BHXeHH.sI HerrpepbIBHOH cpe,n;bI BXO.D:11T ,n;H­

Beprem..i:HH CTpOK MaTpHIJ;bl Harrp.s1xeHHH HJIH HX CKopocTeH, a He ca­

MH 3TH MaTpHIJ;bl [16, 17, 38, 46, 47]. Ilo3TOM}' .n;JI.sI Tpa.n;HIJ;HOHHOfO 

rrpe,n;cTaBJieHH.sI CB.sI3H YKaJaHHbIX ttarrp.s1xeHHH c srreMeHTaMH MaT­

pHIJ;bI .n;ecpopMaIJ;HH (.n;JI.sI fYKOBo-ynpyrnx cpe.n;) H c 3JieMeHTaMH CKO­

pOCTH 3TOH MaTpHIJ;bI (.n;JI.sI B.sI3KHX )KH,n;KOCTeH:) B BH,n;e MaTpli'IHbIX 

cpyttKIJ;HH MaTpli'IHbIX apryMeHTOB HeT HHKaKHX OCHOBaHHH (HH cpH-

3HqecKHx, HH MaTeMaTli'leCKHX). KpoMe Toro, rrpH HCIIOJib30BaHHH 

TaKHX cpyttKIJ;HH (Ha3bIBaeMbIX orrpe,n;eJI.sIIOIIJ;HMH COOTHOIIIeHH.sIMH) 

H3 IIOJI.sI 3peHH.sI BbIIla,n;aIOT ITO cyrH .n;erra IJ;eHTpaJibHbie BOIIpOCbI pa3-

peIIIHMOCTH 3THX COOTHOIIIeHHH OTHOCHTerrbHO 3JieMeHTOB MaT­

pHIJ;-apryMeHTOB (HeCHMMeTpli'leCKHX B o6m;eM crryqae). 

B .n;aHHOH MOHOrpacpHH BBe.n;eHO HOBOe IIOH.sITHe: «ypaBHeHH.sI 

MeXaHHqecKoro COCTO.sIHH.sI» HerrpepbIBHOH KOHTHHYYaJibHOH cpe,n;bI. 

B HCXOAHOM BapHaHTe 3TO - He.sIBHbie cpyttKIJ;HH 3JieMeHTOB BbIIIIe­

YKa3aHHbIX MaTpHU H peorrofli'lecKHX K03cpcpHIJ;HeHTOB (B.sI3KOCTH H 

xecTKOCTH), OTBeqarom;He crre.n;yrom;HM Tpe6oBaHH.sIM: 

- HHBapHaHTHOCTb cpopMbI 3aIIHCH cpyttKIJ;HH OTHOCHTerrbHO 

BbI6opa HHepIJ;HaJibHOH CHCTeMbl KOOp,n;HHaT; 

- HHBapHaHTHOCTb Berrli'IHH peoJIOfli'leCKHX K03cpcpHIJ;HeHTOB 

OTHOCHTerrbHO BbI6opa HHepIJ;HaJibHOH CHCTeMbI Koop.n;HHaT; 

- o.n;H03HaqHa.sI pa3pemHMOCTb YKa3aHHbIX He.sIBHbIX cpyttKIJ;HH 

OTHOCHTerrbHO rrro6oH: rpynrrhI rrepeMeHHbIX (Harrp.s1xeHHH, .n;ecpop­

Mal.J;HH HJIH HX CKOpOCTeH). 

IIepsble .n;Ba Tpe6osattH.sI o6ecrreqHBaIOT rrpnHa,n;rrexHocTL ypas­

HeHHH K MexaHHKe farrHJiex (Ka.K HHBapHattTa rpynrrLI farrHJiex), 
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TpeTbe Tpe6oBa.HHe o6ecneqHBaeT KOppeKTHOCTb ypaBHeHHH [45]. 
Ec;rn nocne.n;Hee TPe6oBa.HHe He BbIITOJIIDieTc.s: (perneHHH HeT HJIH 

HX 60JibIIIe O.IJ;Horo ), TO ypaBHeHH.s: MeXa.H~ecKoro COCTO.S:HH.s: Ha3bl­

BaIOTC.S: HeKoppeKTHbIMH, ecJrn He BbIITOJIIDIIOTC.S: ,IJ;Ba nepBbIX Tpe6o­

Ba.HH.s:, TO cpe,n;a He MOXeT HCCJie,IJ;OBaTbC.S: MeTOAaMH ranHJieeBOH 

MeXa.HHKH. 

l1HbIMH CJIOBaMH, HeKoppeKTHbie ypaBHeHH.s: ,IJ;HHaMHKH Henpe­

pbIBHOH cpe.IJ;bl - :no pe3yJinTaT COBMeCTHOro peIIIeHH.s: ypaBHeHlIH 

ABHXeHH.s: H HeKoppeKTHbIX ypaBHeHHH MeXa.HHqeCKOro COCTO.S:HH.s:. 

Bonpoc 0 TOM, K KaKHM pe3yJinTaTaM MOXeT npHBeCTH HHTerpHpOBa­

HHe HeKoppeKTHbIX ypaBHeHHH AHHaMHKH HenpepbIBHOH cpe.IJ;bl, 

Tpe6yeT OT,IJ;eJibHhIX HCCJie,IJ;OBa.HHH [36, 45], oco6eHHO B cnyqa.s:x, 

Kor,n;a B ycnoBH.HX HeKoTophlx npe,n;nonoxeHHH ypaBHeHH.s: AHHaMH­

KH KOppeKTHbIX H HeKoppeKTHblX cpe,n; COBila,IJ;aIOT. 

8.2. lfacTHbie npOH3BO,IJ;Hbie OT Harrp.s:xeHHH no noneBbIM KOOp­

AHHaTaM (Bxo.n:.s:mHe B AHBepremum CTpOK MaTpHUbl Harrp.s:xeHHH) 

Bbl'IHCJI.s:IOTC.S: no npaBHJiaM ,n;mpcpepeHUHpOBa.HH.H He.S:BHbIX cpyttK­

U:HH, r,n;e BbIIIIeJKa3aHHa.H KoppeKTHOCTb ypaBHeHHH MeXa.H~eCKOro 

COCTO.S:HH.s: HrpaeT npHHU:HnHaJibttyIO ponb. 

8.3. Kax.IJ;bIH BRA ypaBHeHHH MexaH~eCKOro COCTO.sIHH.s: no­

po:lK.IJ;aeT KJiacc 3KBHBaJieHTHbIX HenpepbIBHbIX cpe.n;. Kax.n:oMY KJiac­

cy HenpepbIBHblX cpe,n; COOTBeTCTBYJOT CBOH ypaBHeHH.s: AHHaMHKH 

(pe3yJibTaT COBMeCTHOro pemeHH.s: ypaBHeHHH MeXa.H~ecKoro co­

CTO.SIHH.s: H ypaBHeHHH .D;BHXeHH.s:) H CBOH ypaBHeHH.s: TepMO,IJ;HHaMH­

KH. Eonbma.s: qacTb KJiaccoB KoppeKTHhIX cpe.D; He HMeeT onpe.D;eJI.s:­

romHx COOTHOIIIeHHH. l1HbIMH CJIOBaMH, MHOXeCTBO HenpepbIBHblX 

cpen Ha caMoM .n;ene npencTaBJI.s:eT co6oii: ABYMepHnili MaccHB 3Jie­

MeHToB, 3aBHC.simHx OT KJiacca cpe.D;bl H OT BeJI~HH peOJIOrHqeCKHX 

K03cpcpHUHeHTOB (B.S13KOCTH, xecTKOCTH). 

YKaJaHHbili no.D;XO.D; K CHHTe3y ypaBHeHHH Mexa.H~ecKoro co­

CTO.SIHH.s: H, CJie.D;OBaTeJibHO, K CHHTe3y HOBbIX KJiaCCOB KoppeKTHbIX 

HenpepbIBHbIX cpe,n; HMeeT npaKT~eCKH Heorpa.H~eHHbie B03MOX­

HOCTH. 

8.4. I1o.D;po6Hee HCCJie.D;oBaHbI ypaBHeHH.s:, co.D;epxamHe cpe.D;H 

npoqHx cnaraeMbIX KBa3HJIHHeRHbie KOM6HHauHH 3JieMeHTOB MaT­

PHU ,D;ecpopMauHli HJIH HX CKopocTeH c peoJIOrHqeCKHMH K03cpcpHUH­

eHTaMH, 3aBHC.simHMH OT HHBapHa.HTOB 3THX MaTPHU, noneBbIX KOOp­

AHHaT H TeMnepaTYPbI. B 3TOM cnyqae TPe6oBa.HHe KoppeKTHOCTH 
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ypaBHemdi CBO.tmTC.SI K tpe6oBaHHIO rrpHHa,wie:XCHOCTH MaTpHI.\hl peo­

JIOrntleCKHX K03cpqmuHeHTOB (B.S13KOCTH, xeCTKOCTH) HeKOTopoii 

rpyrrrre. 

0Ka:3aJIOCh, qTo B 3TOM cnyqae aHaJIOIWIHO TOM}', KaK KIDK,lla.SI 

reoMeTpH.SI rropoXCAaetc.SI HeKotopoii rpyrrrroii ( «3prraHeHCKa.SI rrpo­

IpaMMa» <I>. KrreiiHa [11, 50]), KIDK,llhIH KJiacc KBa3HJIHHeHHhIX He­

rrpepbIBHhIX cpe.u TaK::lKe rropo)l()J;aeTC.SI HeKOTOpoii rpyrrrroii MatpHU 

yx:a3aHHhIX K03cpcpHuHeHTOB (B.SI3KOCTH, xcecTKOCTH). TaKHM o6pa-

30M, pacrrorrara.SI CTpyKtypOH IIOJIHOH JIHHeHHOH rpyrrIIhl MaTpHu, Mhl 

TeM CaMhIM pacrrorraraeM CTpyKtypOH MHO::lKeCTBa B03MO::lKHhIX KJiac­

COB KBa:3HJIHHeHHhIX HerrpepbIBHhIX cpe.u. 

8.5. Ha HacTO.SIIUeM 3Tarre Hccrre.uoBaHHH BhI.SICHeHo, qTo: 

- 0T.UeJihHoe Mecto 3aHHMaeT KJiacc HJJ;earrhHhIX xHJJ;KOCTeii. 

- C)'ll\eCTByet mecTh KJiaccoB KBa3HJIHHeiiHhIX HerrpephIBHhIX 

B.Sl3KHX ::lKHJJ;KOCTeii H CTOJihKO xce KJiaCCOB KBa:3HJIHHeHHhIX yrrpymx 

MatepHarroB; 

- C)'ll\eCTByIOT KJiacchI KBa:3HJIHHeiiHhIX .UBYMepHhIX B.SI3KHX 

::lKHJJ;KOCTeii H yrrpymx MaTepHaJIOB, He HMeIOmHe tpexMepH&IX aHa­

rroroB, "ITO Ba::lKHO IIOHHMaTh rrpH HCCJie,D;OBaHHH «IlJIOCKHX» 3a,D;aq 

[35]. C)'ll\eCTBOBaHHe TaKHX cpe,u 061..SicH.SieTC.SI TeM, qTo tpe6oBaHIDI 

HHBapHaHTHOCTH HX peorrorm1ecmx K03cpcpHuHeHTOB OTHOCHTeJih­

HO rpynrr ABYMepHbIX Bpall.leHHH ropa:3AO «CJia6ee», qeM OTHOCH­

TeJibHO rpyrrrr tpexMepHbIX Bpall.leHHH. 

- C)'ll\eCTByeT KJiacc KBa3HJIHHeiiH&IX HeKoppeKTHhIX cpe.u 

Hashe-CT0Kca-Jl.SIM3 [16, 17, 38, 46, 47] (MatpHUhI peoJiornt1e­

CKHX K03cpcpHUHeHTOB JIH6o oco6eHH&I, JIH60 rrp.SIMOyroJihHl>I). 3TH 

cpe,D;bl He nopoXCAaIOTC.SI KaKHMH-JIH60 rpynrraMH, OTKYAa MO::lKeT 

CJie,D;OBaTI>, qTo JIH60 OHH 3aHHMaIOT oco6oe MeCTO cpe,nH Herrpepl>IB­

Hl>IX cpe,I:{, JIH6o Boo6me He cymecTByIOT B pearrl>HOM MHpe, .SIBJI.Sl­

.SICh HeKoppeKTH&IMH rrpH6JIHXCeHH.SIMH KOppeKTHl>IX cpe,n. 

- Hccrre.l{oBaHI>I rro,I:{KJiacc1>1 ocHOBHhIX KJiaccoB cpeA rrpH ,uony­

IUCHHH 0 HeC::lKHMaeMOCTH, 6ecuHpKyJI.SIUHOHHOCTH (rroTeHUHaJil>HO­

CTH) ,D;BH::lKCHH.SI H T. II. 

- HaH6orree H3.SIIUHhie pe3yrr1>TaT1>1 norryqeHI>I WI.SI no,I:{KJiaccoB 

Henpep&IBHhIX cpe.u, WI.SI KOTOpbIX peoJiornt1ecme K03cpcpHl,\HeHTbI 

rrepBoro THna nponopqHoHarr&HI>I .UHBepreHUHH BeKtopa nepeMeme­

HH.SI HJIH ero CKOpOCTH. B 3TOM cnyqae, HCII0Jlh3}'.SI CBOHCTBO KoppeK­

THOCTH ypaBHCHHH MCXaHHtlCCKOro COCTO.SIHH.SI H rpyrrrroByIO CtpyK-
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TYPY MHo:xcecTBa MaTpHU peoJioI'HtleCKHX Ko:a¢¢uuueHTOB, WUI Bcex 

KoppeKTHl>IX cpe)l YJlarIOCI> B jJ:BHOM BH,lle (KaK 3JieMeHTl>I o6paTHl>IX 

Marpuu) IlOJly<IHTI> MOJIYJIH Bjf3KOCTH :XCH)lKOCTH ( onpe)leJIHB 3TO no­

HjJ:THe snepBI>Ie) H WUI Bcex KBa3HJIHHeHHl>IX ynpym:x cpe)l - MOJIY­

JIH yrrpyroCTH H ,L{ariee - MO.Ll"YJIH lOHra, C,L{BHra H K03cpcpHUHeHTl>I 

IlyaccoHa. TeM CaMI>IM noKa3aHo, qTo cpeJII>I HaB1>e-CT0Kca--lliI­

M3 B o6w;eM CJiyqae He HMeIOT Bl>IllleYKa3aHHl>IX MOJIYJieii, KOTOp1>1e 

onpe)leJieHl>I TOJil>KO WUI 6eCUHPKYJljJ:UHOHHOro Jie¢opMHpOBaHHjf 

cpeJibl. 

- IIoKa3aHO, qro peorrorn:qecKHe Ko3¢¢HUHeHTI>I cpeJII>I (M3-

KOCTH H :xceCTKOCTH) He 3aBHCjJ:T OT pa3MepHOCTH cpe)lbl H, CJie)lOBa­

TeJil>HO, B 3TOM CMl>ICJie jJ:BJljJ:IOTCjJ: ee KoppeKTHblMH xapaKTepHCTH­

KaMH. CooTBeTcTByrow;ue MOJIYJIH (:aJieMeHT1>1 06paTH1>1x MarpHu 

peoJIOI'HtleCKHX Ko:a<t><t>uuueHTOB) TaKHM CBOHCTBOM He o6Jia)laIOT H 

ll03TOMY, B TOM :xce CMbICJie, SBJIJ110TCSI HexoppeKTHl>IMH xapaicrepH­

CTHKaMH cpe)ll>I. IIoHHMaHHe noCJie)lHero <t>aicTa oco6eHHO Ba:x<:HO 

npH pemeHHH «rIJIOCKHX» H «O)lHOMepHl>IX» 3a)laq npoqHOCTH, B KO­

TOpl>IX TpaJIHUHOHHO 6e3 KaICHX-JIH6o Ha TO OCHOBaHHH HCil0Jll>3yIOT­

cg MOJIYJIH lOHra, CJIBHra u Ko::i<t><t>uuueHT IlyaccoHa, noJiyqeHHI>Ie 

WUI TpexMepHI>IX cpe,Ll". 

- BBe)leHo HOBoe noHjJ:THe 3KBHBarieHTHOCTH KJiaccoB cpeJI: 

.IJ;Ba KJiacca cpe.I:{ ,llHHaMHlieCKH 3KBHBarieHTHl>I, eCJIH COBila)laIOT HX 

ypaBHeHHjf ,llHHaMHKH, }:{Ba KJiacca cpe)l 3KBHBarieHTHl>I 3HepreTHlle­

CKH, eCJIH COBila)laIOT HX ypaBHeHHjf TepMO)lHHaMHKH. 

- Bee KJiacc1>1 cpe.Ll" HCXO,Ll"HO ,Ll"HHaMHtlecxH H :aHepreTHtleCKH 

He 3KBHBarieHTHl>I. 

- B yCJIOBHjJ:X qacTH1>1x npeJinoJio:x<:eHHH o cBoiicrsax cpeJI H 

xapaicTepe HX )lBH:XCeHHjf HeKOTOpI>Ie KJiaCCl>I cpe)l OKa31>1BaIOTCjf )lH­

HaMHlleCKH 3KBHBarieHTHl>IMH. 

- B cnyqae 6ecn;HpKyJljfn;HoHHOro .llBH:x<:eHHjf Hec:x<:HMaeMoii 

:x<:HJIKOCTH npH yCJioBHH Henpep1>1BHOCTH cMelllaHHI>IX BTop1>1x qacT­

H1>1x npOH3BO)lHl>IX OT BeKTOpa CKOpOCTH TOt{KH no IlOJieBl>IM KOOp­

,llHHaTaM BCe BSl3KHe :XCH,llKOCTH )lHHaMHlleCKH (HO He 3HepreTHlle­

CKH) 3KBHBarieHTHl>I H,llearII>HOH :XCH,llKOCTH. 0TCIO)la, Bo-nepBbIX, B 

qaCTHOCTH, CJieJIYeT, qro M3KHe )KH,llKOCTH He MOryr HMeTI> IlOTeH­

O:Haril>Hl>IX TeqeHuii, H, BO-BTop1>1x, 3TO Mo:x<:eT 061>gCHHT1> yJioBJieT­

BOpHTeJI1>Hoe COBila)leHHe TeopeTuqecKHX H 3KcnepHMeHTaril>Hl>IX 

pe3yJI1>TaTOB npu HCCJie)lOBaHHH IlOTeHUHaril>Hl>IX TeqeHHH He CJIHlll-

lS 



KOM pean:LHO BX3KHX :xrn,rucocreH: rrpH rroqTH IIOCTOXHHOH TeMIIepa­

rype (HarrpHMep, BOJ.J:LI) c HCIIOJib30BaHHeM ypaBHeHHH J.J:HHaMHKH 

H,AeaJibHOH )KH)J;KOCTH. 

- I-fa rrpenLU{)'IllHX II)'HKTOB CJienyeT, qro cpe.IJ:LI, HMelOll.(He 

IIpHHUHilHaJibHO pa3Hble ypaBHeHHX MeXaHHqeCKoro COCTOXHIDI, npH 

orrpe.n:eneHHbIX yCJIOBIDIX MOryT HMeTb O)J;HHaKOBbie ypaBHeHIDI )J;H­

HaMHKH, H Hao6opor. YKaJaHHLrn $aKT MO:>KeT CJIY:>KHTL rrpocTLIM 

o6'hllctteHHeM HaJiffqffX pa3HOrJiaCHH TeopHH H 3KCIIepnMeHTa WUI 

0).J;HHX pean:bHLIX cpe.n: H OTCytCTBHX WUI .n:pymx npH HCIIOJib30BaHHH 

0).J;HHX H Tex :>Ke ypaBHeHHH )J;HHaMHKH [36). Orc10na TaK:>Ke CJienyeT 

HeB03MO:>KHOCTb HCCJie)J;OBaHHX npouecca .n:ecpopMHpOBaHIDI Henpe­

pbIBHOH cpe.D:bl c HCIIOJib30BaHHeM TOJibKO ypaBHeHHH MeXaHHqeCKO­

ro COCTOXHIDI HJIH onpe.n:eJIXIOIUHX COOTHomeHHH cpe.IJ:bl. 

He HCKJIIOqeHO, qro OAHa H Ta xe cpeAa B pa3HbIX ycJIOBIDIX MO­

:>KeT rrpHHawie:JK.aTL pa3Hb1M KJiaCCaM H, CJie).J;OBaTeJibHO, BeCTH ce6x 

rrpHHUHIIHaJILHO no-pa3HOMY. Oco6oro BHHMaHIDI H HCCJienoBaHIDI 

3aCJIY:lKHBaIOT CJl)"IaH, rrpH KOTOpbIX KOppeKTHbie H HeKoppeKTHble 

cpe.D:bl J.J:HHaMHqeCKH 3KBHBaJieHTHbI. 

8.6. IloJiyqeHbl H HCCJie)J;OBaHbl MaTpHqHbie ypaBHeHIDI )J;BH:lKe­

HIDI TBep.n:oro TeJia B rrpocrpaHCTBe KBa3HCKOpocreH: H o6o6iueHHbIX 

cKopocreH: npH HaJIHqHH H orcyrcTBHH KOHCTPYKTHBHhIX napaMeT­

poB H npocreH:mux roJIOHOMHbIX CBX3eH: B BH,Ae, roTOBOM WUI Heno­

cpe.n:cTBeHHoro HCnOJib30BaHHX Ha 3BM [19, 24, 33). IloCJie).J;Hee 

03HaqaeT, qro H3 pemeHIDI npaKTHqeCKHX 3a,n:aq IIOJIHOCTblO HCKJIIO­

qeH TpYJ.J:OeMKHH: :ilTaII «COCTaBJieHIDI ypaBHeHHH ).J;BH:lK.eHHX TeJia», 

qacro XBJIXIOIUHHCX HCTOqHHKOM omH60K H HJIJII03HH no nOBO,ll)' 

«HayqHoro IIOAxona» K Bonpocy. 

8.7. BnepBLie pa3pa6oTaHLI MarpnqaL1e anropHTMhI Bbrnona 

ypaBHeHHH JlarpaH:lK.a BTOporo po.n:a npH HaJIHqHH H OTCytCTBHH ro­

JIOHOMHblX CBX3eH WUI KOHTHHyyaJibHblX TBepJ.J:blX TeJI (6e3 HCIIOJib-

30BaHHX arrnapara aHaJIHTHqeCKOH MeXaHHKH ll HblOTOHOBa cpopMa­

JIH3Ma). CcpopMYJIHpoBaHbI H noKaJaHbI mecTHMepHbie KOHTHHyyaJIL­

Hbie aHan:orn ocHOBHhIX CBOHCTB BceneHHoii MexattHKH B qacru, 

Kaca10iueiicx no npe.n:noJio:>KeHHIO a6coJIIOTHO TBepnLix TeJI. 

8.8. B KaqecTBe cnpaBoqttoro MarepHan:a J.J:JIX pemeHIDI npH­

KJia.D:HhIX 3a,n:aq npHBeAeHbl OCHOBHbie pe3ym,TaTbl, nonyqeHHbie B 

MexaHHKe CHCTeM TBep.IJ:LIX TeJI (B noJIHOM o6'I>eMe ony6JIHKOBaHHbie 

B (18-33)). 

16 



B 3aiouoqeID1e OTMeTHM cne;zyrom;ee. B nocnemrne J:(ec.s1nmeTID1 

no.sIBRTIHCb MOHorpaqnrn, B KOTOpbIX aBTOpbl CTaHJ:(apTll)'IO H,D;eOJIO­

mro noCTpOeHIDI MeXaHHKH [7] o6rreKaIOT B <iJopMbl cospeMeHHOH 

MaTeMaTHKH, HanpHMep [l, 47], cqHTa.sI, qTo MeXaHHKa npH 3TOM 

CTaHOBHTC.sI B KaKOM-TO CMbicrre «COBpeMeHHee». KoHeqHo, TP)'.IlHO 

He corrracHTbC.sI c TeM, qTo HeJib3.sI Ha nopore XXI BeKa H3JlaraTb Ha­

Y'IH)'IO JIHTepa-rypy (B TOM qHcrre «MeXaHffqeCKYIO») Ha .sI3bIKe npH­

KJill,lUiOH MaTeMaTHKH XIX BeKa. Ho npH 3TOM Heo6xo,llHMO yqHTbI­

BaTb ,l.(Ba BWKHblX o6cTO.sITeJibCTBa, c KOTOpbIMH npHXO,l.(HTC.sI Cqff­

TaTbC.sI. Bo-rrepBbIX, ::tTo - HHepuIDI CHCTeMbI IIpHKJIMHOro 

MaTeMaTffqeCKOro (BO BzyJax) H MeXaHffqeCKoro (B UeJIOM) o6pa30-

Bamra. H 3TO - npo6rreMa He «yqeHHKOB», a «yqHTeneii». Bo-BTO­

pbIX, rrpe,l.(CTaBruleTC.sI, qTo «.sI3bIK» He J:(OJDKeH 6bITb CaMOUeJILIO, 

rrraBHbIM .sIBJI.sieTC.sI H,D;eHHa.sI CTOpOHa sonpoca. 

XoTeJIOCb, qTo6bI qHTaTeJib, He3aBHCHMO OT OTHOIIIeHIDI K 3THM 

BonpocaM, c CaMOro Haqarra IlO,l.(roTOBH.TI ce6.s1 ncHXOJIOfffqeCKH K no­

HHMaHHIO Toro, qTo ,l.(aHHa.sI MOHOrpaqm.s1 He HMeeT Hffqero o6m;ero c 

BbIIIIeyxaJaHHbIMH H HM Il0.Il06HblMR. 0Ha noJIHOCTbIO nocB.sim;eHa 

o6cy:xmeHHIO BHOBb npe,IVIOXeHHOH aKCHOMaTHKH H crre;zyrom;eii H3 

Hee HOBOH apXHTeKrypbl rarrH.TieeBOH MeXaHHKH . .5!3LIK COOTBeTCTBy­

eT rrpo6rreMaTHKe, HO Mor 6i,1 6LITL ApymM 6e3 oco6oro ym;ep6a ,ll)UI 

CO,l.(epxaHIDI (HanpHMep, annapaT rpynn H arrre6p nH [42, 43), .IlH<P­

<t>epeHU:UaJibHOH reoMeTPHH [6, 40, 48] HT. n.). 

B pa6oTe HeT npaKTffqeCKH ~ero H3 Toro, qTO eCTb B CTaHAapT­

HbIX OTeqecTBeHHbIX Kypcax H HX 3apy6eXHbIX aHaJiorax no o6cyx­

,llaeMOMY npe,l.(MeTy [7, 16, 17, 37, 38, 46], H BMeCTe c TeM ecTb MHO­

roe H3 Toro, qTo HyxHO ,ll)UI noHHMaHIDI npo6rreMaTHKH KJiaCCffqe­

CKOH MexaHHKH H pemeHH.sI npHKJIMHLIX 3a;:{aq Ha nopore XXI seKa. 

EcTecTBeHHO, HeT B Heii TaKXe HHKaKHX <PaHTa3HH no nosoey «)'.IlH­

BHTeJILHLIX» .sIBJieHHH, «~ec», napa;:{OKCOB H CB.sI3aHHblX c HHMH 

rrorrbITOK H3o6peTeHIDI «IIOBbIX» MexanHK. AKTHBHbIH, MaTeMaTffqe­

CKH HHTeJIJIHfeHTHblH qHTaTeJib, KOHeqHO, ,llOJI)l(eH see 3TO rrpoBe­

pHTb H HeCKOJibKO pa3 nepenposepHTb. C.IlenaTb wo He CJIHIIIKOM 

TPY.IlHO: see yTBep)l(,lleHH.sI ToqHo cqiopMy.rrnpoBaHbI H c 6orrLIIIHM 

CTPeMJieHHeM K CTporocrn: AOKa3aHLI. Ho ecrrH npH 3TOM npHHUHnH­

arrLHbIX B03pWKeHHH He HaHAeTC.sI, TO 3TOT xe qHTaTeJib ,l.(OJI)l(eH co­

rrraCHTbC.sI c TeM, qTO MHOroe H3 H3BeCTHOfO eMY no [7, 16, 17, 37, 
38, 46] Tpe6yeT rrry6oxoro H scecTopoHHero nepeocMbICJieHH.sI. 
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'lITo KacaeTCH paooT 3apy6e:xrnDIX crrea;HaJIHCTOB B 0611aCTH He­

npepblBHOH cpe,!lbI, TO, mmepHoe, ObIJI 61>1 B3aHMHO rrone3HblM cHM-

6H03 C.l:(emuIHoro B JlaHHOH MOHorpa<f>HH c HeKOTOpbIMH H,ll;eHHbIMH 

pe3YJibTaTaMH .ueSITeJILHOCTH rpynn1:i1 Ho1111a (W. Noll), KoneMaHa 

(B. D. Coleman), B qacTHOCTH K. Tpyc.n;e.n:a [47]. 
KaK H B [33], BCe yrsep)K.IleHIDI B MOHOrpa<f>HH pacrrpe.ue.n:eHbI IIO 

TpeM HenepeceKaIOIUHMCH MHO:lKeCTBaM: 

- aKCHOM&l - yrBep)K,IleHIDI, sepHbie no ,!lOroBopeHHOCTH; 

- npe,WIOJKeHIDl - yrBep)l(J];eHIDI, BepHble no ,!lOKa3aTCJibCTBY B 

onpe.n;e.n:eHHbIX yCJIOBIDlX~ 

- rnnoTe3bI - yrBepJK,!leHWI, B03M0:1KHO BepH1:ire no ,!lOroBO· 

peHHOCTH; 

- npe.unonoxeHWI - HeBepH1>Ie yrBep:xc,n;eHWI, npHHHMaeM1>1e 

no ,!lOfOBOpeHHOCTH. 



2. BCEJIEHHAR MEXAHHKH r AJIHJIE.ff 
H EE IlEPBHtlHbIE CBOHCTBA 

IlepBWIHI>Ie CBOHCTBa BceneHHOH MexattHKH farumeB, KaK H ca­

MO 3TO IIOIDITHe, nocrynHpyIDTC51 c HCIIOnI>30BaHHeM aKCHOM H cne­

JzylOIUHX H3 HHX onpe.neneHHH H yrBep)K,ZJ;eHHH [33]. 

2.1. AKCHOMLI KHHEMATHKH 

Mcxo)lHbIMH, Heonpe.nemi:eMI>IMH noHSITIDIMH TeopHH 5IBJISIIOTCSI 

moztKU, C80600Hble BeKmOpbl u OmHOUleHUR MeJKQy HUMU. IlepBI:.Ie Il5ITh 

aKCHOM onpe,!lemIIOT me CBOHCTBa H IIOCTYJIHP)'IO'f cyruecTBOBaHHe B pe­

a.rILHOM MHpe qm3KtleCKHX 061.eKTOB H me npeo6pa30Bamm, ,IJ.IDI KOTO­

p&IX OHH SIBIDIIOTCJ.I MaTeMaTKtiecKHMH MO.llemIMH [42, 47, 49, 50, 51]. 

AKCHOMS K.1. CyzuecTByeT TO'ie'IHI>IH KOHTHH)'YM D3. 

KoMMeHTapHH: 1. To11Ka MoxeT 1J>aKTOBaTI>C51, HanpHMep, KaK 

reoMeTpH'ieCKa51 TO'iKa (.u.ruI HnnlOCTpaQHH) HnH KaK rpoH:Ka BemecT­

BCHHI>IX t{HCeJI (.u.ruI Bl>I11HcneHHH) [ 11]. 
2. KoHTHHYYM D3, np:u XeJiaHHH, MOXHO C'IHTaTI> MaTeMaTKtie­

CKOH MO,!leJI&IO «¢H3KtiecKoro npocrpaHCTBa». Bee, 11ro npoHCXO.llHT 

B pean&HOM MHpe Ha ypOBHe MeXaHHKH fanHne51 (6e3 ::ineK1'pOMarne­

TH3Ma), MaTeMaTKtleCKH MO:lKeT 6I:.1Th npe.n;craBneHO npeo6pa30BaHH­

jJMH yxa3aHHOf'O KOHTHH)')'Ma. 

3. He cne,!lyeT nyraTI> CBOHCTBO KOHTHHyyanI>HOCTH MHOXeCTBa 

D3 , onpe,!lemi:eMoro TOJII>KO ero MOW:HOCTI>IO (Kap.llHHanI>HLIM 1mc­

noM), co CBOHCTBaMH THIIa «CIIJIOillHOCTH», «HenpepI>IBHOCTH» H 

T. n., HH B KaKOM CMI>Icne He cne.nyroIUHMH H3 nepBoro. 

AKCHOMa K.2. KoHTHHY}'M D3 H3MepHM no Ile6ery, D~ = {D3 , 

'13· µ3 }. 
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AKcHoMa K.3. Ha,n; noneM semecTseHHblX qHcen orrpe}J.enetto 

TpexMepHoe BeKTOpHoe rrpocTpaHCTBO reoMeTpHqecKHX CB060}J,HbIX 

BeKTopoB V3 (8 ax:cHoM, orrpe,u:eIDIIOinHX V3 , H 2 a.KCHOMbI pa.3Mep­

HOCTH), HarrpaBIDIIOmee .wui MHOXeCTBa D3 (3 a.KCHOMbl CB513H c V3 ). 

KoMMemapuu: 1. V3 - )'HHBepcam.Hr:.1:0: HHCTJ>)'MCHT )lJUI l}JHK­

cau1m IIOJIOXeHIDI ToqeK KOHTHI:I)')'~fa D3 B HeKOTOpoH: (a B H}')KHbIX 

crryqasix - cneQHaJibHOH) CHCTeMe KOOp}J.HHaT. 

2. 3neMeHT V3 (reoMeTpHqecKHH CB060}J.HblH BeKTop) npH Heo6-

XO}J.HMOCTH (HarrpHMep, .wui HJIJIIOCTpauHH:) MOXeT Tpa.KTOBaTbCjl Ka.K 

KJiaCC 3KBHBaneHTHOCTH, CO}J.epxamHH: Bee COHarrpaBJieHHbie Ha­

npaBJICHHbie 0Tpe3KH O}J.HHa.KOBOH MHHbI. 

3. B qHCJIOBOM KOMIUieKTe V3 (B R3 ) B KaHOHHqecKoM 6a.3Hce 

[e 0 ] = (ef, e2, e3 ), ef =col{ 1, 0, 0}, e2 = col{O, l, 0}, ef = col{O, 

0, 1} mo6oH: rrpe}J.CTaBHTeJib CB060}J.HOro BeKTOpa x E R3 COBIIa,}J.aeT 

co CBOHM KOOp}J.HHaTHbIM CTOJI6QOM x = [e 0 ]x 0 = x 0 ' ~o II03BOJUI­

eT B 3TOM cnyqae He pa3.TilfqaTb KOOp}J.HHaTH)'IO H HHBapHaHTHYJO 

(6eCKOOp}J.HHaTH)'IO) Cj_JopMyrrHpOBKH OCHOBHbIX IIOJIO)l(eHHK TeopHH. 

B }J.aJibHenweM B OCHOBHOM MCIIOJlb3)'eTCj1 qHCJIOBOH KOMIUieKT BeK­

TOpHoro rrpocTpaHCTBa cao6o}J.HbIX aeKTopoB R3 H ero J(eKapTOBbI 

npoR3Be.o;eHMjl. 

AKcHoMa K.4. BeKTOpHoe rrpoclpaHCTBO cBo6o}J.HbIX BeKTopoB 

jlBJUieTC51 eBKJIH,Il;OBbIM. 

KoMMemapuH:. AKcHoMa K.4 rrpespamaeT aCj_JqmHHO-BeKTOpHoe 

rrpocTpattcTBO A~ = V3 U D~ B MeTpHqecKoe. 

AKcHoMa K.5. BeKTopttoe rrpoclpaHCTBO cB060,IU1r:.1x aeKTopoB 

opHeHTHpOBaHO. 

KoMMemapHH: 1. AKcHOMLI K.3-K.5 noczyrrHp)'IOT cyru:ecTBo­

BaHHe OpHeHTHpOBaHHOro eBKJIH,Il;OBa H, cnenosaTeJibHO, HOpMHpo­

BaHHOfO H MeTplfqeCKOfO a<\J<\JHHHO-BeKTOpHoro rrpocTpaHCTBa 

A~ = V3 U D~ (17 a.KCHOM fepMatta BeibuJ: [11, 50, 51]), me HH­

}J.eKc µ HaIIOMHHaeT, qTQ KOHTHH)'YM D3 H3MepHM ITO ne6ery. 

2. Bee, qTo rrpoHcxo}J.HT B peanbHOM MHpe c Bhillle)'Ka3aHHbIM 

KOHTHH)')'MOM B )'CJIOBMjJX orrpenerreHHbIX J(OfOBOpeHHOCTeli (CM. ax:-
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cHOM)' K.8), MaTeMaTwi:ecKH MO:iKeT 6brTh rrpeAcTaBJieHo rrpeo6pa3o­

BaHIDIMH BhIIIIe}'Ka3aHHOro BeKTOpHoro npocTpaHCTBa (B reoMeTpH­

qeCKOM HJIH 'IHCJIOBOM BapHaHTax). 

3. 3rreMeHThl a-anre6phl ~~ HH B KaKOM MaTeMaTWiecKH HJIH 

<PH3WieCKH co,a:epxaTeJihHOM CMbICJie He .sIBIDIIOTC.sI «'laCTHUaMH» 

KOHTHH)'YMa D~' HO MOryI' 6bITb HCIIOJib30BfilfbI )1)151. «H3MepeHIDI» B 

CMblCJie Jl BHTanH [15, 41] rr106oro OrpaHWieHHOro (B eBKJIHAOBOH 

MeTpHKe) no,a:MHoxecTBa D~. 
4. OpHeHT~IDI 'IHCJIOBoro KOMIIJieKTa BeKTOpHoro rrpocTpattcT­

Ba R3 orrpe,a:eJU1eTc.s1 3a,u:aHHeM TpHJIHHeHHOH <PopMbI (11] 

(x, y, z) = x · (y)z = xT(y)z, (2.1) 

r,a:e (y) - KOCOCHMMeTpH'leCKa.sI MaTpHua, nopo)J(AeHHa.sI BeKTOpOM 

y E R3 (K.3) [11, 33]. (TpoiiKa BeKTopoB x, y, z - npaBa.sI, ecrrH (x, 

y, z) > 0, - JieBa.sI, eCJIH (x, y, z) < 0, - JIHHeHHO 3aBHCHMa, ecJIH (x, 

y, z) = 0). 

AKcuoMa K.6. CymeCTByeT rro,a:MHo)l(eCTBo (.rryq T+ =Vt+ U Df) 
OAHOMepHoro a<P<PnHHO-BeKTOpHoro rrpocTpaHCTBa T = Vt U Df -
och BpeMeHH, Dj = {Dt, Bt' µt} - KOHnrnyyanbHOe MHO)l(eCTBO 

MOMeHTOB BpeMeHH, H3MepHMoe IIO Tie6ery. 

Onpe.!(eJieilue 2.1. Ilycn,: 1. BpeM.sI T+ He 3aBHCHT OT TO'IKH 

y E D~, t(y) = t; 
2. Ha OCH BpeMeHH onpe,a:erreHo OTHOllleHHe 3KBHBaneHTHocrn:: ,a:Ba 

MOMeHTa BpeMeHH t, t' 3KBHBaneHTHhI, eCJm OHR CB.sI3aHbl paBeHCTBOM 

t =kt'+ t
0

, (2.2) 

r,a:e k > 0 :u dt / dt' > 0. 
Tor,a:a: 1. BpeM.sI T+ Ha3hIBaeTC.sI a6comomHbLM, 0011opooHbLM u 

uwmponHbLM. 

2. IlpOH3BOJibHbie KOHCTaHTbl t 0 H k Ha3bIBaIOTC.sI Hatta.JlOM om­

Cttema u Macutma6oM «peMeHu (12, 51, 52]. 

AKCHOMa K.7. BpeM.sI T+ =Vt+ U {Dt, ~t• µt} - a6corr10TH0, 

OAHOpOAHO H H30TpOIIHO. 
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OnpeJ:(en:eHHe 2.2. Ilycn.: 1. Pq - n-rrapaMeTplNeCKoe Terro 

KBa,upaTHLIX MaTpHQ, Qn - n-MepHoe MHOroo6pa:me, q E Qn; 

2. Pq+• Pqx = Pq+ \{O} - a.zuJ.HTHBHaSI H MYJILTHIDIHKaTHBHasI 

rpyrrrrI>I Terra P q; 
3. 0 +' 1 x -'- HeHTpaJibHLie 3JieMeHTLI arrre6pa1NeCKHX orrepa­

UHR cnoxemra H YMHO:x<:emra tta yKa3aHHLIX rpyrrrrax. 

Tor)la: 1. MaTpHQa A(q) E Pq Ha31>rnaeTCB: 6ecK0He1mo .wanou 8 

mo11Ke q0 MHoroo6pa.3IDI Qn, ecn:a 

(2.3) 

2. 3JieMeHTLI A(q) H B(q) Ha.3bIBaIOTCSI 3K6U6a.neHmHbt.MU 6 mort­

Ke q0 , eCJIH 

lim A(q)B-1 (q) = lim B-1 (q)A(q) = lx, q-7 q0 . (2.4) 

3. MHoxecTBO Q~ c Qn' qo E Q~ Ha3LIBaeTCSI MHO'JKecmtJOM 

6eCKOHe'IHOU MMOcmu cpyHKQHH A(q) H MltoJKecm60.M 3K6U6MeHm­

HOcmu cpyHKQHH A(q) H B(q) COOTBeTCTBeHHO. 

Ilpe,zum1K.eHHe 2.1. IlyCTL: l. E 0 = (o0, [eO])- cpHKcMpoBaIIHasI 

OpTOHOpMHpOBaHHasI CHCTeMa KOOp)lHHaT BA~' Oo ED~' [eO] E V3' 
[ e 0] = ( ep' e~' e ~), me e p - CB060)lHbrH BeKTOp e,uHHHtlHOH HOpMLr; 

2. V3Y - BeKTopttoe npocTpaHCTBO 

(2.5) 

rrpe,llCTaBHTerreli cBo6o)lHbIX BeKTopoB H3 V3 c o6w;HM «Hat1arrOM» B 

npoH3BOJILHoli TO'lKe y E D~ ; 
3. xOO' yOO E R3 - KOOp,llHHaTHbie CTOJI6QLI pa,unyc-BeKTOpOB 

x 0' yO E v 3 ToqeK x H y E D~ B E 0 (sepxHHH BHyrpeHHHH HH)leKC) B 

6a3HCe [eO] (BepXHHH BHeWHHH HH)leKC), h~ - KOOp,llHHaTHbIH 

CTOJI6eQ BeKTopa hy = x 0 - yO B 6a3HCe [ e 0 ] 

(2.6) 

4. GL yt (R, ·3) - noJIHasI '1eT1>rpexnapaMeTpHt1eCKaSI JIHHeHHaSI 

rpyrrna aBTOMopcpH3MOB (MaTPHU) 'IHCJIOBOro KOMIIJieKTa V3y = R3 , 
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t E T + (mrneii:HWI rpynrra aBTOMop¢H3MOB (MaTpHll) qHCJIOBOro KOM­

IUieKTa V3Y = R3, B MOMeHT speMeHH t ET+, B TOqKe y ED~) [10, 
11, 43, 44]; 

5. Gn;t(R,3) - MHo:iKecTBo MaTpHuD~o=D;f(q(t,y))E 
E GLyt (R, 3) nepexoAa OT 6a3Hca [eO] (sepxHHH BttyrpeHHHH HH­

.n;eKc) K rrpOH3BOJibHOM)' HeOpTOHOpMHpOBaHHOM)' 6a3HCY [ed] (HH:lK­

HHH HH,ll;eKc), BbPiHCJieHHLIX B 6a3HCe [eO] (BepXHHH BHeIIIHHH HH­

.n;eKc) 

[ed] = [eO]D~, (2.7) 

)lIDI KOTOpbIX CYilleCTByeT XOTSI 6LI O,IJ;Ha TOqKa q 0 (t' y) E Q ~' B KO­

TOpOH MaTpHua 

(2.8) 

6hma 6ecKOHeqHo MaJIOH (2.3). 
Tor.n:a MHoxecTBO 

GDjt(R, 3) = {D:fl: D~ = D:fl (q(t, y)) E GLyt(R, 3), 

D;f = E + w;p, w~0 ~ o, q ~ q0 } (2.9) 

.s1BJU1eTc.s1 rpynnoii. 

,U:oKalaTeJILCTBO. 1. IIycTI> A(q), B(q) E GDj1(R, 3), Tor.n:a 

A(q) = E + ~A(q), B(q) = E + ~B(q), ~A(q) ~ 0, ~B(q) ~ 0, 
q ~ qo, => A(q)B(q) = E + ~A(q)E + E~B(q) + ~A(q)~B(q) = 

= E + ~(A(q) B(q)) => A(q)B(q) E GDjt(R, 3); 
2. A-l(q)=(E+M)-1 =E+:Ek=l(-M)k, llMll<l, 

:Ek= 1 (-M)k ~ O npH q ~ q0 ~ A-1 (q) E GDjiCR, 3). 

KoMMeHTapuu: 1. no onpe,n;erreHHIO rpynna GD~t(R, 3) He co­

,n;ep:lKHT «Heco6CTBeHHLIX» aBTOMop¢H3MOB R3 THrra 3epKarrLHhlX 

OTpa:iKeHHH, rrepesopaqHBaHHH, oceBLIX CHMMeTPHH HT. n., KOTOpLie 

npHHllHilHaJibHO He MOryr 6bITb MaTeMaTlfqeCKHMH MO,U:eJI.sIMH pearrb­

HLIX (cl>H31fqeCKHX) rrpeo6pa30BaHHH cpe.n;LI. 

2. EecKOHeqHo MaJiruI MaTPHUa w;p = Dr1 - E (2.3) HrpaeT 

Ba:lKHYIO pOJib B .ll:aJibHeHIIIHX IlOCTpoeHIDIX: 6y,n;eT IlOKa3aHO (3.27), 
qTQ npH onpe,n;erreHHLIX ycrroBIDIX (3.22) OHa npH6JmxeHHo cosrra-
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,lJ,aeT c MaTpHl(eH ,lJ,e¢opMaIJ;HH cpe,lJ,bl B OKpeCTHOCTH TO'iKH y E D~ 
(3.23), a paBeHCTBO (2.8) 

(2.10) 

Onpe,lle.n:eHHe 2.3. r lino Te 3 a: CymecTByeT npoH3BOJII>Hoe 

MHOXeCTBO u npoH3BOJibHblX (HeJIHHeHHl>IX) rrpeo6pa30BaHHH u Eu 
a<P<lJHHHO-BeKTOpHoro npocTpaHCTBa A~, TaKHX 'ITO .ltllil mo6oH: Toq­

KH x E Aj cymecTByeT ToqKa y EA~, TaKruI 'ITO y = ux (MHoxecTBO 

MaTeMaTeqecKHx MO,lJ,erreH: pearr.ouoro rrpeo6pa30BaHIDI ¢HJeqecKoii 

cpe.ll:l>I)~ 

Tor.n.a cpel!;a Dj Ha3.ornaeTc.H JlOKMbHo U3.Me1Ul.e.Mou. 

Onpe,lle.n:eHHe 2.4. IlycTb: 1. Cpena D~ n0Karr1>uo H3MeIDieMa; 

2. GTD ;t (R, 3) = T yt (R, 3)GD ;t (R, 3) - qeT.DipexrrapaMeTpHqe­

cKa.H rro.n.rpynna rronHoii a<P<PHHHoii rpynn1>1 GA yr (R, 3) = 
= T yr CR, 3)GLyrCR, 3) Ha A~, me T yt(R, 3) li GD Jr CR, 3) - cooT­

BeTCTBYJOillHe rpym:u,1 napaJJJierrbH.DIX rrepenocoB B A3 , H (2.9) Ha V3Y; 

3. fHrr oTe3 a: 'Alli! mo6.oix u1 EU, EE R1, E > 0 H TOqKH y ED~ 
cymecTBYJOT OKpeCTHOCT.b E y E ~3 3TOH TQqKH, a¢¢HHHOe rrpeo6pa-

30BaHHe v E GA ;t (R, 3) H npeo6pa30BaHHe u2 E U, TaKHe qTO 

. -1 . 
U1Y = vy + U2Y· llu2Yll llvyll < E, llYll =maxi Yi I· 1=1, 2, 3. (2.11) 

Tor,lJ,a: 1. H3MepRMblli no Jle6ery KOHTHH)'YM D~ = {D3 , ~3 • 
µ 3 } Ha3bIBaeTC51 JlOKMbHO JlUHeimo U3.Me1Ul.e.MOU cpeoou (B JlaITI>HeH­

IIIeM - cpeoou). 

2. qeTu1pexrrapaMeTpHqecKa.H rpynna GD~t(R, 3) c GTD~t(R, 3) 
Ha3I>IBaeTC51 rpyrrrroii mmeHHblX KHHeMaT1f'1eCKHX ,lJ,e¢opMaTOpOB (B 

,lJ,arr.oHeiirneM - K-oe<fJOp.Mamopoe) cpeobf,, MaTpHl(I>I D~o E GDJ1 
(R, 3) - K-oe</Jop.Mamopa.MU cpellbI B OKpecTHOCTH E y E ~3 TO'i­

KH y ED~ (B ,lJ,aJII>HelirneM - cpe.D:bI Ey). 

3. Tpoii:Ka o6oeKTOB (A~ c H3MepHMbIM no Jle6ery KOHTHHYY­

MOM Dj H rpyrrrra GTD;r(R, 3) Ha A~): 

(2.12) 
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Ha3hmae-rc.s: zeo.Mempu'lecKOu Bce.neHHOu .Me.xaHUKU I'MWle.Ji (B ,n;am.­

HelimeM - zeo.Mempu'lecKOu BceJZeHHOU .MeXaHuKu). 

4. MHoxecTBa H3 cr-arrre6phI ~3 Ha3hIBaIOTCSl zeo.Mempu'lecKu­

.MU cucme.Ma.MU. 

5. reoMeTpH'lecKasI BceneHHasI Mexamnrn ~ = {A~' GTD ~t (R, 3)} 
Ha3hIBaeTCSl JlOKOJ/,bHO JlUHeUHO U3.Me1Ule.MOU. 

6. AcpcpHHHoe rrpeo6pa30BaHHe v E GAjt(R, 3) Ha3hrnaeTc.s: 

£-a</J</JumtblM OM cucme.Mbl £ E ~3 . 

7. EaJHChI [ e d ] = [ e O ] D ¥ Ha3hIBaIOTC.s: 6aJHCaMH, conymcm6y-

10Ufu.MU JlUHeUHOU oeefJop.MaijUU cpeObl £ y E ~3. 

KoMMemapHH: 1. Orrpe,n;eneHHe H3 rr. 4 )'KaJhmaeT Ha To, 'ITO Ha 

3Taile rrocrpoeHH.s: KHHeMaTifICH y an:eMeHTOB CHIMa-arrre6pbI 1J3 OT­

cyrCTB)'IOT Ka:KHe-JIH6o <<,!UlliaMH'lecKHe» xapaKTepHCTHKH, a y HCIIOJTh-

3yeMhIX CHCTeM KOOp,D;HHaT oco6b1e CBOHCTBa THIIa HHepl.UfaJihHOCTH. 

MHoxecna m 1J3 smru110Tc.s: reoMerp~ec:KliMH o6beKTaMH, cocroH­

rumrn H3 ToqeK, KOTOpbie MOXHO rrpeo6pa30BhIBaTh C HCIIOJTh30BaHHeM 

3JieMeHTOB MHOXecTBa u H TaIOKe reoMerpmecKHX o6'beKTOB - acp­

cpHHHbIX JIHHe:HHboc rrpeo6pa30BaHRH H3 IpyrrIIhI GTD ~t (R, 3). 11Hbn.m 
CJIOBaMH, B reoMerpmecKOH Bce.rreHHOH MeXaHHKH raJIHJie.s: HeT Hme­

ro, KpoMe µ-H3MepHMoro Toqeqttoro KOHTHH)'YMa H ero reoMerpme­

cKHX rrpeo6pmoBaHHli (HeJIHHe:HHbix H JIHHe:HHhoc). 

2. IlOHSITHe «6a3HC [ed ], COrryTCTB)'IOlllHH .n;ecpopMaUHH», SlBJISl­

eTC.S: O,IJ;HHM H3 ueHTpaJihHblX B paccMaTPHBaeMOH TeOpHH: KOOp.n;H­

HaTHbIH cTon6eu ad pa.Ileyc-BeKTopa a n1060H: Toqm mrneH:Ho ,n;e­

cpopM11pyeMoH: cpe.D;hl B CHCTeMe KOOp.D;HHaT Ed = ( 0 d' [ e d ]) OCTaeT­

c.s: IIOCTO.S:HHbIM H paBHhlM TOM}' xe KOOp.n;HHaTHOMY CTOJ16uy B 

HaqarrbHhIH MOMeHT BpeMeHH H, cne.n;oBaTeJihHO, KOOp,llHHaTHOMY 

CTOJI6uy Toro xe pa,n;eyc-BeKTOpa B HCXO,IJ;HOH CHCTeMe KOopmrnaT 

E0 = (o0 , [eO]), ecnH Ed = E 0 B MOMeHT BpeMeHH t = 0: 

ad (t) = ad (0) = aO (0). (2.13) 

3TO II03BOJUieT B TepMHHax KOOp,D;HHaTHhIX CTOJI6UOB BeKTOpOB 

3aMeHHTb HCCJie.D;OBaHHe H3MeHeHH.s: 3THX BeKTOpOB Ha HCCJle.D;OBa­

HHe rpynrr MaTpHU u~ (t), rrpHBO.D;SllllHX K HX H3MeHeHmo: 

aO (t) = u~ (t)ad (t) = u~ (t)ad (0) = u~ (t)aO (0), (2.14) 
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T. e. cctJopM}'JIHpOBaTb Bee 3a,naqH «JIHHeHHOH» KHHeMaTHKH cpe,l.l;bl B 

repMHHax JIHHeHHOH anre6pb1. 3To ,u;aeT B03MO)l(HOCTb HCIIOJib30BaTb 

,llJUI H3yqeHIDI rrpeo6pa30BaHIDI cpe,u;r,1 mucoIIJieHHLIB «6ara)I(» co­

BpeMeHHo:H anre6pbl [9, 43, 44, 49] H IIOJiyqHTb ctJopM)'JIHpOBKH pa-

6oqero arrnapaTa TeopHH B anre6panqecKOH ctJopMe, yii;o6Ho:H ,llJUI 

Herrocpe,u;cTBeHHOH KOMIIbIOTepHOH peaJIH3aIJ;HH. 

3. PaBeHCTBO (2.10) yx:a3bIBaer aa To, qTO K-.u;e¢opMaTop D'f 
He cne,u;yeT rryraTb c MaTpHn;eH: ,u;ectJopMan;HH: 3TOH cpe,u;b1. IlepBrur -

JIHHeHHruI MO,!.J;eJib rrpeo6pa30BaHIDI cpe,l.l;bl (,u;eiiCTBHe), BTOpruI - pe-

3YJibTaT 3TOro npeo6pa30BaHIDI (,u;eiicTBIDI), rrpeJlCTaBJieHHbIH B MaT­

pnqHOH ctJopMe. 

AKCHOMa K.8. reoMeTpnqecKWI BceneHHWI MeXaHHKH JIOKaJibHO 

JIHHeHHO H3MeIDieMa. 

KoMMeHTapHH: 1. AKCHOMa K.8 yTBep)l(JlaeT, qTo npOH3BOJib­

Hbie rrpeo6pa30BaHID1 a¢¢HHHo-BeKTopHoro rrpocrpaHcTBa A~ reo­

MerpnqecKoii BceneHHOH MeXaHHKH TaKOBLI, qro y Ka)l(JlOH Toqm 

y E A~ .IlIDl n106oro E > 0 cyw.eCTByer µ 3 -mMepHMruI oKpecTHOCTb 

Ey E ~3· Ha KOTOpOH B ctiHKCHpOBaHHbIH MOMeHT BpeMeHH t ET+ pe-

3YJILTaT ,u;e:HCTBIDI 3TOfO rrpeo6pa30BaHIDI OTJinqaeTC51 OT pe3yJILTaTa 

,u;eiicTBIDI acpcpHHHOro (Ha3BaHHOfO E-acpcpHHHblM) npeo6pa30BaHIDI 

v H3 KOMIIJieKTa GTD;t(R, 3) Ha BeKTOp u2 y, OTHOCHTeJibHruI HOpMa 

(B paBHOMepHOH MeTpHKe V3) KOToporo He rrpeBbIUJaeT E. 

2. lh CKa3aHHOro He cne,u;yeT, qTQ Ha COOTBeTCTB)'IOIIJ;eH OKpecT­

HOCTH Ey E ~j Toqm y npOR3BOJibHOe rrpeo6pa30BaHHe u Eu MaJIO 

oTJIHqaeTc51 OT actJcpaHHoro npeo6pa30BaHIDI v E GTD;t(R, 3), TaK 

KaK BblIIIe)'Ka3aHHOe IIOH51THe «MaJIO» B ,l:{aHHOM cnyqae He onpe,u;e­

JieHO (HeJIHHeiiHOe u H JIHHeiiHoe v rrpeo6pa30BaHIDI Ha E y He cpaB­

HHMbl, cpaBHHMbI JIHIIIb pe3yJILTaTbl HX ,u;eHCTBHH). 

3. lfa aKCHOMbI K.8 He cne,u;yer, qro Bo BceneHHoH: Mexamnrn He 

MOryr myqaThC51 ctJH3nqecme 51BJieHHSI, MaTeMarnqecme MOJleJIH KOTO­

pbIX HeJIHHeiiHbI. ffa nee cne,u;yeT JIHIIIb, qro y Ka)l(,l.J;OH TOlfKH y ED~ 
cyw.eCTByeT oxpeCTHOCTb E y ' Ha KOTOpOH y 3THX MO,lleneii rapa.HTHpo­

BaHO cyIIJ;eCTBOBaHHe JIHHeH:Horo E-rrpH6.1IIDKeHID1 B CMbICJie (2.11). 

4. ToqeqHoe MHO)l(ecTBo E Y E ~3 51BJI51eTc51 TorronomqecKoii 

OKpeCTHOCTbIO (OTKpbITOH) TO'IKH y ED~ (HO He OTKpbITblM €-Illa-
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poM), SJieMeHTbI KOTOporo B KIDK,I{bIH 4>HKCHpOBaHHbIH MOMeHT Bpe­

Mem-1 t E T 0T6Hpa10TC5I no npasrury (2.11). YKaJaHHoe MHoxecTBO 

npHHUHnHaJibHO He MOXeT 6bITb npe,n;CTaBJieHO rpa4>H<1eCKH (B BH,D;e 

pHcymca), HCKJI10qa51 qacTHLie cnyqaH. 

5. 0KpeCTHOCTH Ey E ~3 TO'leK y ED~' KaK H JII06b1e ,n;pyrne 

:aJieMeHTbI O'-arrre6pbl ~3' HH B KaKOM CMbICJie He JIBmIIOTCJI «'12CTH­

UaMH» cpe,n;bI. .[(eliCTBHe E-a<i><i>HHHOro npeo6pa30BaHH51 cpeJJ;bI 

v E GTD;t(R, 3) Ha Ey npHBO,!J;HT K napaJIJieJibHOMY nepeHocy He 

CaMoro MHOXeCTBa E y' a TOqKH y BH)'TpH STOro MHOXeCTBa E y H o,n;­

HOBpeMeHHOMY npeo6pa30BaHHIO 'IHCJIOBbIX KOMilJleKTOB BeKTOpHbIX 

npocTPaHCTB V3Y pa.n;Hyc-BeKTopoB TO'leK H3 MeIDIIOIUHXCH no co­

cTaBy MHOXeCTB Ey (no Tpe6oBaHHIO (2.11)) c o6rn;HMH «HaqaJiaMH» 

B MeIDIIOIUHXC51 TO'IKaX y nocpeJJ;CTBOM nepeMeHHoro no y Ht (HHX­

HHe HH,D;eKcI>r) K-.n;ecpopMaTOpa D~o E GD;t(R, 3). 
6. IloIDITHe «K-JJ;eqiopMaTOp» He coBmmaeT c TPaJJ;HUHOHHO H3-

BeCTHLIM nOIDITHeM «TeH3op ,[{eqiopMauHH» [16, 38, 46], HO npH 

onpeJJ;eJieHHbIX YCJIOBH51X Cfill3aHO c HHM orrpe,lleJieHHLIM COOTHOille­

HHeM (2.10). 

7. IlpHIDITOe 3,l{ecz, ITOIDITHe JlHHeHHoro <<,l{eqmpMHpOBaHHJI» 

cpeJJ;bl II1Hpe aHaJIOrH'IHOro TpaJJ;HUHOHHOro IlOIDITH51 (JIHHeHHOro 

npeo6pa30BaHHJI cpe.n;bI c H3MeHeHHeM paccT051HHH Me.:lK.Izy TO'IKa­

MH): STO mo6oe JIHHeHHOe rrpeo6pa30BaHHe Dr> cpe,!l;bl E y H3 rpyrr­

Ilbl GD;t(R, 3) (2.9), BKJIIO'tia51 BpameHHe B CJIYliae, ecnH Ey - a6-

conIOTHo TBepJJ;oe TeJIO (§ 5.1). 3TO no3BOJljJ:eT CTPOHTb TeopHIO ,n;e­

qiopMHpOBaHH51 cpeJJ;bl H3Ha'laJibHO c e.nHHOH TO'IKH 3peHH51 Ha 

OCHOBe e.nHHOro MaTeMaTH<leCKOro annapaTa. 

8. HHKaKHX CBOHCTB cpe,n;LI THna Tpa.n;HUHOHHLIX «CWIOillHO­

cTH»' «HenpepbIBHOCTH» Ha .naHHOM STane IlOCTpOeHHJI TeOpHH He 

npe,n;nonaraeTc51. 

2.2. AKCHOMLI AHHAMHKH 

Onpe,IJ.eneHHe 2.5. IlycTL: 1. crj - 6operreBcKa51 cr-anre6pa, no­

po)l():leHHa51 µ-H3MepHMbIMH OTKpbITbIMH IlO.llMHOXeCTBaMH MHoxe­

CTBa D~' aj c: ~3; 
2. <K )- tPYHKl.Uill Ha crj' 3Ha'leHH51MH KOTopoii 51BJUIIOTC51 n-KH 

Mep Pa.n;oHa [49] (3HaKonepeMeHHLIX CKaJijJ:pHbIX Mep, 3apjJ:JlOB (15]). 
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Tor.n;a: 1. <l>ymcuIDI <j>(-) Ha.JI>IBaeTc.SI 6eKmopHou .Mepou PaooHa 
µ 

Ha cr 3 . 

2. <l>yHKUIDI re(·,.), 3a)l;aHHa.SI Ha crj x crj H .SIBIDIIOma.SIC.SI BeKTop­

HOH Mepoii Pa.n;oHa no KaJK,llOM)' apryMeHTy, Ha.JI>IBaeTc.SI 6eKmopHou 

6u;uepou PaooHa. 

3. BeKTOpHa.SI 6HMepa Pa.n;oHa re(·;) Ha31>IBaeTc.SI 1eococUM.Mempu­

"ec1eou, ec;rn .n;JUI rr1061>IX A, B E crj 

rc(A, B) = - rc(B, A). (2.15) 

KoMMeHTapuii. <l>yHKUIDI <l>O He .SIBIDieTc.SI BeKTopoM 

( <j>(·) </:. R6 ). 3TO, npaKm'IeCKH Bcer.n;a, 3JieMeHT n-MepHoro MHoro­

o6pa.3IDI Qn. 

Onpei.erreHHe 2.6. I. BHHT Fg(A, B) (7.3) B E
0 

co cBoiicTBaMH 

wecTHMepHoii BeKTopHoii KococHMMeTpHtiecKoii 6HMep1>1 Pa.n;oHa Ha 

crj X crj Ha31>rnaeTc.SI ouHa.MU'lecKou 6U.Mepou (cu.nou) Ha cr~ X crj 

BcerreHHOH MeXaHHKH: 

Fg(A, B) == - Fg (B, A). (2.16) 

2. reoMeTpHtieCKa.SI BcerreHHa.SI MeXaHHKH, Ha KOTopoii onpe.n:e­

JieHa .n;HHaMH'IeCKa.SI 6HMepa (cHJia), Ha.31>IBaeTC5I OUHa.MU'lecKou. 

AKCHOMa D.1. reoMeTpH'leCKa.SI BcerreHHa.SI MeXaHHKH .SIBJI.SieTCll 

)l;HHaMH'!eCKOH. 

KoMMeHTapuu: 1. ,11.HHaMHtieCKa.SI 6HMepa (cHJia) Fg (A, B) .SIB­

meTcH npHHUHITHaJibHO IIIeCTHMepHbIM BeKTOpOM (BHHTOM, )l;HHaMH­

l:JeCKHM BHHTOM). YTBepJKJ{eHHe o cyruecTBoBamm «MOMeHTa BeKTo­

pa», B qacTHOCTH «rJiaBHOro MOMeHTa CHJibl» (BTopoii TpOHKH KOOp­

)l;HHaT BHHTa Fg (A, B)), KaK MaTeMaTH'IeCKOH MO)l;eJIH 

CaMOCTO.lITeJibHOro cpH3HtieCKOro o6neKTa, He HMeeT no.n: co6oii HH 

cpmHtieCKHX, HH MaTeMaTHtieCKHX OCHOBaHHH. BTOpa.SI TPOHKa cpyHK­

UHH (rJ)OxO B onpe.n;erreHHH CKOJII>3.Simero BeKTopa (7.1) co.n:ep)l(HT 

HHcpopMaUHIO, BMeCTe c TpOHKOH cpyHKUHH xO onpe.n;eJilIIOIIzyIO 3TOT 

BeKTOp. IlpH 3TOM Heo6xo.n;HMO UOHHMaTI>, 'ITO C)'MMa 3THX TPOeK 

cpyHKUHH He lIBJI.SieTC.sI TpoiiKoif cpyHKUHH TOro )Ke BH.n;a 
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(r!J)DxO + (rbD)OyO = (?) ?, eCJIH xD ;e).yD, a orrepan:IDI }'MHOxe­

HIDI Ha tJHCJIO He orrpe.ue.rreHa (A.(r!J)DxD = (A.r!J)OxO = 
= (r!J)O (Ju:O )? (Il. 7.2). 

3. Crre.izyromHe TpH aKCHOMbI rroczyrrHpyIDT <i>y:H.IJ:aMeHTaJILHbie 

CBOHCTBa JJ;HHaMH'IeCKOH 6HMep1>1 Ha O'~ x O'~. 

OnpemmeHHe 2.7. IlycTb ,11;1-maMHtJecKrui: 6HMepa Fg (A, B) Ha 

crj' Xcrj B Eo a6COJIIOTHO HerrpepbIBHa OTHOCHTeJibHO Mepbl Jle6era 

µ 3 IIO o60HM apryMeHTaM, TO eCTb WUI JII06bIX TO'IeK x H y H3 JII06bIX 

MeXaHH'Iecmx cHcTeM A H B H3 crj CYIUeCTByIDT µ 3 -HHTerpHpyeMb1e 

rro o6oHM apryMeHTaM CKOJib3.Slln;He BeKTOpbI (7.1) Pt(x, dy), 0
, 

Pf(dx,y), o TaKHe 'ITO 
0 ' 

I 

Torp;a: 1. Cpe.n;a D~ Ha31>maeTc.si: ouna.MuitecKu Henpepbumou 

cpeoou. 
2. µ 3 -HHTerpHpyeMbie CK0Jlb3SIID;He BeKTOpbI pt ( x' dy ), 0 

H 

p ~ ( dx' Y ), 0 
B E 

0 
Ha31>1BaIOTC.sI n.nomnocmR.Mu ouHa.MuitecKou 6w.tepbl 

Fg (dx, dy) Ha crj x aj B Eo B TO'IKax x Hy OTHOCHTeJibHO Mepbl 

Jle6era µ3 (d(·)) COOTBeTCTBeHHO. 

AKCHOMa D.2. feoMeTpHtJecKrui: Bce.rreHHruI MexaHHKH .UHHaMH-

11ecKH Herrpep&mHa. 

KoMMeHTapnn: 1. AKcHoMa D.2 IIOCT)'JIHpyeT OTCYTCTBHe B reo­

MeTpH':leCKoii: BcerreHHOH MeXa.HHKH faJIRJie.si: O,UHOTO'Ie'IH&IX reo­

MerpHtJeCKHX CHCTeM co cocpe.UOTO'IeHHbIMH B HHX (rro JII060MY H3 

apryMeHTOB) HeeyrreBbIMH .UHHaMH':leCKHMH MepaMH. OrrrH'IHbIMH OT 

ttyJI.sI B 3THX CHCTeMax Moryr 6blT& TOJibKO IIJIOTHOCTH yKa3a.HHbIX 

Mep OTHOCHTe.TlbHO rre6erosoii: Mepbl. 

2. Bcrre.ucTBHe rrpe,Ubmymero YTBepxp;eHIDI TepSieT CMbICJI noHSI­

THe rpeXMepHOH HbIOTOHOBOH ClUibl, cocpe,nOTO'IeHHOH B (nplUIO­

:lK:eHHOH K ... ) H30JIHpOBa.HHOH 6e306'beMHOH O.UHOTO'Ie'IHOH reoMeT­

pH'IeCKOH CHCTeMe. BerrHtJHHa yKa3aHHOH ClUibl B rr1060H: TO'IKe .UH­

HaMH'IeCKH HerrpepbIBHOH cpe.UbI pasHa HyJIIO (no onpe.uerreHH10). 

3. Orrpe.uerrelille JJ;HHaMH'leCKOH HerrpepbIBHOCTH cpe.u&I npHHD;H­
IIHaJlbHO OTJIHlJaeTCSI OT 'I'pa,IUII{HOHHOI'O IlOIDITIDl Herrpep.bIBHOH cpe.ur.1, 

29 



qacro OTO)l{,l];eCTBJDieMoro c HHTylITHBHLIM noHSITHeM «CIDIOIIIllOH» cpe­

W>I. 3,n;ecb )'Ka3a.HHOe CBOHCTBO cpeW>I onpe,n;eJieHo nocpe,n;CTBOM COOT­

BeTCTByromero CBOHCTBa ,n;HHaMHtlecKOH Mep1>1: cpe,n;a ,n;HHaMHtlecKH He~ 

npepbIBHa, ecJ1H ,n;HHaMHtlecKasi Mepa, ~eCTBOBaHHe KOTOpOH Ha 

aj x crj IlOcryJIHpyeTC51 (D.l), a6COJIIOTHO Henpep1>mHa OTHOCHTeJib­

HO Mep1>1 Jle6era µ 3 (d(-)) Ha crj no o6oHM apiyMeHTaM (D.2). 

Onpe,IleJJeHHe 2.8. IlycT1> JlIDI crj cymecTByeT TaKOe pa36HeHHe, 
'tlTO: 

1 crµ = crµ u crµ crµ n crµ = 0· . 3 + _, + - ' (2.18) 

2. O'~ - 51BIDJ.eTC51 JlHHaMINeCKH HenpepblBHOH cpe,n;o:H H MHO­
)l(eCTBOM cocpe,n;oTot1eHHOCTH JlHHaMH'tleCKOH 6HMep1>1 F g ( dx, dy ), 
T. e. JlIDI mo61>1x x, y e cr~ 

Pt(dx, y), o:;; 0, Pt<x. dy), o -:t: O; (2.19) 

3. O'~ - 51BJUleTC51 JlHHaMH'tleCKH HenpepbIBHOH cpe,n;o:H: H 

O'~ = aj \ cr~. HO JlIDI mo6oii reoMeTpH'tleCKOH CHCTeM:OI BE O'~ H 
mo6:oix ToqeK x e D~, y E B 

(2.20) 

4. B O'~ cymecTByeT 6ecKOHe'tlHO MHOro reoMeTpHqecmx CHC­

TeM B E O'~' TaKHX t{TO JlIDI Ka)l{,l];OH H3 HHX cymeCTByeT reoMeTPH'tle- . 
CKM CHCTeMa 

A E cr~ H B c:: A, A \ B c:: cr~; 

5. CymecTByroT reoMeTpH'tlecKHe OTKp1>1T1>1e cHcreM1>1 Be cr~ H 
cHcTeMa A e cr~. Tame qTo Ac: B, B \Ac: cr~. 

Tor,n;a reoMeTpH'tlecKasi BceneHHasJ: MeXaHHKH Ha3LIBaeTc51 ouHa­

.MuztecKu HeCBJt3HOU. 

AKCHOMa D.3. reoMeTPINeCKasl BceJieHHM MeXaHHKH JlHHaMH­
qecKH HeCB513Ha. 

KoMMeHTapuu: 1. AKcHOMLI D.2 H D.3 nocry;mpyroT cne,n;yro­

mu:e cpax:Tb1: 6openescKasi cr-aJire6pa reoMeTPH'tlecmx CHCTeM reo-
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MeTpHtleCKOH BceneHHOH MeXaHHKH COCTOHT TOJibKO H3 CHCTeM, 51B­

JI5lIOIUHXC51 ,!l;HHaMH'leCKH HenpepLIBHOH cpe,n;oii, qaCTb KOTOpbIX a~ 

He B3aHMO,D;eHCTByeT' He ,n;eH:cTByeT Ha CHCTeMbl c HeHyJieBLIMH IUIOT­

HOCT5IMH ,!l;HHaMHtleCKHX Mep H3 O'~' He HCnLITbIBaeT ,n;eHCTBHH c HX 

CTOpOHLI (2.20) H HeCBH3Ha (D.3). 
2. MHOXCCTBO O'~ cocpe,n;OTOqeHHOCTH ,!l;HHaMHtleCKOH 6HMep1>1 

F g ( dx' dy) HeCB513HO: co.nep:xcHT 6eCKOHet{H0 MHOro H30JIHpOBaH­

HblX reoMeTpHtleCKHX CHCTeM, «OT,!l;eJieHHbIX» .npyr OT .npyra CHCTe­

MaMH H3 MHO)KeCTBa O'~, qacTb KOTOpbIX co.nepJKHT «BH)'TpH ce6a» 

CHCTCMbl H3 O'~. Mepa ne6era MHOXeCTBa O~ BceneHHOH MeXaHHKH 

ranwrea, Ha ypoBHe cerotiHJimHero rrpe.l{cTaBJieHIDI o sorrpoce, HH­

qTO)KHO MaJia no cpaBHeHHIO C MepoH ne6era MHOX.eCTBa 

cr~: µ 3 (cr~)/ µ 3 (cr~) = IQ-30 [12]. 

Onpe):{eJJeHHe 2.9. IlycT1> A E a~ - qmKCHpOBaHHa51 reoMeTPH­

qecKag CHCTeMa. 

Tor.Ila .IlHHaMHtlecm:H BHHT (BHHT (7 .3)) no nepBOM)' apryMeHT)' 

H CKOJlb35IlllHH BeKTOp (7 .1) no BTOPOMY apryMeHTy (ne6eroB HHTer­

pan )lHHaMHqecKOH 6HMep1>1 F g ( dx, dy) no nepBOMy apryMeHTY no 

CHCTCMe A) BH,Ila 

Fg (A, dy) = J XAPt(x, dy), 0 µ3(dx) = 
= Pt(A,y),0µ3(dy) (2.21) 

Ha31>1saeTca ouHa.Mu1tec1e0u Mepou ( ouHa.Mu1tecKUM BUHmoM, cwiou) 

B03oeucmBwi cucmeMbl A ea~ Ha cucmeMw u3 a~ c n.nomHocm&10 
Pt(A, y), 0 B mo1tKe y ED~. 

OnpeJleJJeHHe 2.10. IlycTL: 1. pt<--.vi.y),o IUIOTHOCTI> AHHaMHtle­

cKoro BHHTa B03,!l;CHCTBH51 )lOnOJIHeHH51 .., A E cr~ mo6o:H reoMeTPH­

qeCKOH CHCTCMbl A Ea~ Ha 3TY CHCTCM)': 

Fg(-,A, A)= fxAPthy,y),0µ3(dy), 

Pt(-,y,y),o = fx Pt(x,y),oµ3(dx); 
-,y 

(2.22) 
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2. IlrroTHOCTb Pt(-,y,y), 0 
pruma eyrrro B rr1060B: TOtIKe y ED~: 

(2.23) 

Tor,lla reoMeTpHtiecuUI BcerreHHasi: (2.12) Ha3bIBaeTcSI OUHa.MUlle­

cKu c6MaHcupoeaHHou. 

AKCHOMa D.4. reoMeTpli'leC:KaSI BcerreHHaSI MexaHHK.H farrHJieSI 

.rumaMWieCKH c6arraHcHpoBaHa. 

KoMMeHTapHH: 1. Orrpe,llerreHHe c6arraHcHpOBaHHOCTH (2.23) 
rrpHHU:HITHaJibHO OTJIHtiaeTcSI OT orrpe,llerreHHSI F g (-, A, A) = 0, KO­

Topoe B03MOXHO H rrpH pt(-, y' y ), 0 
:;f: 0 [ 4 7]. 

2. Crre.nyromHe TPH ax:cHoMbl rrocryrrHpYJOT CYUleCTBOBaHHe Ha 

CHTMa-arrre6pe CHCTeM reoMeTPHtieCKOH BcerreHHOH MeXaHHKH fa­

JIHJieSI Tpex rrpHIU\HITHaJibHO pa3ITWIHbIX .UHHaMHtieCKHX Mep (CHIT) 

B03)J;eHCTBH51 Ha 3TH CHCTeMbl HX AOITOJIHeHl:IH B crj (HMeromn:x 

rrpHHI.{Hl1HaJibHO pa3JIHtIHbie ITJIOTHOCTH Pt(-,y,y), 0 ). 

Onpei.en:eHHe 2.11. IIycTb: 1. B A~ CYIIlecTByeT ,n:eKapTOsa cHc­

TeMa KOOp,n;n:HaT Eo = (oo, [eO]); 

2. Ha crj onpe.n;eneHa 6operrescKasi: Mepa m; ( dy ), TaKaSI 'ITO: 

2.1. m; ( dy) - a6COJIIOTHO HerrpepbIBHa OTHOCHTeJibHO MepbI 

ne6era µ 3 ( dy) Ha O' ~ C ITJIOTHOCTbIO p~ : 

(2.24) 

2.2. .nrni JII06oli CHCTeMbl B E cr~ 

m;(B) = O; (2.25) 

3. v .$° - KOOp,UHHaTHbIB CTOJI6ea: BeKTOpa v ~ CKOpOCTH TOt{KH 

y E D~ OTHOCHTeJibHO E 0 B 6a3HCe [ e 0 ], v ~ . - ero rrpoH3BO.n;HaSI B 

Ea (ycKopem1e TOtIK.H y ED~ OTHOCHTeJibHO Eo B 6a3HCe [eO ]), 
p~. (y), 

0 - CKOJib35llllHH BeKTop, rropo:lK,ll;eHHbIB BeKTOpOM v~0 • 
(7.1) s E0 [23, 33]: 
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4. fnn oTe3 a: Ha crj X crj onpe.a;erreHa TaKaSI ,llHH3MH'lecKas1 6n­

Mepa F ~ ( dx, dy) = I 8 ( dx, dy ), 'ITO ,llHHaMli'lecKllli BliHT Bo:meikraIDI 

F~(-,y,dy):Jg(-iy,dy) (2.27) 

Ha CHCTeMbI H3 crj HX )J;OilOJIHemrn c IIJIOTHOCTbIO p~-, y. y ), 
0 

OTHO­

CHTeJibHO Mepbl mi (dy) (2.24) HMeeT BM;{ (c yqeTOM (2.25)) 

18(-,y, dy) = p~-,y,y),Omi(dy), (2.28) 

P
i(y,y),0 _ -pv·(y),O 
0 - 0 (2.29) 

Tor.a;a: 1. CHcTeMa Koop.a;HHaT E0 , B KOTopoH: BI>IIIOJIHeHo paBeH­

CTBo (2.28), Ha3bIBaeTCj{ UHepijUaJlbHOU cucme.MoU KOOpOUHam. 

2. Eope.rieBCKasI Mepa mi ( dy) Ha crj' )J;Jij{ KOTOpoH: BbIIIOJIHeHO 

paeeHCTBO (2.28), Ha3bIBaeTcg CICQJUlpHOU Mepou UHep14uu Ha crj 

()J;Jlj{ npoCTOTbI peqH H IlHCbMa - UHepijUOHHOU Maccou). 

3. ,IJ)rnaMWieCKHH: BHHT I8 (-, y, dy ), onpe.a;eJij{eMhlH: paeeHCTBOM 

(2.28), Ha3bIBaeTCj{ BeKmOpHOU OUHaMUzteCKOU Mepou UHepijUU ( ou­

HaMUztecKU.M 6UHmOM UHepijUU, 6eKmOpH'bl.M no.JleM UHepijUU) Ha crj. 

4. CKoJII>351IIlHH BeKTop 

P
i(-,y,y),O _ -pv·(y),O 
0 - 0 , (2.30) 

nopo:xQJ;eHHI>IH OTPHUaTeJII>HI>IM BeKTopoM ycKopeHIDI v ;>° · ToqKH 

OTHOCHTeJibHO HHepUHaJibHOH CHCTeMbI KOopmrnaT Eo, Ha3bIBaeTCj{ 

ruzomHocmbJO ouHaMU'lec1eou Mepbl ( OUHa.MU'leCKOZO BUHma, BeKmop­

Hozo no.JIJl) uHepijuu Ha crj omHocume.JlbHO Mepbl mi (dy). 
5. reoMeTpWieCKasI BceJieHHasI MeXaHHKH, Ha KOTopoH: onpe.a;e­

JieHbl HHepI.lHaJibHasI CHCTeMa KOOp.a;HHaT Eo = (oo, [eD]), CKaJI51p­

HasI Mepa HHepuHH mi ( dy) H BeKTOpHasI )J;HHaMH'leCKasI Mepa HHep­

ll,HH 1g (--, y, dy), Ha3bIBaeTC51 UHepijUOHHOU. 

AKCHOMa D.S. reoMeTPH'leCKasI BceneHHasI MeXaHHKH HHepI.lH­

OHHa. 

KoMMeHTapHH: 1. A.KcHoMa D.5 o.a;HoBpeMeHHO nocTYnHpyeT 

cymeCTBOBa1me HHepuHaJibHOH CHCTeMbI KOOp,Il;HHaT H AByx Mep 

HHepn:mi (CKaJI51pHOH - HHepn:HOHHOH MaCCbI H BeKTOpHOH - AH-
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HaMWlecKoro BHHTa HHepuHH). HcKmoqeHHe H3 onpe.neneHIDI JII06o­

ro H3 3THX IlOIDITHH ,nenaeT OCTaJil>Hl>Ie yrsep:xmeHIDI HeBepm.IMH. 

2. YTBep:xmeHHe (2.24) noCTyJIHpyeT oTcyrCTBHe so BceneHHOH 

MeXaHHKH rammeSI «HHepUHOHH.blX» O,ll;HOToqeqm.ix (6e3o6.beMHbIX) 

reOMeTpH11ecmx CHCTeM. ,ll1DI YKa3aHH1>IX CHCTeM OTnH11HOH OT H}'IDI 

MO:lKeT 6.blTb TOJibKO IlJIOTHOCTb HHepUHOHHOH MaCC.bl OTHOCHTenbHO 

MepbI Jle6era. 

3. YTBep:xmeHHe (2.25) IlOCTyJIHpyeT 6e:31>1HepUHOHHOCT.b CHC­

TeM H3 O'~. 

4. Ilpe.ll:JIO:lKeHHblH MeXaHH3M BBe,lleHIDI B Teopmo IlOHSITHH 

HHepUHa7IbHOH CHCTeMbl KOOp,ll;HHaT H HHepUHH nomqecm 3KBHBa­

neHTeH rrepBOM)' H BTOPOMY «3aKOHaM HbIOTOHa», HO Bbiro.ll:HO OTJIH-

11aeTcj{ OT HHX TCM, 'ITO: 

4.1. He HCilOJlb3yeT IlOHSJ:Tffjl He cymeCTBYIOIIlHX B pea7IbHOM 

MHpe 6e3o6.beMHblX TO'leK c HCH}'JICBOH HHepuHOHHOH Maccoii; 

4.2. He HCilOnb3YeT IIOHUffj{ CM, .neiiCTBYIOIUHX Ha He cymeCT­

BYIQIUHe B npHpo.ne 6e3o6.beMHbie «HHepUHOHm.Ie» TO'IKH (KOTOp1>1e 

ucema pasHbl eymo); 

4.3. KoppeKTHO BBO,ll;HT BbIIIIeYKaJaHHJ.Ie IIOHjJTIDI .ll:JlSI Herrpe­

pblBHOH cpe,ll;bl 6e3 MaTeMaTH'lecm H <lJH3H11ecm HeCOCTOfiCJibHOro 

«<!JopMHpOBaHWI» Herrpep1>mHoro KOHTHH}')'Ma H3 KOHell:Horo MHO­

xeCTBa peanbHO He cymeCTBYIQIUHX ToqeK co «COcpe,llOTO'leHHbIMH 

HHepUHOHHJ.IMH MaCCaMH» H «'laCTHu»; 

4.4. 06ecrre'IHBaeT B03MOXHOCT.b IIOCTpOeHIDI KOppeKTHOH Teo­

pHH MeXaHHKH a6conIOTHO TBep.zu,IX Ten KaK HerrpepbIBHOH cpe.zu,1 c 

,ll;OIIOnHHTeJibm.IMH CBOHCTBaMH, He npH6erru1 K 3aMeHe HX KOHeqHbl­

MH MHOXeCTBaMH <lJH3H11ecm He cymeCTBYIOIUHX TO'leK co cocpeno­

TO'leHHJ.IMH MaccaMH; 

4.5. He HCilOJib3YeT TPaJUIUHOHHO HCK}'CCTBCHHO BBO,llHMblX .ll:JlSI 

nOKaJibHO H3MCHSieMOH HenpepbIBHOH cpe.zu,1 IlOHSITHH KOJIH'leCTBa H 

MOMeHTa KOnH'lecTBa .UBH.XCCHIDI. 

5. )lmlaMH11ecKa.sI Mepa HHepUHH (2.28) BBe,ll;eHa c HCIIOJI.b30BaHH­

eM H3BlllHOH nmOTe3LI :3. Maxa, u coOTBeTCTBHH c KOTopoli no.snmeHHe 

HHepUHH BO BceneHHOH MCXaHHKH raJIHne.K 06.KJaHO He <<BpO:>K.nCHHOH 

CHJie MaTepHH, 3aK.11IO'leHHOH B Heli CaMOH», a yCKOpeHHIO MeXaHH'le­

CKHX CHCTeM H3 O'~ (o6na.naIOUlHX HHCpUHOHHOH MaCCOH - HHepUH­

OHHbIX) Ol'HOCme.JlbHO npyrnx UHepUHOHHblX CHCTeM [12]. 
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Onpe.n;eJieHHe 2.12. IlyCTL: 1. Ha cr~ onpe.n;eJieHa cKaruipmui 

Mepa mg (dy), TaKrul llTO: 
1.1. Mepa a6comomo Henpepr,mHa OTHOCHTeJibHO MepbI Jle6era 

µ3 (dy) Ha O'~ C IDIOTHOCTbIO p~: 

1.2. ,IlJuI mo6oii reoMeTpK'ICCKOH CHCTCMbl A E (J'~ 

m (A)= O; g 

(2.31) 

(2.32) 

2. r 11 no Te J a: Ha cr ~ x cr ~ onpe.ueneHa .llHHaMllllecKas 6HMepa 
(2.15), (2.16) s £ 0 = (o0 , [eO]) 

F8 (dx, dy) = ag (dx, dy) =cg <tJx. dy>. 0 • (2.33) 

nopo~eHHas TpeXMepHoii: seKTopHoii cpyHKlllleii: JIByx TpeXMepHMX 
sexTOpHbIX apryMeHTOB g(.,.): R3 x R3 e R3 Bii.Ila 

(yOO _ xOO) 
gO (dx, dy) = mg (dx) mg (dy), .(2.34) 

llyOO - x00113 

yOO H xOO - KOOp.ll;HHaTHble CTOJI6I{bl B 6a:mce [eO] paJnlYC-BCKTO­

pOB yo 11 xO ToqeK y, x e D~ B E0 (2.33). 
Tor.zta: 1. )lHHaMllllecxasi 6HMepa Ha3bIBaeTc.si zpa.8uma14uoHHou 

ouHaMu'lecKOu 6UMepou (cwiou) Ha cr~ x cr~. 
2. Mepa m 8 ( dy) Ha3Lmaerc.si cKaflJl.pHou .Mepou zp<Ulumaijuu (AruI 

COKpall{eHIDI petIH H IlHCbMa - Zpa.8umaljUOHHOU .MaCCOU) Ha (J'~. 
3. BeKTopHrul ,!lHHaMHtlCCKasI Mepa Ha (J'~ (,!lHHaMHtleCKHH BHHT 

(2.21)) 803,!lCHCTBHSI Ha CHCTeMbI BE (J'~ HX,!lOilOJIHeHHii-, BB cr~: 

(2.35) 

(yOO _ xOO) 

gO (-iy, y) = f X-,y llyOO - x001!3 p~µ3 (dx) (2.36) 

Ha3LIBaeTc.si seKmopHou ouHeutu'lecKou .Mepou ( ouHaMu'lecKUM suH­

mo.M, cwzou, seKmopHbLM noJZe.M) zpasumalJUU Ha cr~. 
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4. reoMeTpH'leCKCUI Bcen:eHHlUI MeXaHHKH, Ha crj x crj H crj 

KOTOpoii orrpe.uen:eHhI rpaBHTa.IJ;HOHHlUI ~HaMH'leCKlUI 6HMepa (cH­

rra) H CKamJ:pHlUI Mepa rpaBHTaUHH, Ha3LIBaeTC51 zpaBumaijUOHHOU. 

AKCHOMa D.6. reoMeTPH'leCKlUI Bcen:eHHlUI MeXaHHKH rpaBHTa­

UHOHHa. 

KoMMeHTapHH: 1. CKarr51pHW1 Mepa rpaBHTaUHH, orrpe.ueJI51eMWI 

paBeHCTBaMH (2.31), (2.32) H (2.34), Ha ,llaHHOM 3TaIIe ITOCTpoeHHH 

He HMeeT OTHOllieHH51 K CKarr51pHOH Mepe HHepUHlf (HHepUHOHHOH 

Macce), orrpe,lleJI51eMoii paBeHCTBaMH (2.24), (2.25) H (2.28). 
2. PaBeHCTBa (2.33) H (2.34) He 51BJI51IOTC51 3aKOHOM T51roTeHH51 

HLIOToHa Herrocpe.ucTBeHHO (3.uec1> B ITOH51THe rpaBHTa.n;HOHHoii Me­

p1>1 BJIOXeH .upyroii CMhlCJI, IlOCT051HHlUI BCeMHpHoro T51roTeHH51 paB­

Ha e,llHHHUe). 

3. lfa (2.32) crre.uyeT, qTQ rpaBHTauHOHHlUI Macca (KaK H HHep­

UHOHHlUI Macca) cocpe.uoTOqeHa Ha cr~. 
4. Ha .uaHHOM 3TaIIe o6c)'X.lleHH51 Borrpoca HHepUHOHHWI H rpa­

BHTa.n;HOHHWI MaCChI Ha aj 51BJI51IOTC51 CaMOCT051TeJJ:hHhlMH ITOH51TH51-

MH. 06 HX CB513H Tpe6yeTC51 OT,lleJJ:hHlUI .uoroBopeHHOCTh. 

AKcHoMa D.7. HHepUHOHHlUI H rpaBHTaUHOHHWI Macc1>1 Bo Bce­

rreHHOH MeXaHHKH rarrnrre51 rrpOIIOpUHOHaJihHhl. 

OnpeAerreHHe 2.13. IlycTL HHepUHOHHWI H rpaBHTaUHOHHa51 

MaCChI BO Bcen:eHHOH MeXaHHKH rarrHJie51 rrporropUiiOHaJihHhI: 

m8 (dy) = kmi (dy). (2.37) 

Tor.ua: 1. Ilono:xrn:TeJJ:hHWI KOHCTaHTa y = k2 Ha3LIBaeTC51 rpa­

BHTa.n;HOHHOH ITOCT051HHOH Bce.TieHHOH MeXaHHKH rarrHJie51. 

2. HHepuHoHHlUI Macca .llJI5I npocTOTLI IIHCLMa H peqH Ha3LIBaeT­

C51 Maccoii H 3aIIHChlBaeTC51 TaK: 

mi (dy) = m (dy). (2.38) 

Ilpe,ll.11oJKeHHe 2.2. BeKTopHWI .UHHaMH'leCKWI Mepa rpaBHTaUHH 

Ha CHrMa-arrre6pe aj CHCTeM reoMeTPHqecKoii Bcen:eHHOH MeXaHH­

KH c yqeTOM (2.35) H (2.37) Bhl'lHCJI51eTC51 no <l>OPMYJie (HLIOTOH) 
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G8 h dy, dy) = p~ (-,y, y), 0pyµ 3 (dy), (2.39) 

(yOO _ xOO) 
gO (-, y, y) = y f X-,y llyOO - x00113 Pxµ3 (dx), (2.40) 

n~e mmeKC g y IUIOTHOCTH p~ CIDIT B CHJiy a.K.CHOMLI D.6 (2.37). 

L(oKaJaTeJILCTBO nocrnraeTCR IIO,l:{CTaHOBKOH paBeHCTBa (2.37) B 

orrpeneneHIDI (2.33) H (2.34).D 

KoMMeHTapHil. Ilo.rryqeHHnie pe3yrrnTaTn1 He TpHBHarrbHnI. Ilo­

CTpOeHIDI npHBenH K crre.zzyroIUHM BbIBOJ{aM: 

1. B TpMHUHOHHbIX ¢opMax 3a.K.OHOB TRroTeHIDI lliroToHa, ec­

JIH yTBep)K,UeHHe (2.37) BepHo, rrpHCyYCTByeT HHepuHOHHasJ: Macca 

(cKarrgpHasi: Mepa HHepUHH). 

2. EcrrH yYBep)K,UeHHe (2.37) BepHO, TO HHKa.K.HX npymx CKaJigp­

HbIX Mep Ha crj'' HenocpencTBeHHO CBR3aHHbIX c IIOIDITIDIMH rpaBH­

TaUHH H HHepuHH, KpOMe rrporropuHOHaJibHbIX Mace mg (dy) H 

mi (dy), He cyiuecTByeT. 3To 03HaqaeT, tfrO o6a IIOIDITHSI (a.K.CHOMbI 

D.4 H D.S) MOfYT 6nITb c¢opMYrrHpOBaFibI B TepMHHax onHoii Mep:r:,1 

(mg ( dy) H mi ( dy )), BOnpoc JIHillb B npHBbr<IKe K ¢opMe 3arrHCH, Ha-

3BaHHIO H o603HaqeHHIO. . 

3. ECJIH yYBep)K,UeHHe (2.37) BepHO, TO B peaJIDHOH rrpHpone He 

cyiuecTByeT rroIDITIDI «KOJIHtiecTBa Bew;ecTBa». Mo.xrno ycrroBHO rre­

peo6o3HaqHT:r:, Mepy HHepuHH mi ( dy) = m ( dy) H HaJBaTn ee Mepoii 

KOJIHtleCTBa Bew;ecTBa, HO rrpH 3TOM IIOTpe6yeTCR OTBeT Ha Borrpoc: 

trro Ta.Koe «Bew;ecTBO»? B paMKax c¢opMYJIHpoBaFIHoii ax.cHoMaTH­

KH OTBeTa Ha 3TOT BOIIpoc HeT. IlpenCTaBJUieTCR, tfrO ero HeT H B 

,u;pymx aKCHOMaTHKax H Bee, 'ITO CBR3aHO c IIOHRTHeM MaCCbl KaK 

MepnI KOIDNeCTBa Bew;ecTBa, Ha CaMOM nerre CBR3aFIO c IIOIDITHeM 

HHepUHOHHOH MaCCbl KaK MepnI. 06e BblilleyKa3aHHbie MaCCbl, He 6y­

ey'IH CBR3aFIHblMH c IIOIDITHeM KaKOH-JIH6o cy6CTaFIUHH ( «Bew;ecT­

Ba», «MaTepHH», «KOJIHtleCTBa cpe,Ubl» H T. rr.), j!BJij!IQTCR CBOHCTBa­

MH BcerreHHOii MexaFIHKH farrHJieR, 3aBHCRIIUfMH (no 3iimIITeiiey) 

OT CKOpOCTH rrepeMew;eHHR MeXaFIHtleCKOH CHCTeMbl. 

Onpe~eJieHHe 2.14. IlycTn: 1. Ha crj' x er~ orrpeJJ;eneHa AHHa­

MHtiecKasi: 6HMepa D8 (dx, dy), TaKasJ: qTQ COOTBeTcTByiow;asi: J];HHa-
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M1AecKasi Mepa (BHHT, seKTopaoe none) vg (-, dy, dy) Ha cr~ s E0 
B03,I(eHCTBIDI Ha CHCTeMl>J BE O'~ BX 'AOilOJIHCHHH..., BB O'~ c IVIOT­

HOCTLIO p~ (-, y' y }, O OTHOCHTeJILHO MCpLl µ 3 ( dy) B TO'IKe y E D~ 
HMeeT BH,ll; 

(2.41) 

2. Ha ToqeqHoM MHoxeCTBe Dfl, .sJBIDJIOIIleMc.s: ceqeHHCM To11e11-

HOro MHOXeCTBa D~ npOH3BOJILHOH a<lJ<!JHHHo-BeKTOF-HOH IVIOCKO­

CTLIO p 2. B TO'IKe y E Pz onpe.neJieua IVIOTHOCTL p ~ .., y. y ), 0 B Eo 
Jl,HHaMIRecKOH MepLI D8 (-, dy, dy)(2.41) Ha O'~ B Eo H3 n.1 OTHO­

CHTe.TILHO ,IlByMCpHOH MCpbI Ile6era µ2 (dy) Ha 6opeJieBCKOH O'·aJI­

re6pe O'~ IlO,I(MHOXeCTB TO'JC1:JHOro MHOXeCTBa Df: 
(2.42) 

3. fHilOTe3a: B TO'IKe y B 6a3HCC [eO] onpe.ne.TieHa 3aBHCJIIIlasI 

TOJILKO OT TO'IKH y nmp<!JepeHllHpyeMasI no yOO ayxHOe "IHCJIO pa3 

(3 x 3)-MaTpli'IHasI <PYHKllHJI Toqm y ED~ n speMeHH t ET. Tj: 
R3 x T ~ R9 Ta.KM, qTo CB06ona1>1li BeKTOp cS O (., y, y ), nopo:x<Aa­

IOIIUIH CKOJih3JIIIUlli BeKTOp IVIOTHOCTH p ~ h y' y ), O (7 .1), .S:BIDieTC.SI 

pe3ym,TaTOM JIHHeii:Horo npeo6pa30BaHH.SI uopMaJIH ny K IlJIOCKOCTH 

P2 B ToqKe y B 6aJnce [eO]: 

(2.43) 

4. fHilOTe3a: CB060.IlHbIH TpeXMepHblii BeKTop AO (-,y,y), 
nopoQaIOIIlHH CKOJIL3JllllHH BCKTOp TpCXMepHOH IIJIOTHOCTH H3 

(2.41), CBS3aH co CTpOKaMH T~ = (Tl~. r2oj. Tfj ), j = 1, 2, 3 MaT­

pHQ;bl Tj H3 (2.43) paseHCTBOM 

AO(-,y, y) = col{div0ry0
1 , div0T~2 , div0 ryo3 } = Div0Tj. (2.44) 

Toma: 1. }lHHaMH1:JeCKasI Mepa vg h y, y) Ha O'~ B Eo c IlJIOTHO­

CTbIO p~ hY • Y }, 0 
B Toue y E D~ HaJbIBaeTCB oUHa.Mu11ecKOu .Mepou 

(6UH1110M, 6eKmOpHbLM. no.ne.M) oet/JopMup06aHUJI HenpepbUJHOU cpeow. 
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2. Ma1J>HI,\a Tl B (2.34) Ha3bIBaeTC.S: OUHa.MU'leCKU.M oe<J>opMa­
mopO.M (o-oe<J>op.Mamopo.M) cpeow e mo'lKe y ED~. 

3. 3neMeHTbI T3 MR1J>Hl.\bl Tl Ha3blBRIOTCH Hanp.JOKeHUJl.MU oe­
<J>op.Mup08QHUJt cpeow e mo'lKe y E D~. 

4. BcerreHHruI MexaHmrn, Ha CJ~ KOTopoD: onpe.n;eneHa .wmaMU­

qecKrui Mepa .n;ecj:>opMHpOBaHIDI cpe,lU>I, Ha3bIBReTCH oe<J>op.MupyeMOU. 

AKCHOMa D.8. BcerreHHasI MexaHHKH l{eqmpMHpyeMa. 

KoMMeHTapHH: 1. B Bi.1meYKa3aHH1>1X onpe.IlerreHWIX He cj:>my­

pHpyroT He CYll.\ecTBYIOII.\HC B peaJIDHOM cj:>H3H'iCCKOM MHpe noBepx­

HOCTH reOMeTpH'ieCKHX CHCTeM H, CJIC.IlOBRTeribHO, 1}>3,llHUHOHHruI 

TpaKTOBKa i-CTon6uos Ti~ = (T;?, Ti~, T;~ )T BbNHCJieHHoii B [eO] 

MR1J>Hllbl Tl KaK BCKTOpOB Hanp.s1xeHHii Ha Koop.wmaTHI>IX IlJIOCKO­

CT.sIX CHCTCMbl KOOpAHHaT' COnyTCTByroweii l{Ccj:>opMHpOBaHHIO cpe­

.n;1>1, He HMeeT no.n; co6oD: cj:>H3H'iCCKHX OCHOBaHHH. y CJIOBHbl TaKXe 

IlOH51TH.sI «KacaTeribHblX» H «HOpMaJibHbIX» Hanp.s:xeHHii K peaIIbHO 

He CYll.\CCTByroll.\HM (B CJIY'lae OTKpbITblX CHCTCM), a TaKXe Boo6pa­

xaeMbIM HHr.n;e He AH<t>it>epeHUHpyeMbIM noBepXHOCTHM 3a.MKHyl'blX 

reoMCTpH'iCCKHX CHCTCM. 

2. B onpel{CJICHH.sIX He HCil0Jlb3YIOTC.S: TaKXe cj:>HJH'leCKH He cy-

11.\CCTBYIOIUHC «IlOBepXHOCTHbIC» CHJlbl Ha 4>H3H'ICCKH He CYll.\CCTBY­

IOIUHX nosepXHOCT11X MCXaHH'iCCKHX CHCTCM (HCKJIIO'la51 KOHC'IHOC 

MHOXCCTBO eCTCCTBCHHbIX), BBel{eHHbIX B TeOpHIO HenpepbIBHOH 

cpe)l&I no aHa.n:onm c nosepxHOCTHbIMH cHJiaMU 1J>CHH.sI JlTl1I a6co­

JIIOTHO TBCp.IU>IX TerI. 

3. llpH nepeXO.IlC K JII060MY APyroMY HHepUHaJibHOMy 6a3Hcy 

[ef] 

JiO(-,y,y) =Tyon~~ c~Lif (-,y,y) = TyOc~nf, 
r! - c 0.T T0c0 

Y - / Y r (2.45) 

4. TepMHH «.IlHHaMH'iecKHii neit>opMaTop» (npwmHHa.s: xapaK­

TepHCTHKa .zi:eit>opMaI.\HH cpe.IU>I) HCilOJlb30BaH B CBH3H c BBel{CHHCM 

IlOHHTH.sI «KHHCMRTH'ICCKHH .n;ecj:>opMaTOp» (2.9) (reoMeTplf'ICCKR51 

xapaKTCpHCTHKa .n;ecj:>opMRUHH cpe.IU>I, BbIDOJIHHIOID;a51 poJlb CJIC,llCT­

BH.sI .n;eiiCTBH.sI ,llHHaMH'ICCKOfO )leit>opMaTopa), KaKOBbIM HBIDleTC.sI 
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onepaTOp D~E GDj, (R3), CBSI3aHHI>rn c .n;:uHaMH'leCKHM .n;eqmpMa­

TopoM yprumeHIDIMH MeXaHH'leCKOro COCTOSIHIDI (§ 4.1). 

Onpe~eJieHHe 2.15. IlycT1> CKamipHasi: Mepa HHepu:u:u (1mepu:u­

OHHasi: Macca) mi (dy) = m (dy) (2.24) :u, CJie.D;OBaTeJibHO (B CH.JIY aK­

C:UOMbl D.7), CKamipHasi: Mepa rpasmau:u:u (rpas:uTau:uoHHasi: Macca 

mg (dy) (2.37)) :UHBap:UaHTHbl OTHOCHTeJibHO H3MeHeHIDI BpeMeHH B 

mo6oii TOtIKe y E D~ : 

d / dt mi ( dy) = 0 ~ d / dt mg ( dy) = 0. (2.46) 

Tor.n;a BcerreHHasi: MexaHHKH farrH.Jie51 Ha3bIBaeTc51 uHepi,uoHHO 

(zpaeumai,uoHHO) c6a.naHcupoeaHHOU. 

IlpeNJ01KeHHe 2.3. IlycTb: 1. p~ (-,y, y), 0p~ - IUIOTHOCTb ,UH­

mlMll'leCKOro BHHTa HHepUHH Ha O'~ OTHOCHTeJlbHO ne6eroBOH Mepbl 

µ3 (dy); 
2. p~ (-,y, y), 0p~ -IUIOTHOCTh ,UHHaMH'lecKoro BHIITa rpaBHTauHH 

Ha crj OTHOCIITeJibHO rre6eroBOH Mepbl µ3 (dy); 
3. pg (-,y, y), 0 - IUIOTHOCTb ,UHHaMH'leCKOro BHHTa .n;ecpopMa­

UHH OTHOCHTeJThHO MepI>I Jle6era µ 3 ( dy t 
Tor.n;a CyMMa BbIWeYKa3aHHblX IUIOTHOCTeH .D;HHaMHtiecmx Mep B 

mo6oii TOtIKe y E D~ paBHa eymo: 

p~p~(-,y,y),O + p~p~(-,y,y),O + pg(-,y,y),O = 0. (2.47) 

)lOK333TeJILCTBO CJie.uyeT H3 a,wJ;HTHBHOCTH .D;HHaMH'leCKOH Mepbl 

Ha crj H aKCHOMI>I D.4.D 

Onpe~eJieHHe 2.16. IlyCTh: .1. TYO = {Tt' i, j = 1, 2, 3} -
.n;-.n;ecpopMaTOp cpe.zu,1 B TO'ilce y ED~; Ti~, TY~ - i-CTOn6UI>I :uj-CTpo­

KH .n;-.uecpopMaTOpa Tl COOTBeTCTBeHHo (2.43); (TyO) - (9 x 1)-CTon-

6eu, coCTasrreHHI>rn m (3 x 1)-CTon6uoB Ti~: 

(2.48) 

2. dv~ / dy00 = { dvf / dy2 = vi, l, k = 1, 2, 3} npoH3-

BO.UHaH BeKTopa CKopoCTH v~O TOtIKH y ED~ no pa,n:uyc-BeKTopy 
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yOO 3TOH TOqKH B Eo H 6a3HCe [eO]; (VyO) - (9 x 1)-CTOJI6eu, co­

CTaBJieHHblH H3 (3 x l)-cTOn6uoB MaTpHUbI dv'f / dy00 ; 

3. <l>Y: R3 x R3 ~ R1 - cKamipHasi: <PYHKUIDI BH.Ua 

<I> Y = (Tyo). (Vyo) = Sp Tyo (dv'f I dyOO )T = 

= 'L;jT~dvJ / dyf = 'L jTy~ · grad0vJO ='Li Ti~ · dv'f / dyf, (2.49) 

me BeKTop dv'f / dyf = col {dvp / dyf, dv~ / dyf, dv~ / dyf }; 
4. fHrroTe3a: 4.1. Ha cHIMa-arrre6pe crj orrpenerreHa cKa­

ru1pHasi:, HHBapHaHTHasI OTHOCHTeJlbHO o6o6IUeHHOH rpyrrIIbl famm:~ 
Mepa U(dy), a6comomo HerrpepbIBHa.sI OTHOCHTeJibHO CKamipHOH Mepbl 

HHepUHH m(dy) H Mepbl Jie6era µ3 (dy) c IIJIOTHOCT.SIMH Uy H UyPy• H 
ee cKopoCTh rrpH ycrroBIDf d / dt m ( dy) = 0 (2.46) coOTBerCTBeHHo 

U (dy) = uym (dy) = uypyµ 3 (dy), 

U · (dy) = uym (dy) = uypyµ 3 (dy); 

(2.50) 

(2.51) 

4.2. B mo6oli Toqe y E D~ JIOKaJibHO H3MeIDieMoli Herrpepbm­
HOH cpe,llbl onpenerreHbI BeKTop qy c KOOp.llliHaTHbIM CTOJI6UOM q~ B 

6a3HCe [eO] H CKamipHasI <PYHKUIDI q>y' TaKHe ~o 

(2.52) 

Toma: 1. BcerreHHasI MeXaHHKH fanHJie.si Ha3blBaeTc.si mep.Mo­
ouna.Mu11ecKu c6MaHCUpooaHHOU. 

2. Mepa U(dy) Ha3bmaeTc.si onympeHneu (TeIIJIOBoli) 3Hepzueu 
cpeAbI. 

3. BeKTOp qy Ha3bIBaeTcx oeKmopo.M nomoKa men.na o mo11Ke 

y E D~' npoxoO.Jll/.leZO 11epe3 eOUHUflY n.JlOU/aOU HOp.MMbHOU K He.My 
n.JlOCKocmu 8 eOUHUflY 8pe.MeHU. 

4. CKanxpHasi: <PYHKUIDI q>Y Ha3bmaeTc.si Ko;iu11ecm80.M men.Jla, 

8blOe./lJle.Mo20 (noi!.llouµie.Mozo) o mo11xe y E D~ cpeob/. eou1tu11eu 
.Maccw cpeow o eOUHU"IY 8pe.MeHu. 

5. CKamipHasi: <PYHKUIDI <I> Y Ha3bIBaeTcx Momnocmb10 MOU/HO­
cmu Hanp.JlJKeHUU o-oe<jJop.Mamopa Tl omHocumeJlbHO .Mepbt m(dy). 

6. MaTPHUa dv'f / dy00 (CTOJI6eu (VyO)) Ha3bmaerc.si MaTPHUeli 
(CTOJI6UOM) CKOpOCTeH ne¢opMaQHi{ HerrpepbIBHOH cpe,np1 B Toue 

y ED~. 
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KoMMeBTapHB: 1. <I>ymmruI cl> Y 11Brn1eTc11 pa6oTOii, npo113Bo­

.llllMOii Hanp.sDKeHIDIMH 113 .ll-,llecpopMaTopa Tl Ha COOTBeTCTB}'IO~ 
MM ,llecpopMaumix cpe.lll>I B e,llHHmzy BpeMeH11. 

2. ):{-,llecpopMaTOp HenpepblBHOH cpe,llbl 3aBllCHT OT ,llaBJieHllH 
Ilacnru1(4.6)11 Hanp11xeH11ii B113Koro (4.2) rum ynpyroro (4.1) npo-
11cxo}K.lleHH11. 

3. MaTpHUeii CKOpoCTeii ,llecpopMaullii JIHHeiiHo H3MeH1IeMOH 
HenpepblBHoii cpe,ll&I 11BrnieTc11 sc11 MaTpHUa dv~ / dy00, a He ee 

CHMMeTpWlecKWI qacT& [dv~ / dy00] 113 TO}K.lleCTBa KomH-feJI&M­
romua (3.6), KaK ::>TO npHH1ITO cq11TaTb [16, 38, 46]. 

4. Jlro6i.1e cnoco61>1 onpemmeHIDI CKOpoCTeii .llecpopMauHii cpe.lll>I 
6e3 llCilOJib30BaHllSI IlOIDITIDI MOIUHOCTH Hanp.sDKeHHii (2.49) He 11MeIOT 
IlO.ll co6oii HH MaTeMaTH'lecKHX, HH 4'l13W1ecKHX OCHOBaHHH (Hanpll­
Mep, KaK 3JleMeHToB CHMMeTpWleCKOii MaTpHUbI [dv~ / dyOO] B Tox­
.lleCTBax KomH-fem.Mmmua (3.6), (3.79) [16, 17]). 

5. ITp11 oTcyrCTBllH TenJionepeHoca 11 TenJIOBbJ,lleJieHM HJ1H Ten­

nonomom;eHM (q~ = 0, <l> Y = 0) nonyqaeM 

PyUy = c;I>Y' 

T. e. CKOpOCTb H3MeHeHIDI IlJIOTHOCTll Bu:yrpeHHeii ::>Hepnm cpe,llLI 
Uy OTHOCHTen&HO Mep&I m(dy) B TO~e onpe,lleJI1IeTC11 TOJibKO MOID;­

HOCTbIO Hanp.sDKeHHii 113 .ll-.llecpopMaTOpa 11 IlJIOTHOCT&IO Macc1>1 Py B 
::>TOH TOqKe OTHOCHTeJibHO Mep&I Jle6era µ 3 ( dy ). 

Onpe,lleJieHBe 2.17. IlycT&: 1. feoMeTpmecKWI Bcen:eHHWI Me­
XaHHKH fa1mne11 ,llHHaMWJ:ecKH c6anaec11poBaHa (2.23); 

2. f eoMeTpWiecKWI Bce.n:eHHWI MexaHHKH fanHJie11 HHepu110HHo 

(rpaBHTauHOHHO) c6anaHC11pOBaHa (2.46); 
3. feOMeTpW1ecKWI BceneHHWI MexaHHKH fanHJie11 TepMO.llHHa­

MWiecKH c6anaHc11poBaea (2.52); 
Tor,lla Bcen:eHHWI MexaHHKH faJ1HJie11 Ha3b1BaeTc11 c6MaHCupo­

BaHHou. 

AKCHOMa D.9. BceneHHWI MexaHHKH c6anaecHpOBaHa. 

KoMMeBTapnii. BBe.zteHHoe noH11THe c6anaHc11poBaHHOCTH 

IlPHHUHilHaJlbHO OTJIW1aeTC1I OT aHaJIOrWIHOro IlOH1ITH11113 [47], r,lle 

nepBoe Tpe60BaH11e onpe,lle.n:eHo WBI TpeXMepHoii «CHJI&I», a He .llIDI 
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IDIOTHOCTH weCTHMepHOH AHHaMINecKOH Mepbl, a ,IUJa BTOpbIX 'rpe-

6oBaHHSI Boo6me He onpe.n:enem1. 

Onpe.n;eJielDle 2.18. Ilycn.: 1. Ha .n;eKapTOBOM KBa.n;paTe 

er~ x er~ cHrMa-anre6p er~ cuCTeM reoMe'rpH'lecKoli BceneHHoli 
MeXaHHKH ranHJie.SI onpe.n;en:eHa AHHaMH'leCKa.SI 6HMepa F~ (dx, dy) 
CO CBOHCTBaMH (2.16) H (2.17); 

2. Ha CHI'Ma-anre6pe er~ CHCTeM reOMe'rpH'leCKOH BceneHHOH 
MeXaHHKH ranHJie.SI onpe.n;eneHa Mepa U(dy) 8HympeHHeu 3Hepzuu 

cpe.n;i.1; 
3. Ha CHI'Ma-anre6pe O"~ CHCTeM reOMe'rpH'lecKOH BceneHHOH 

MeXaHHKH ranHJie.SI onpe.n;eneHa HHepUHOHHa.SI (HJIH IpaBHTaUHOH­

HruI) Macca; 
4. reoMe'rpJNeCKruI BceneHHruI MeXaHHKH ranHJie.s: c6anaHCH­

pOBaHa (D.9). 
Toma: 1. reoMe'rpH11eCKruI BceneHHWI MeXaHHKH raJIHJie.SI 

~ = {A3 , TGDyt (R, 6), F~ (dx, dy), U (dy), m (dy)} (2.53) 

Ha3bIBaeTc.SI BceJleHHOU .MexaHUKU I'MwieJt. 
2. 3JieMeHTbl CHI'Ma-anre6pbl O"~ BceneHHOH MeXaHHKH raJIH­

Jie.s: Ha3bIBaIOTC.SI .MexaHU'leCKUM.U cucmeMa.MU. 

KoMMemapHH: 1. B cooTBeTCTBHH c pa3BHBaeMoli B MoHorpa­

<i>HH u,neonomeli BO BceneHHOH MeXaHHKH ranHJie.SI He cymecTByeT 
6e30fu.eMHbIX TO'leK co cocpe.n;OTO'leHHblMH CKan.s:pHblMH H BeKTOp­
HbIMH MepaMH (Macca, .n;HHaMINeCKHH BHHT' BHYTJleHH.s:.s: suepm.s: H 
T. n.): B mo6oU: TO'IKe BceneHHOH OTJIH11HbIMH OT H}'IDI MOryr 6b1Tb 

TOJibKO IDIOTHOCTH 3THX (H mo6bIX .n;pymx) Mep. IloSTOMY <PYH.D:a­
MeHTaJibHbie csoiiCTBa BceneHHoii B TepMHHax STHX Mep Moryr <Pop­

MYJIHPOBaThc.SI TOJibKO .n;mI IDIOTHOCTeii 3THX Mep JIH6o OTHOCHTenb­

HO Mepi.1 Ile6era, JIH6o OTHOCHTenbHO .n;pymx Mep, HanpHMep MaCCbl 

(HHepUHOHHOH HJIH rpaBHTaUHOHHOH). 
2. Bse.n;eHHbie B mraTH&IX icypcax Mexamnrn noH.s:THSI HeHYJleBOii 

HbIOTOHOBOH CHJibl, «IIpHJIOXCHHOH» K HecymeCTByIOmeii 6e3o61.eMHOH 
MacCHBHOH TO'IKe, KOJIHllecTBa ,IUJIDKeHH.s: H MOMeIITOB KOJIHllecTBa ,IUJH­
xeHH.s: peaJlbHO He cymeCTB}'IOmero KOHe1111oro MHOXeCTBa BbIWeyKa-
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3aHHLIX ToqeK, a TaIOKe ,t{OKa3LmaeMbie ,llJISI. 3THX KOHe"tffil>IX MHOXecTB 

TeopeMbI 06 H3MeHemrn )'Ka3aHHLIX Benwnffi 3,t{eCL Boo6me He B03HH­

KaIOT. 3ToT cpa.KT )'Ka3LIBaeT Ha TO, 'ITO 3TH BeJIHllliHLI H 3TH reopeMbI, 

a TaIOKe .upyme CBSI3aHHLie c HHMH IlOHSITIDI OTHOCSITCSI. He K cpyimaMeH­

TaJThHLIM CBOHCTBaM «npHpO.z:tLI», a K o6m;enpHHSITOM)' (HLIOTOHOBY) Ba­

pHamy aKCHOMaTHKH MeXaHHKH fammeSI.. 

3. He B03HHKaeT 3,ttecL TaIOKe «HHTerpam,HLIX cpopM 3aKOHOB co­

xpaHeHIDI 3Hepnrn: H MaccLI» ,llJISI. HenpepLIBHOH cpe.z:tLI IIOTOM}', lJTO: 

3.1. B rrpHpo,lle He cym;ecTByeT o6pa3oBaHHii HerrpepLIBHOii cpe­

.n:1>1, orpaHHtreHHLIX KaKHMH-Jrn6o peaJILHLIMH IlOBepXHOCT.Sl.MH, Kpo­

Me KOHeqHoro qHcrra ecTeCTBeHHLIX (ra3 B cocy.n:e c rropurneM, XH.z:t­

KOCTL co cso6o.n:Hoii rpaHHUeii H T. II.); 

3.2. Ecmr 3a raKHe o6pa30BaHH.SI. rrpHH.Sl.TL srreMeHTLI orrpe.n:erreH­

Hoii BLIIIIe 6operreBCKOH cr-anre6p1>1, TO, BO-nepBLIX, B Heii cym;ecrsy­

eT KOHTHHYYaJILHOe IIO.!{MHO:>KeCTBO OTKpLITLIX MeXaHHqeCKHX CHC­

TeM, BOo6m;e He HMeIOIIJ;HX rpaHHU, BO-BTOpLIX, B Heii cym;ecTByer 

KOHTHHYYaJILHOe IIO,t{MHmKeCTBO CHCTeM, HMeIOIIJ;HX He}lllcpcpepeH­

UHpyeM:ble rpaHHULI. H J1lI.SI. Tex H J1lI.SI. .zi;pyrnx CHCTeM cpopMaJILHO 

ccpopMYJIHpoBaTL «HHTerparrLHLie 3aKOHbl coxpaHeHH.SI. 3HeprnH H 

MaCC:bl» MOXHO, HO HCIIOJIL30BaTL TeopeM)' Ocrporpa,ncKoro-rayc­

ca ,llJISI. rrepexo)l.a K JIOKaJILHLIM cpopM)'JIHpOBKaM )'Ka3aHHLIX 3aKOHOB 

(mrra (2.47) H (2.52)) HeJib3.SI.. IlorroxeHH.SI. reopHH, ccpopM)'rrHpo­

BaHHbie TOJILKO ,llJISI. traCTH MeXaHHqeCKHX CHCTeM BcerreHHOH, 

«)',ll06HhIX» ,llJISI. HCIIOJIL30BaHH.SI. KaKHX-m160 MaTeMan1qecKHX 

cpencTB, npHHUHIIHarrLHO He Moiyr cqHTaTLC.SI. «3aKOHaMH npHPOALI» 

BcerreHHoii MeXaHHKH fanHJie.SI.. 

4. He B03HHKaer 3JJ;ecb «HHTerparr1>Hoii cpopMbI reopeMI>I o co­

xpaHemm KOJIHtrecrsa H MOMeHTOB KOJIHtreCTBa )l;BH:>KeHH.SI.» Henpe­

pbIBHOH cpe,ll:bl IIOTOM}', qTQ: 

4.1. KaK H B npeALIAym;eM rryHKTe, TOJibKO qacrb MexattWiecKHX 

CHCTeM HMeeT KyCOqH0-)1.HcpcpepeHUHpyeMLie rpaHHUbI; 

4.2. PeaJibHbie MeXaHH'leCKHe CHCTeMbl (HCKJIIOqasi. KOHeqHoe 

MHOXeCTBO ecTeCTBeHHO orpaHHqeHHLIX) He HMeIOT cpH3HqecKHX 

rpaHHU H, CJie,lloBaTeJibHO, B peanbHOH cpH3HtreCKOH JIOKaJILHO H3Me­

H.Sl.eMOH cpe)l.e He cym;ecTByeT «IlOBepXHOCTHLIX CHJI»; 

4.3. YKa3aHHI>Ie «HHrerpanLHI>Ie TeopeMhI» He Moiyr 6I>ITh HH 

JJ;OKa3aHbl KaK CaMOCTO.Sl.TeJibHbie yrnepxneml.SI., HH nonyqeHbl KaKH-
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MH-m160 MaTeManAeCKH o6ocHOBaHHbIMH rrpeo6pa30BaHIDIMH Tex 

xe TeopeM, .n;eHCTBHTeJThHO ,IJ;OKa3aHHbIX Jl)UI KOHeqHoro MHOXCCTBa 

cpH3JNeCKH He c~eCTByIOI.QHX 6e3061>eMHLIX ToqeK c HeH)'JICBbIMH 

MaCCaMH. 

4.4. Yrnep)J(,IJ;em1e o coxpaHeHHH MOMCHTa KOJIH'Iecrna .n;su:xe­

HIDI B npoH3BOJlbHOH MCXaHWieCKOH CHCTCMe HenpepbIBHOH cpe,D;bI, 

soo6me rosop.sr, HeBepHo, TaK KaK TPe6yer CHMMeTPWIHOCTH 11.-11.e­

cpopMaTopa, qTo HMeeT MeCTO TOJlbKO ,n.rni: qaCTHOro cnyqa.sr romxe­

HIDI cpe,n:bI (CM. rrr. 3). CaMO yrnep~eHHC 0 CHMMCTpH'IHOCTH .u:-.n;e­

cpopMaTopa TYO .srBJI.sieTc.sr crre.n;cTsHeM HCilOJib30BaHIDI TeopeMbI OcT­

porpa,ncKoro-faycca npH nepexo)le OT «HHTerparrbHOH cpopMbI 

ypasHeHIDI coxpae:eHIUI MOMCHTa KOJmqeCTsa 11.BIDKeHIDI» K JlOKaJib­

HOH H, cne.n;oBaTeJibHO, He MOXCT 6bITb o6ocHOBaHO ,n.rni: KOHTH­

H)'YaJibHbIX MHO::lKeCTB MeXaHWICCKHX CHCTeM 6e3 rpaHHI.l H c BCIO,D;y 

He.n;HcpcpepeHI.lHpyeMbIMH rpaHHUaMH. KpoMe Toro, HHKaKHe CBOHCT­

sa pearrbHOH cpe.n;bl He MOryr 6bITb o6HapyxeHbl TOJibKO Ha OCHOBa­

HHH aHaJIH3a cpopMbI 3ailHCH MaTeMaTWICCKOH MO,IJ;eJIH .l{BHXeHIDI 

3TOH cpe,n:i.r. 

5. Onpe.n;eneHHe seKTOpHoli MepbI HHepUHH aHaJIOI'K'IHO seK­

TOpHLIM MepaM rpaBHTal{HH H .u;ecpopMal{HH HCKJIIoqaeT H3 o6cyx.n;e­

HIDI BOnpocbI 0 cp113JAeCKOH CO)J.epxaTeJibHOCTH TaKHX IlOH.sITHH, 

KaK «IIpHHI.lHil .[{amIM6epa», «peanLHOCTI»> HJIH «HepeaJibHOCTb» 

CHJI HHCpUHH, «MaTepH.sI», «KOJIH'IeCTBO semecTBa» H T. n. 

6. B npHpo.n;e He c~ecrnyeT .U.HHaMJAecKHX BHHTOB, OTJIJAHbIX 

OT paccMoTpeHHbIX B aKCHOMax D.5-D.9 ( «nosepxHOCTHbIX», <<JJ:O­

norrHHTeJihHhIX», «BH6pau;HOHHblX», peaKUHH H T. n.). 

7. Mexae:JAeCKa.sI CHCTCMa - 3TO reoMeTPHqecKa.sr CHCTeMa, 

,ll,JUI KOTOpoti: orrpe.u;erreHbI IlOH.sITIDI HHepUHH, rpaBHTaIJ;HH, .n;ecpopMa­

UHH H BH)'TpCHHeti: 3Hepnrn. 

8. IlpHBCACHHa.sI BbIIIIe CHCTeMa 17 aKCHOM (8 - KHHeMaTHKH H 

9 - ,IJ;HHaMHKH) IlOJIHa, HenpoTHBOpelJHBa H IlOJIHOCTbIO onpe.n;en.sr­

eT nepBwrn1>1e cBoii:cTsa BceneHHoti: Mexae:HKH ramme.11, rrpe)lcTas­

JieHHoli TOJibKO HerrpepbIBHOH KOHTHH)'YaJibHOH JlOKaJibHO H JIHHCH­

HO JIOKaJibHO H3MeH.sieMOH µ-H3MepHMOH cpe,u,oii, Ha CHrMa-arrre6pe 

MexaHWieCKHX CHCTCM KOTOpoii onpe,n:eneHbI )lHHaMWICCKa.sI 6HMe­

pa, Mepa BH)'TPCHHeH 3HepmH H CKarr.sipHa.sr Mepa HHepD;HH HJIH rpa­

BHTaIJ;HH (Macca). 
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2.3. 0606IllEHILUI rPYDilA r AJIDJIE.SI 
HA BCF.JIEHHOii MEXAHHKH 

)lnsI 3aBepmemui ipopMynHpOBKH nepsHqHbIX CBOHCTB BceneH­

HoH: MeXaHHKH faJrnne.SI Heo6XO):tHMO .ztOKa3aTb HHBapHaHTHOCTb no­

nyqeHHbIX aKCHOM OTHOCHTenbHO o6o6ru;eHHOH rpynn&I fanHne.SI. 

Onpe,11;eneHHe 2.19. IlyCTJ>: 1. E1 H Ek - neKaPTOB&I cHcTeMb1 

Koop.ztHHaT B A3 BceneHHOH MexaHHKH fanHne.SI ~ (2.53); 
2. v~ - KOOp.ztHHaTHbIH CTon6eu BeKTOpa CKOpOCTH vi napan­

JienbHOI'O IIepeHoca Haqana 0 k CHCTeMbI KOOp.ztHHaT Ek OTHOCHTenb­

HO CHCTeMbI Koop.ztHHaT Ez B 6a3HCe [el], v~ = o~ ; 
3. BeKTOp cKopoCTH vi - noCTO.SIHeH; 

4. p~ - KOOp.ztHHaTHbIH CTon6eu IIOCTO.SIHHOI'O BeKTopa Pi 
napannen&HOI'O IIepeHoca Haqana 0 k CHCTeMbI KOOp.ztHHaT Ek B CHC­

TeMe KOOp.ztHHaT Ez B ee 6a3HCe [el]; 
5. T1 (R, 3) - o.ztaonapaMeTpeqecKa.SI rpynna napanneJibHbIX 

nepeHOCOB B A~ BceneHHOH MeXaHHKH Ha BeKTOpbI BH.zta (t E n; 

of =pf+ v~t; (2.54) 

6. so (R, 3) - rpynna IlOCTO.SIHHbIX IlOBOpOTOB Hanpasn.SIIO­

ru;ero BeKTopaoro npocTpaHCTBa V3 a«t><PHHHo-BeKTOpHoro npo­

CTpaHCTBa A~ BceneHHOH MeXa.HHDI fan.K11e.SI; 

7. ML (R,6) c L (R,6) - nonrpynna rpynm1 ABIDKeHHii BeK­

TOpHoro npOCTpaHCTBa BHHTOB (Il. 7.4), HwzyuHpOBaHHruI rpynIIaMH 

H3 II. 5 H II. 6: 

ML (R, 6) = T1 (R, 6)SO (R, 6), (2.55) 

r.u;e 1. T1 (R, 6) - MYJibTmIJIHKaTHBHa.SI (B oTmrme OT rpynIIbl 

T1 (R, 3 )) rpynna, nopoXQleHHa.SI napanneJibHbIMH nepeHOCaMH Ha 

BeKTopLI (2.54); 6}'KBa MB a66pesHa1}'Pe (2.55) oJaaqaeT move; 

2. so (R, 6)- rpynna IIOCTO.SIHHbIX IlOBOpOTOB R6 BH,ll;a (7 .8). 
Toma rpynIIa ML (R, 6) Ha3LmaeTcJI 0606U1eHHou zpynnou I'a­

JLwie11. Ha BeKTOpHOM npOCTpaHCTBe KHHeMaTeqecKHX H .ztHHaMffqe­

CKHX BHHTOB Bcex npoHCXO)K,!leHJdi (HHepUHOHHLIX, rpaBHTaI.lHOH­

HbIX H ne«t>opMauHOHHbIX). 
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Onpe.z.eJieHBe 2.20. HHBapHaHT o6o6meHHOH rpymn.1 rammeJI 

(reoMeT}lHJI o6o6meHHOH rpynilbl famme'1) Ha3bIBaeTC'1 .MeXaHU1COU 

r a.n.wie.Jt. 

KoMMeHTapHB: 1. B coOTBeTCTBHH c onpe.n;en:eHHeM Mexamncy 

ramme'1 COCTaBJUIIOT 061.eKThl Pa3JIH'lHOH npHpO,!J;bl (HCXO.n;Hble He­

onpe,IJ;eJIJleMbie IIOIDITWI, aKCHOMI>I, onpe]{en:eHIIH, yruepJK,lleHm, 3K­

cnepHMeHTaJibH&1e cpa:KTbI HT. II.), cpH3H'leCKOe CO,Il;epxaime H MaTe­

MaTHlleCKaJI 4JopMaJIH3auH'1 KOTOpbIX He MeH'1IOTC'1 npH npeo6pa30-

BaHH'1X H3 o6o6meHHOH rpymn.1 fanHJiej(. 

2. Cl>yHJ{aMeHT OCHOBaHHH Mexamnrn faJIHJie'1 npeJ.tCTaBJieH a:KCHO­

M3MH. EcJm OHH JIBJDllOTCjl 31IeMeHTaMH MeXaHHKH faJIHJieJI, TO eCTb 

mmapHam"HbI OTHOCHTeJlbHO o6o6meHHOH rpynn&I faJIHJieg, TO H BCe 

pe3)'JlbTaTh1, no.rryqeHHble Ha HX OCHOBe MaTeMaTH'lecKH «3a:KOHHblMH» 

.n;eHCTBHJIMH, Ta:K:Xe 5IB1ISllOTC'1 31IeMeHT3MH Mexamnrn fammeg. 

Ilpe.MO:JKeHBe 2.4 . .AKcHOMbl .llHHaMHKH (D.1-D.9) HHBapHaHT­

Hbl OTHOCHTeJlbHO o6o6meHHOH rpynIIbI f anHJie'1 • 

.ll:oK83aTeJILCTBO. Ilycn L~ : E0 ~ Ek, L~ E ML (R, 6), Heo6-

xo.n:HMo IIOKaJaTb, 'ITO MaTeMaTH'Jecme <iJopMfJIHpOBKH BCex a:KCH­

OM J.tHHaMHKH B CHCTeMax x:oopJ.tHHaT E 0 H Ek JanHc&maioTcg o.n;H­

HaKouo. 

1. Taic KaK IDIOTHOCTb p (y) MaCCbl OTHOCHTellbHO ne6erouoH: Mep&1 

µ 3 ( dy) Ha (J' ~ .smJISleroI CKaJISIPOM H OT BbIDopa CHCTeMbl KOOp.n;HH<II' He 

33.BHCHT, Jl;OKaJaTenbCTBO HHBapHaHTHOCTH IDIOTHOCTH p~ (., y. y ), 0 B E 0 

AHHaMH'lecKOii Mep&1 HHeprum I g (-, y, dy) B E 0 (2.29) OTHOCHTenbHO 

o6o6memmro npeo6paJOBaHH'1 fammeJI L~ E ML (R, 6) CBOJ{HTcg K 

,IJ;OKaJaTenbCTBY HHBapHaHTHOCTH OTHOCHTenbHO Li ee IDIOTHOCTH OT­

HOCHTeJibHO Mepbl m(dy) - CKOJlbJml{eI'O BeKTOpa [~· (y), O. lim.IMH 
CJIOBaMH, B COOTBeTCTBIDI c onpe.n;eneHHeM (2.29), aeo6xo.n;HMO IIOKa­

JaTb, 'ITO B Ek HMeeT MeCTO aHaJIOIW1Hoe paueHCTBo 

Pi(-,y,y),k - zv· (y),k v· (y) = vkk· 
k --k ' - y. (2.56) 

llrnI JieBOH 'laCTH paueHCTBa (2.29) B COOTBeTCTBHH c (7. 7) HMeeM 

P
i (-, Y, Y ), 0 _ T Q pi (-, Y, Y ), k 
0 - .Uk k • 
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IloKaxeM, 'ITO z~· (y), 0 =Liz;- (y), 0 . )leiiCTBHTeJILHO, 

Yoo = 0 00 + ykO ~ yOO = 0 00 + cOykk ~ vOO = vOO + cOvkk k k k Y · k kY' 
c2 - const., v?>= or·~ (or> =pr+ v2° (t))·, P2o - const., 

vOO· = vOO· + cOvkk· ~ vOO· = cOvkk· vOO - const Y k kY Y kY'k ., 

zv· (y), O =GO col {vOO· vOO·} =GO col {cOvkk· cOvkk·} = 
0 yO Y ' Y yO k y ' k y 

= G~0 [c2J col {vt·, vt·} = rpa~k [c2J col {vt·, vt·} = 

= Tk0 [c2HcVT G~k [c2l col {vt·, vt·} = 

=To [co] Gk col {vkk· vkk·} = Loak col {vkk· vkk·} = k k yk Y'Y kyk Y'Y 

_ To 1v· (y), k 
- '"'k k . 

IlO,D;CTaBlWI rronyqeHHI>Ie pe3ym.Tan.1 B OIIpe,D;eJieHHe (2.29), IIOCJie 
coKpameH1UI Ha Li, det Li :;:. 0, rronyqaeM .D;OKaJ»maeMbm pe3ym.TaT 
(2.56). 

2. Arm IUIOTHOCTH ,D;HHaMWieCKOH 6HMepLI rpaBHTaIUfH (2.33) 
110.nyqaeM 

zg (dx, dy), 0 = G~0 col {go (dx, dy), go (dx, dy)} = 

= G~0 col {c2gk, c2gk} = G~0 [c2l col {gk, gk} = 
=TPG~k[c2Jcol{gk,gk} = Tf[c2Hc2JTG~k [c2Jcol{gk,gk} = 

= Tf [cf] a;k col {gk, gk} = Lia;k col {gk, gk} = 
- rozg(dx,dy),k 
- '"'k k 

3. Arm IUIOTHOCTH ,ll;HHaMHtJ:eCKOH MepLI ,D;ecpopMHpOBaHIDI cpe-

ALI B TOtJ:Ke y c yq:eTOM (7. 7) HMeeM 
3.1. 

PA(\)',y),k = LkpA(\)',y),O = LkaO col {TOnO ronOJ = 
k 0 0 0 0 Y Y' Y Y 

= rtk [c~] ag [c2 ][c~] col {TyOcf c~n~, Tyoczc~n~} = 

= TrG~ col {Tykn~, Ttn~} = G~ col {Ttn~, Ttn~ }, 

r,l{e G 8, Gt - MaTpHULI H3 orrpe,l{erreHIDI CKOJIL35nuero BeKTopa B 

E 0 n: Ek (7.1). 
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3.2. J1)ul BeKTopa t:,.k (-,y, y) c yqeToM (2.44) rrorryqaeM 

t:,.k (-,y, y) = !).k (-,yk' yk) = 
= c~t:,.O (-,yO, yO )-7 c~ Div0Ty0 = DivkTf; (2.57) 

Div0TYO =col { .•. ,div 0TY~ •... }; 

DivkT/ =col { ... ,divkT;, ... }. 

).le:HCTBHTe.Til>Ho, rrycn.: 1. E0, Ek - ~e HHepI..tHaJ1bm.1e CHCTeMbI 
Koop~aT, L~: E0-?Ek, L~EML (R, 6)= T1 (R,6)SO (R, 6); 

2. TYO, Tk -,ri;HHaMH'lecm:H ,ri;e¢opMaTOp cpe,ri;LI (2.43) B 6a:m­
cax [eO], [el] HHepI..tHaJibHbIX CHCTeM KOOp,ll;HHaT Eo' Ek (2.45): 

TO = cOTkcO,T Tk = c0·TTocO· (2.58) y k y k ' y k y k' 

3. Div0Tl, DivkT/ - (2 x 1)-cTOJI61.lLI AHBepreHium cTpoK 
AHHaMH'lecKHx .zi;e¢opMaTOpoB Tyo, Tyk B E0 H Ek: 

Div 0Tyo = col {div 0TY~ , div 0TY02 } , 

DivkTf =col {divkTykl, divkTJ2 }, 

div 0T~1 = oT~11 / oyp + oT~21 / oy~, 

div oTy02 = oTy0l2 I oyp + oTy022 I oy~' (2.59) 

divkr;1 = ar;11 / oyf + ar;21 / oy1, 

divkr;2 = oTJ12 / oyf + ar;22 / oy1, 

arJ / ayg = arJ / oyf · oyf / ayg +art/ ay1 · ay1 I ayg, 

yk = c~· T yO (2.60) 

Tor.zi;a HMeeT MCCTO CJie.zi;yrom;ee yrBepX(,l{emre: 

D. TO o D" Tk iv0 Y =ck ivk Y • (2.61) 

.D:oKa3aTeJibCTBO paseHCTBa (2.61) ,lJ;OCTHraCTc.sJ IIpOCThIMH Bbl'IHC­
JICHIDIMH c y<leTOM COOTHOIIIeHIUI (2.44). HarrpHMep, B ~)'MepHOM crry­
qae AID.I nepBOH KOOp~aTbI div oTy~ CTOJI61.{a Div oTl IIOJiyqaeM 
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div0 T~1 =a T~11 / ayp + oT~21 I ayg = 

=a I oyf (Tl~ c20-Tl~c0s0-T2\ case+ Tf2s20) + 

+a I oy~ (Tl~ case - Tl~ s2 a+ Tfi c2 0 - T2~ case). 

Hcnoru.3y51 paseHCTBO (2.45) c y<leTOM (4.50), nonyqaeM 

div 0T~1 = divkTyk1ca - divkTy\sa. 

AHanomtmo AOKaJbmaeTcs paseHcTBo 

div0TY0
2 = divkT;1sa + divkTy\ca. 

Ma1JlH'IHWI JanHCL nonyqeHHLIX paseHcTB 51BmieTCB: AOKaJLmae­

MbIM pe3}'JlbTaTOM (2.61). B TPeXMepHOM c.nyqae .n;oKa3aTCJILCTBO 

aHaJIOJ'HqHO, HO 6onee rpOM03,ll;KO. 

Ilepeif.D;eM K AOKa3aTCJILCTBY mmapHaHTHOCTH OTHOCHTC1IbHO 

o6o6meHHOH rpynnLI faJIHJieB yrsepXGJ;eHHB (2.49) c yqeTOM paseH­

CTBa vOO = vOO + cOvkk = vOO + vkO vOO - const • Y k ky k Y'k ·· 

"f.;jT;Jov'fj joy'/°= "f.ijT;Jo(v'iJ + v~O)joyp<> = 
= "£iiTJov~0 / oyfO. 

OCTanocb s cKaJI51pHLIX paseHCTBax T~ · grad0 v~jo (2.49) nepeH:­

TH K 6a3Hcy [ek]: TY~ ·grad0v~O =TY~ ·gradkv;J.o 

Cne,n;CTBHeM AOKaJaHHoro npeAJioxeHHB 51BmieTcs cne.ll}'IOil.lee 

yrsep)l(J{eHHe. 

IlpeJVIOlKeHHe 2.5. IlycTh: 1. Eo - HHCpl.UianbHWI CHCTeMa 

KOOpAHHaT; 

2. Li: Ek ~ Eo, L2 E ML (R, 6) (7.7) (2.55). 
Toni;a CHCTCMa KOOp,D;HHaT Ek '1BmleTCB HHeprmanLHOH. 

KoMMemapHH: 1. ConoCTaBJll151 AOKa3aHH1>1U: pe3YJILTaT c onpe­

.uen:eHHeM HHepl.UiaJil>HOH CHCTeMbI KOOp,D;HHaT (0.2.11.-1) H npeAJIO­

:XCeHHeM (Il. 2.4), MOXHO cliJOPMY1m:poBaTb C11C.IcylOil.lee yrsepXAe­

HHe: MHOXecTBO HHepUHaJILHl>IX CHCTCM KOOp.D;HHaT 51BmleTC51 

KnaCCOM 3KBHBaJieHTHOCTH OTHOCHTC1IbHO 06061llCHHOH rpynnLI fa­

JIWIC51, To ecTb E1 =Ek, ecim Ilk: Ek ~ E1 , Ilk e ML (R, 6) = 
50 



= T1 (R, 6) SO (R, 6). <l>auop-cTpynypa, onpeneJUieMWI Ha MHO­

xecTBe scex cHcTeM KoopnHHa.T BA~ no yicasaHHOM)' oTHomeHHIO 

3KBHBaJieHTHOCTH, COCTOHT 113 .rtByx 3neMeHTOB: MHOXeCTBO HHepUH­

aJil>HbIX H MHOXeCTBO HeHHepUHaJibHbl,X CHCTeM KOOp,D.HHa.T. 

2. Ma.TeMaTil'leCKH COCTO.B'reJibHWI <iJopManmauIDI scex 061.eK­

TOB MeXa.HHKH ran11neg (eCnH TaKOBWI cymecTByer) He 3a.BHCHT OT 

BbI6opa HHepUHaJibHOH CHCTeMbI KOOp.rtHHaT. 

2.4. BTOPlfllHblE CBOitCTBA BCFJIEHHOit 
MEXAHHKH rAJUIJIE.JI I 

BroplNHble CBOHCTBa BCeJieHHOH Mexamnrn rarnmesi 5IBIDIIOTC51 

Clle,!lCTBH51MH nepBINHblX CBOHCTB, c<PopMYJIHPOBaHHbIX B Blf,lle aKCHOM. 

2.4.1. ,UHHAMlfllECKAB 0.IUIOPO,llHOCTh H H30TPOilllOCTL 
BCEJIEHHOH MEXAHHKH r .A.JIHJIEJI 

Onpe~enem1e 2.21. IlyC'l'b: 1. L(H.6) = T(H.6)SO(H.6) -
rpynna wm:xcemm Ha BeKTOPHOM npocrpaHCTBe BmITOB (7 .3) [23, 33]. 

2. AK.cHOMbl AHHa.MHKH (D.1-D.9) HHBapHaHTHbl OTHOCHTeJib­

HO rpynnbI L(H.6). 
Tol')la BceJieHHa.51 MeXaHHKH Ha.3bmaercs ouHD.Mu'lecKU ooHopoo­

Hoit u OUHa.MU'leCKU U30mponHOU COOTBe'rCTBeHHO. 

IlpeWIOJKeHBe 2.6. BceJieHHrui MexaHHKH ,D.HHa.MH'lecm o,IJ.Ho­

ponHa H H30TpOnHa {meCTHMepuoe o6o6~eHHe TeopeMbl 3. HeTTep 

[12, 51]). 

J.(oK838TeJILCTBO yrsepX,lleHIDI ,D;OCllOBHO COBna.zi;aeT c ,IJ.OKa.3a­

TeJibCTBOM npe,D;b~ero yrsepX,lleHIDI, TaK KaK sBIDiercs ero 11acT­

Hb1M cnyqaeM npH v2° = 0. 

2.4.2. YPABHEHWI ,n:BIDKEHWI JIOKAJILHO H3MEWIEM08 
HEIIPEPLIBHOli CPEJI.J;,I 

IlpeWioJKeHBe 2.7. IlyCTb: 1. D~ - noKam.Ho H3MeHHeMaa: 

HenpepblBHa.51 cpe.n.a {K.8); 
2. p~p~(-,y,y),O = -PyP~·(y),O - CKOnb351~ BeKTOp IJJIOT-

HOCTH ,lJ.HHa.MH'leCKOH Mepbl {BHHTa) HHepUHH OTHOCHTeJibHO 

µ3 {dy) B T011Ke y ED~ {2.28); 
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3. PyP~ (-,y, y), 0 
- CKOJIL3.sIIIlHH seKTop rrnoTHocm .UHHa.Mlftle­

cKoli MepLI (BHHTa) rpaBHTa.IJ;HH OTHOCHTMLHO µ 3 ( dy) B TOqKe 

y E D~ (2.35); 
4. p~ (-,y, y), 0 - CKOfilJ}IUlHH BeKTOp IlJIOTHOCTH lJ.HHa.MWie­

CKOH MepLI (BHHTa) .!le¢opMa.IJ;HH HerrpepLIBHOH cpe.!lLI OTHOCHTenL­

HO µ3 (dy) B TO~e y ED~ (2.41). 
Tor.!la B mo6oli ToqKe y E D~ H3Meff}IeMoli HerrpepLIBHOH cpe.n;LI 

HMeeT MeCTO paBeHCTBO 

- PyP~'(y), o + PyP~ (-,y, y), o + p~ (-,y, y), o = 0. (2.62) 

,[(oKalaTeJILCTBO cne.zzyeT H3 aKCHOMLI D.4 c yqeTOM (2.47).D 

IlpewiolKeHHe 2.8. IlyCTL: 1. -Py v~O· - maBHLrii BeKTOp 

CKOJIL3.sIUlero BeKTopa IlJIOTHOCTH AHHaMHqecKOH Mephl (BHHTa) 

HHepUHH (2.30), (7.4) 

(2.63) 

2. Pyg? (--,y, y) - maBHLIH BeKTop CKOJILJ.sIUlero BeKTopa 

IDIOTHOCTH AliHaMHqecKOH Mepbl (BHHTa) rpaBHTal.l,HH (2.35), (7.4) 

(2.64) 

3. DivoTyO =col{ ••. ,divoTy~····} - rJiaBHLrii BeKTop CKOJIL-

3.sIUlero BeKTOpa IDIOTHOCTH AHHaMll'IeCKOH MepLI (BHHTa) .ne¢opMa­

UHH (2.44), (7.4). 
Tor.!la ypaBHeHH.sI .!lBHXeHH.sI JIOKaJILHO H3Meff}IeMoli HenpepLIB­

HOH cpe.!lLI B TOqKe y E D~ HMeIOT BH.!l 

(2.65) 

,[(OKa3aTeJILCTBo. CyMMa CKOJIL351UlliX BeKTopoB, JlHHHH ,lleHCTBH5l 

KOTOpLIX nepeceKaIOTC.sI B O)lHOH TOqKe, .sIBJI.sieTC.sI CKOJILJ.sIUlHM BeKTO­

pOM, rropo)K)leHHLIM C}'MMOH CB060.!lHLIX BeKTopoB, rropo)K)laIOIIUIX 

CJiaraem1e c JIHHHeli .neliCTBH.sI, rrpoxo.n;simeH: qepe3 ry xe ro~: .wm 
JII06LIX CB060.!lHLIX BeKTopoB X1' Xz , ... ,xn H3 V3 (7.2) [23, 33] 
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n 
"" [XO - z(XI + X2 + ... + Xn ), 0 
...,, Ok - 0 · 

k = l 
(2.66) 

n 
Ho B 3TOM crryqae yrnep)K,I(eHIDI L lo2 = z~xl +x2 + ... +xn ), 0 = 0 

k=l 

H Xi + X2 + ... + Xn = 0 3.KBHBaJieHTHbI (7.2), qTo H ,Il;OKa3hlBaeT 

npewrnxettHe (2.65).D 

KoMMeHTapuu: 1. H3 (Il. 2.8) crre.zzyeT, "ITO ,n;BHXeHHe rroKarrb­

HO H3MeIDieMoH: HenpephIBHOH cpe11;1>r onpegemreTcR pacrrpe,n;erreHH­

eM ITO a~ He ,L(HHaMHl.leCKHX Mep (T. e. He rJiaBHbIX BeKTOpOB H rrraB­

HblX MOMeHTOB CRJI, KaK 3TO rrpHIDITO C"IHTaTb Ha OCHOBaHHH nepe­

HOCa Ha HerrpepbIBJIYIO cpe.zzy CBOHCTB KOHe"IHOro MHOXeCTBa 

«MaccHBHbIX» To"leK), a TPeXMepHbIX cBo6oJJ;HbIX BeKTopoB JO(.,.), 
nopo)K){aJOmHx 3THX Mepbl. IlpH 3TOM eCJIH CaMH BeKTOpbl JO(.,.) $1B­

JI.SIJOTC$1 CB060,UHblMH, TO HX µ 3 -IIJIOTHOCTH 3aBHCU OT TOqKH y E A3 

M, crre,n;oBaTeJibHO, $1BJ1$1IOTC.SI BeKTOpaMH H3 V3Y (2.5), a He H3 V3 . 

2. Ilepexog OT ypaBHeHH.SI (2.47) K ypaBHeHMIO (2.62) B03MOJKeH 

TOJlbKO ,n;JI.SI JIOKaJibHO H3MeIDieMOM cpe,Ubl, CBOMCTBa KOTopoH: H xa­

paKTepHCTRKH HX H3MeHeHH.SI JIOKaJibHbl. 

3. H3 JIOKaJII>HoH: H3MeIDieMOCTH cpeAI>I He cne.zzyeT JIOKaJII>Holi 

JIHHeHHOH H3MeIDieMOCTH 3TOH cpe]];bl, Il03TOMY ypaBHeHH.SI JJ:BR)l(e­

HH.SI cpe,n;bI (2.65) HOC.SIT o6mMH xapaKTep. CBOHCTBO JIHHeMHOM JIO­

KaJibHOH H3MeIDieMocTH cpenb1, noc-ryrrHpoBrumoe aKCHOMoii K.8, 
no3BOJI.SieT npH orrpenerreHHI>Ix ycrroBH.SIX H3yqaTb .UBHxem1e cpenI>1 c 

MCITOJib30BaHHeM JlHHeHHbIX MaTeMaTH"leCKHX MO,Uerreii. 

4. KaK M cne.uoBa.rro o)l(lf)l;aTh, HM CaMH yprumeHH.SI ,n;BHxeHH.SI 

(2.65), HM HX )J;OKa3aTeJibCTBO He II03BOJI.SIIOT CJJ;eJiaTb KaKHX-JIH6o 

npe,n;BapHTeJibHbIX 3aKJIIO"leHHH 0 CBOHCTBax )J;-JJ;ecpopMaTOpa cpe)J;bl 

(MaTpMUhI Hanp.SixeHHH ,uecpopMauHH Tyo) HenpepI>IBHOH cpe,n;1>1, Ha­

npHMep 0 ee CHMMeTpHH. 

2.4.3. YPABHEHHE 6AJIAHCA HHEPnHOHHOH MACCLI 
JIOKAJILHO H3MEIDIEMOH HEIIPEPLIBHOH CPE)J;LI 

IlpeMOlKeHHe 2.9. IlycTh BcerreHHa.SI MexattHKH fanRJie.SI, co­

rrracHo aKCHoMe D.9, 1mepuHoHHO (rpaBHTauHoHHo) c6anaHcHpoBa­

Ha (2.46): 
d/ dt md (y) == 0. (2.67) 
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Toma: 1. BepHo ypasHeHHe s AByx :ilKBHBan:eHTHLIX <PopMax Ja­

IIHcu: 

(2.68) 

(2.69) 

2. YpasHelOOI (2.68), (2.69) HaJLIBaIOTCB: ou<jJ<jJepeHljUaJlbHbLM.U 

ypa6HeHUJWU 6aJZaHca UHepij.UOHHOU ( zpaBumaljUOHHOU) MaCCbt .no-

1'11.JibHO U3MeHJie.Mou HenpepblBHou cpeobl s TO'IKe y e D~. 

)lo.Ka33TeJllJCTBO. dm(dy) / dt = d(pyµ 3 (dy)) / dt = Pyµ 3 (dy) + 

+ Pyµ3 (dy) = 0 ~ Py+ Pyµ3 (dy) / µ3 (dy) = 0, O'l'K)7'Aa H CJie­
.lt)'eT paseHCTBO (2.68} c yqeroM roro, 'lTO µ 3 ( dy) / µ 3 ( dy) = 
= div 0 vr>. YpasHeHHe (2.69) IIOJI)"laeTCB: HJ paseHCTBa (2.68) c yqe­

TOM coomomeHJDI Py = OPy I at+ v~ . gradoPy .o 

KoMMemapHH: 1. PaseHcTBa (2.68) H (2.69) He JaBHCj{T OT BH.Ua 

MaccLI (1rnepUHOHHOH HJIH rpaBHTauHOHHOH) 110 nplNHHe HeJaBHCH­

MOCTH OT BpeMeHH IpaBHTauHOHHOH IlOCTOjiffHOH. 

2. HaJsaHHe ypasHeHHii COOTBeTCTBYeT <i>HJH'lecKoH cym sonpoca: 

CKOpOCTh HJMeHeffHj{ IDlOTHOCTH MacCbI B TOtIKe cosna,naer c xapaicre­

pHCTHKOH CKOpOCTH no,uso.u;a (OTBo.a;a) MaCCbl B TO'IKe (OT TO"IKH). 

2.4.4. YPABHEHIDI JJAJIAHCA 3HEPnDI JIOKAJibHO 
H3MEIDIEMOit HEilPEPbIBHOit CPEJU)I 

Onpe~eJieHHe 2.22. IlyCTI>: 1. vr> E R3 - Koop.a;HHaTHLIH 

CTOJI6eu B [eO] BeKTopa CKOpOCTH .l{BIDKeHHB: v~ E V3 TO'IKH y ED~ 
oTHOCHTeJILHO HHepUHan:1>aoli cHCTeM1>1 Koop.zurnaT E0 E A3 ; 

2 (vOO . vOO) = v00• T vOO = v00• 2 - CKaJij{pHblH KBa,npaT • y y y y y 
seKTopa v~; 

3. m(dy) - CKaJISipHaB: Mepa 1mepUHH cpe.zu,1 (Macca) Ha cr~ 
(2.24). 

Toma: .1. CKaJij{pHaB: Mepa K(dy) Ha O"j, a6conroTHo Henpep1>m­

HaB: OTHOCHTeJILHO CKaJlSlpHOH Mep1>1 m(dy) c HeO-rpHUaTeJILHOH 

IlJIOTHOCTblO Pv = 0.5v~· 2 
;;i. 0: 

K (dy) = 0.5v~· 2m (dy) = 0.5v~· 2pyµ 3 (dy) (2.70) 
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Ha3bIBaeTC.sI KUHemu11eCKOU 3Hepzueu JlOKaJibHO H3MeH.sieMOH Henpe­

pLIBHOH cpe.n;bl. 

2. ITuoTHOCTb pk Mepbl K(dy) OTHOCHTeJibHO Mepbl Jie6era 

µ3 (dy) B TOqKe y ED~ 

(2.71) 

Ha3bIBaeTc.si: cKopocmHbl.M HanopoM cpeow B T011K.e y E D~. 

Onpe~e11e1me 2.23. IlycTb: 1. Pg = Pyg~ (-,y, y) e R3 
IDIOTHOCTb rnaBHOfO BeKTOpa ,IJ.HH~eCKOH Mepbl rpaBHTa:QHH OT­

HOCHTeJibHO Mepbl Jie6era µ3 (dy) B T011K.e y ED~ (2.33), (2.35); 
2. t;,.O (-,y, y) = Div0ryoo e R3 - nnoTHOCTb mauHoro ueKTo­

pa ,ll;HH~eCKOH Mepbl .n;eipopMa:QHH cpe,ll;bI OTHOCHTeJJLHO MepLI 

Jie6era- µ 3 (dy) B T011K.e ye D~ (2.41), (2.44); 
3. v~ E R3 - KOop,mmaTHLm CTOJ16eu B [eO] BeKTOpa CKOpo­

CTH v~ e Y3 .I(BIDKeHH.sI TOUH ye D~ omocHTenbHO HHepUHanbHOH 

CHCTeMbl KOOp,ll;HHaT Eo E A3. 
Tor.n;a cKamipHLie npon3se.u;eHID1 

(2.72) 

(2.73) 

Ha3bIBaIOTC.sI .MOUjHOCnt.JlMU nJlOmHocmeu pg = p y g~ ( -,y' y) H 

t;,.O (-,y, y) rnaBHblX BeKTOpOB (2.34) H (2.44) BHHTOB (2.39), (2.41) 
OTHOCHTeJibHO Mepbl Jie6era µ 3 ( dy) B T011K.e y E D~. 

IlpewioJKeHHe 2.10.IlyCTb: 1. Pgv = Pyg~(-,y,y)· v~,PAv = 
= t;,.0 (-i y, y) · V~ - MOlIJ,HOCTH BCKTOpOB p y g~ (-,y, y ), t;,.0 (-,y, y) 
H3 (2.72), (2.73); 

2. 0. Sp Y v ;'°· 2 
• - IlJIOTHOCTb cKopoCTH H3MeHeHH.sI IG1HeTuqe­

CKOH SHepmH cpe.n;LI OTHOCHTeJibHO Mepbl Jie6era µ 3 ( dy) B T011K.e 

ye D~ (cKopocTHOH Hanop cpe.n;LI (2.71)). 
Tor,Ila: 1. Cnpaue.wmuo cne.n:yrow;ee paueHCTBO: 
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2. PaBeHCTBO (2.74) Ha3bIBaeTC.SI ou<jJ<jJepeHLJUCl.!lbHbLM ypatme­
HUe.M 6Cl.!laHca .MexaHU1'ecKou 3Hepzuu cpe.IlbI B ToqKe y E D~. 

,l(oKa3aTeJILCTBO ,llOCTHraerc.SI CKWUipHbIM )'MHO)l{eHHeM ypaBHe­

HH.SI ,llBH)l{eHIDI cpe,llbI (2.65) Ha BeKTop v~ c yqeTOM paBeHCTBa 

oo· oo - 0 Sp 00,2· o Py Vy • Vy - • y Vy • 

KoMMeHTapuu: 1. Jih (2.74) cne.ll)'eT, 'ITO IDIOTHOCTL c1mpocTH 

HJMeHeHIDI KHHeTH'leCKOH 3Hepnm cpe.l{bl OTHOCHTeJibHO Mepbl Jie-

6era µ 3 ( dy) B roqKe y E D~ orrpe.l{emieTC.SI C)'MMOH MOII{HOCTeH 

rJiaBHbIX BeKTOpOB (mv) CKOJibJ.SIII{HX BeKTOpOB ImOTHOCTeH 

Pyg$ (-,y, y) H tiO (-,y, y) (2.72), (2.73) .llHHaMHqecmx Mep rpauH­

T~HH H ,l{eq>0pM~HH cpe,nhl OTHOCHTeJibHO TOH ::tee Mepbl B TOH xe 

TO'IKe. 

2. YpaBHeHHe 6aJiaHCa MexaHHqecKOH 3HepmH cpe.z:tbl B TO'IKe 

y E D~ 3KBHBaJieHTHO ypaBHeHHIO .l{BHXeHIDI cpe.IlbI (2.65) B TOH )l{e 

TO'IKe. 

Ilpewio1KeHHe 2.11. Ilycn,: 1. cS O ( -,y, y) = TYO n$ - rpeXMep­

HbIH CB060.IJ.HbIH BeKTop HJ (2.43): 

(2.75) 

2. p ov - MOII{HOCTb BeKTopa cS 0 ( -,y. y) B TO'IKe y E D~: 

(2.76) 

Tor.l{a .llIDI MOII{HOCTH p ov HMeer Mecro npe.llCTaBJieHHe 

- (TO,T 00 0) Pov - Y vy . ny ' (2.77) 

r,lle Tyo, T v~ - eeKrop MOII{HocTeli (Ti~ · v~) 
Ti~ = (T8, Ti~, Ti~ )T .ll-.lle<PopMaropa TYO, i = 1, 2, 3. 

i-cwn6n:oe 

Ilpewio1KeHHe 2.12. IlycTb: 1. CKopocTb HJMeHeHIDI KHHeTH­

qecKOH 3Hepnrn: cpe,llbI (2.70) B TOqKe y ED~ HMeeT BH;Ll 

K' (dy) = 0.5v~· 2 • m (dy) = 0.5v~0 • 2 • Pyµ 3 (dy); (2.78) 
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2. CKopocTb H3MeHemm BHYfI>eHHeii 3HeprnH cpeJJ;hI (2.51) B 

ToqKe y ED~ HMeeT BRA 

(2.79) 

TorJJ;a: 1. HMeeT MecTO cne,zzyromee paBeHCTBo: 

IDIH B pa3BepHYfOH <PopMe c yqeTOM (2.72) H (2.73), (2.49) 

Py(0.5v~0· 2 + uy)' = Py(g~(-,y,y)· v~)+ (~O(-,y,y)· v~)+ 
(2.81) 

2. PaBeHCTBO (2.81) Ha3bIBaeTCH ou<fujJepem"UCl./lbHbl.M ypafJHeHU­

e.M 6Cl.llaHca 3Hepzuu cpe,u;LI B TOqKe y E D~. 

,[J;oKa3aTeJILCTBO. CKJia.L{bIBWI ypaBHeHHH MeXaHW1ecKoii 3Hep­

nm (2.74) c TepMO.D;HHaMHqeCKHM ypaBHeHHeM 3HeprnH (2.52), no­

rryqaeM )J;OKa3bIBaeMbIH pe3yJibTaT .D 

KoMMemapuu: 1. lh (2.81) crreeyeT, qTO CYMMa nrroTHOCTeii 

CKOpocTeH H3MeHeHHH MeXaHHqeCKOH H TeIUIOBOH 3HeprnH CHCTeMbI 

OTHOCHTeJILHO MepbI µ 3 ( dy) B TQqKe COBna,uaeT c CYMMOH MOIUHO­

cTeH rJiaBHbIX BeKTOpOB IlJIOTHOCTeH .IJ;HHaMWleCKHX Mep, MOIUHOCTH 

Hanp5DKeHHH .u;-.u;e<PopMaTOpa, pacxo)K)leHHeM BeKTopa IIOTOKa Tewra 

H ceKyH.u;Horo o6'beMHOro BhI.IJ;erreHHjl HJIH nomomeHHjl Tenrra B TOH 

:iKe ToqKe. 

2. YpairneHHIO (2.81) MOXHO npHJJ:aTL .u;pyryw <PoPMY· 

IlpeJVIolKeHHe 2.13. IlycTb: 1. JJ.mr .ZJ;HBepremnm seKTopa MOIU­

HOCTeii Tyo, T v~ cTorr6n:os .n;-.n;ecpopMaTopa Tyo cnpaBe,z:vmso cne.n;y­

wmee npe,u;cTaBJieHHe: 

d. TO,T 00 - m. iv0 y Vy - P6v +-vy (2.82) 

mm B pa3BepHyTOM BH,!J;e 

div o TYO, T v~ = (~O (-,y, y). v~O) + 'f.ij Tt<JvJ I oyp<J. (2.83) 
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Ilpewio11teHHe 2.14. Ypa1meH:ue 6anaHca ::mepnm cpe.ni.1 B TOq­
Ke y (2. 79) MOJKeT 6bITb rrpe.nCTaBJieHO B BH.D;e 

(0 5 00, 2 )· _ ( o ( ) . 00) d' TO, T 00 Py . vy + uy - Py gY ..., y, y vy + 1v 0 Y vy + 

(2.84) 

KoMMemapaii. B MexaHmce f anHJie.SI ypaBHeH:ue 6anaHca 3Hep­
nm (2.84) 3KBHBaneHTHo yCJIOBIDIM .zurn~ecKoil 11 TepMO.l{llHa.MH­
qecKo:U (2.23), (2.52) c6anaHc:upoBaHHocm Bcen:eHHoil. 



3. KHHEMATHKA JIOKA.JILHO JIHHEIDIO 
H3MEIDIEMOH CPEJ(LI 

3.1. YPABHEHHE KHHEMATHKH 
HA I'PYilllE K-,[(Etl>OPMA TOPOB CPE,l(LI 

Ilpe,lVIOlKeHHe 3.1. IlycTL: 1. E0 = (o0 , [eO]) - <iJHKcHpoBaH­

HruI opTOHOpMHpOBaHHruI CHCTeMa KOOpJ:lHHaT B A~' Oo ED~' 
[eOJ E V3 ; 

2. v_?> = yOO· - KOOplUillaTHbIH CTOJI6ell BeKTopa CKOpOCTH 

v ~ E v 3 TO"IKH y E E y (HIDKHHH: HH,ZJ;eKC) OTHOCHTe.Tll>HO E 0 (Bepxmm 
ueyrpemm:H HH,ZJ;eKc) B 633Hce [eO J (uepxmm BHemHHii HH,ZJ;eKc); 

3. dv_?> / dy00 - npoH3BO.llHruI BeKTopa v_?> E R3 no pa,zu1-

yc-BeKTopy yOO E R3 TO'IKH y E Ey' B&ItlHCJieHHrui: B TO'IKe y B 6a3HCe 
[ e 0] (2.49), - MaTpHUa CKOpOCTeH Ae<iJopMauHH (3 .17), o. 2.16-6). 

Toma K-Jle<iJopMaTOp D9° E GDj,(R, 3) (2.9) cpeJlbI Ey SIBIDieT­

cSI pemeHHeM MaTpiNHOro AH<P<PepeHUHaJlbHOro ypaBHeHIDI 

(3.1) 

,lloK33aTem.CTBo. PalJioXHM BeKTop hy = xO - yO E v3Y no 6a-

3HCaM [eO] H conyrCTB}'IOmeMY ,ne<iJopMauHH [ed] (0. 2.4-7) 

(3.2) 

Ilo,nCTaBIDIB: B noizyqeHHOe paBeHCTBO COOTHOmeHHe (2. 7) c yqeTOM 

e,llHHCTBeHHOCTH palJIO:lKeHIDI BeKTOpa no 633ucy, noizyqaeM 

(3.3) 

.IlH<P<iJepeHUHpyg paBeHCTBO (3.3) no BpeMeHH c }"leTOM Toro, 

'llTO BeKTop hy «Ae<iJopMHpyeTCSI» BMecTe co cpe,uoii (T. e. c 6a3HCOM 
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[ed] = [eO ]D~ (t), conyrcTByIOllUIM .l{e<PopMHpoBamuo cpe.l{bI) H, 

CJie.l{oBaTe.TibHO, hff - const., H HCIIOJib3Y.sI (3.3) B <PopMe 

hff = (D~ (t))-1 h$ (t), IIp.HXO.l{HM K BbipruKeHHIO M.sI pacrrpe.l{e.Tie­

HIDI CKOpocreH: KOHTHttyyMa B E y OTHOCHTe.TibHO 6a30BOH CHCTeMbl 

Koop.l{HHar Eo B ee 6a:mce [eO ]: 

v,?> = v$° + v~· (t)(D~o (t))-1 h~. (3.4) 

CpaBHHBa.sr JIHHeHHyIO qacrb pa31Io:xceHIDI BeKropa cKopocrH v~O 

B Ey 

vOO = vOO + dvOO/ dy00h0 x y y y 

c paBeHCTBOM (3.4), norryqaeM ){0Ka3bIBaeMbIH pe3yJibTaT. 0 

OnpeaeJJeHHe 3.1. YpaaHeHHe BH){a (3.1) 

DOO· (t) = dv00 / dy00 voo (t) y y y (3.5) 

Ha3bmaeTc.sr ypastte1me.M Kutte.Mamwcu Ha zpynne K-oecjJop.Mamopos 

cpeo"" EY. 

KoMMeHTapuu: 1. lfa paaeHcraa (3.5) He crre){yeT BbIBO.l{a o B03-

MOXHOCTH rrpe.l{CTaBJieHIDI <l>H3H'leCKOro npeo6pa30BaHIDI BeKTOpa 

h$ ( t) IIpH .l{e<PopMHpOBaHHH cpe.l{bl, MaTeMaTH'leCKOH MO.l{e.TibIO KO­

Toporo 51BJUieTc.sr K-.l{e<PopMarop D$° (t), B BH){e cyrrepno3HQHH Ka­

KHx-rro:6o rrpeo6pa30BaHHH qacTHoro BH){a, HarrpHMep B BH){e cyrrep­

rro3m.urn <l>H3H'lecKoro apameHIDI o: <PmlftlecKoro npeo6pa3oBaHIDI 

cpe.l{bl CHMMeTpH'leCKHM orreparopoM, KaK 3TO rrpHH.sITO C'IHTaTb [16, 
38, 46]. 

2. lf3 paBeHCTBa (3.4) He CJie.l{yer B03MOXHOCTH KaKOrO-JIH6o 

npe.l{CTaBJieHIDI BeKTOpa CKOpOCTH v~ (t) rrpoH3BOJibHOH TO'IKH 

x E E y B E y -OKpecTHOCTH TO'IKH y cpe.l{bl rrpH .l{e<PopMHpoBamrn, Ha­

npHMep B BH){e CyMMbl CKopocreH:, BbI3BaHHbIX pearrbHblM Bpam;eHH­

eM cpe.l{bl H .l{e<PopMHpOBaHHeM rrocpe.l{CTBOM CHMMeTplflleCKoro .l{e­

<PopMaTopa. 

3. PaBeHCTBO (3.5) B OTJilfllHe OT HH<Jero He orrpe.l{e.TI51IOlll;ero 

TOX){ecTBa Korrrn-re.rr1>MroJibQa [16, 38, 46] 
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v20(t) = v'f (t) + dv'f / dy00h~ = 
= v~O (t) + 0. 5( dv'f / dyOO - dv~O / dyOO )h'f + 

+ 0. 5 ( dv~O / dy00 + dv'f / dy00) h~, (3.6) 

B KoTopoM nemui qacn, ecTb Apyroe 060JHaqem1e npaBoli -qacm, »B­

meTc» KHHeMaTH'leCKHM AH<P<lJepeHI.\HaJibHbIM ypaBHeHHeM )lJI5I 

onpe)leJieHH51 HeH3BeCTHoro K-Ae<iJopMaTOpa D'f (t), npe)lCTaBJI5IIO­

mero co6o:H Ha CaMOM )leJie e)lHHCTBeHH)'IO «3aKOHH)'IO» MaTeMaTH­

qecKyro MO)leJib mrneiiHoro npH6nmKeHH51 peanbHOro <lJH3H'lecKoro 

npouecca Ae<PopMHpoBaHH51 cpeAbI. 

4. B cmry npe)lbl,ll)'ll{ero Il}'HKTa K-.n;e<iJopMaTOp D~O 
npHHI.{HilHaJibHO He MOXeT 6bITb apriory (Ao HHTerpHpOBaHH51 ypaB­
HeHHH (3.5)) npeACTaBJieH MaTpHueii KaKoro-nH6o onpe)leneHHoro 

BH.n;a (HanpHMep, C)l;BHfOM, KpyqeHHeM, mrn6oM HT. n.). 

5. CHcTeMa paBeHCTB 

xOO (t) = yOO(t) + D'f (t)hff, hff = h~ (to) (3.8) 

npH HJBecTHbIX MaTpHuax cKopocTeli Ae<iJopMauHli dv'f / dyOO 
(3.10) (nonyqeHHbIX B npouecce pemeHH51 ypaaHeHHH AHHaMHKH) H 

ycnoBHH Konrn D'f (t0 ), h~ (t0 ) 5IBJI5IeTc51 pemeHHeM KHHeMaTH'le­
CKoii 3a)laqH JIHHeillioro AecpopMHpOBaHH51 cpe]];bl B TOql(e y E E y. 

3.2. MA TPHU:A .[(Ecl>OPMAU:Htt CPE.[(bl H EE CBll3L 
C BEKTOPOM IlEPEMEIUEHHll CPE.[(LI 
H K-.[(Ecl>OPMATOPOM 

llpe.IVIoJKeHHe 3.2. IlycTb: 1. YpaBHeHHe TepMOAHHaMHKH Ae­
cpopMHpyeMoli cpeALI HMeeT BH,l{ (2.52) 

(Tyo)· (Vyo) =Sp [Tyo (dv'f / dyoo )T] = 

= Pyuj1 - div0q$1 - Py<py1 ; (3.9) 

2. cS 0' i, j = 1, 2, 3 - (9 x 1)-CTOJI6eu <PYHKUHH Toqm y E E y H 

BpeMeHH t ET, cSij = cSB (t, y), ~~ = {cSg }, i,j = 1, 2, 3 - COOTBeT­
CTByromag (3 x 3)-MaTPHUa B 6a3HCe [e ]; 
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3. IlpoH3Bo,nHrui cTon6ua (oO) (MaTPHUI>I A~ = {o~}) no speMe­

HH B TOtIKe y E E y B MOMeHT BpeMeHH t E T COBn~aeT co CTOJI6UOM 

(VyO) (MaTPHUeii dv~ / dy00): 

(oO)• =(Vl), A~· =dv~/dy00. (3.10) 

Toma: 1. 3neMeIITE.1(9x1)-cron6na (oO) (MaTpHUI>I A~ = {o~}) Ha-

3LIBaIOTQI oetfJop.MallWJMU, a cmo.nfieij (0 0) (MarpHna /i.y = { 0 ij } ) -

cmo.n6t10M (.MampUijeU) O~f/JopM.aijUU cpeObl 6 mDllKe y E Ey 6 MOMeHrn 

speMeHu t E T. 
2. CTOJI6eu (VYO) H MaTPH1:la A~· = dv~ / dyOO Ha3&IBaIOTC5I 

cmo.n6ijoM u Mampuijeu cKOpocmeu oefjJopMaijuu cpeow s mollKe 

y E Ey 6 MOMeHm speMeHU t ET (CM. 0.2.16-6). 
3. CKaJijlpHoe npoH3Be,neHHe BHJla 

<l> yr = dWy / dt = (Tyo) -cvyo) = 
= Sp[T~(dv~ / dyOO)T] (3.11) 

Ha3bIBaeTC5I MOUIHOCmb10 Hanp.JIJKeHUU 0-0ef/JopMamopa cpeOW TYO 6 

mOllKe y E Ey 6 MOMeHm speMeHU t ET (2.43). 
4. CKaJij!pHoe npoH3Be,neHHe dWy BHJla 

dWy = <l>yt µ 1 (dt) = (T~) · d(oO)::: Sp[T~ (dA~ )T] (3.12) 

Ha3bIBaeTC5I 3JteMeHmapHou pa6omou 1-1anp11'JKeHuu T 3 Ha 

coomBemcmsy10"1ux 3.neMeHmapHblX oefjJopMaijUJIX do ~i cpeow s 

mollKe y e E Y 6 .M.OMeHm speMeHu t E T. 
5. Ilpu OTcyrCTBHH TennonepeHoca (div 0q~1 = 0) H TennoBbI,IteJie­

HIDI (Tennonom01ueHIDI), Cf>y = 0 3JleMeHTapHrui pa60Ta Hanp.sDKeHHii 

T 3 Ha 3JICMeHTapHbIX .neciroPMaUIDIX dO 9; cpe.nl>I B TOliKC y E E y B MO­

MCHT BpeMeHH t E T pasHa npoH3Be,llCHlllO IlJIOTHOCTH MaCCbl cpe,llbI H 

.zuup<PepemtHaJia IlJIOTHOCTif BHYfpeHHeii 3Hepnm cpe,llbI OTHOCHTe.Jlb­

HO MacCbl m(dy) B TOH xce TO'IKe B TOT xce MOMeHT BpeMeHH (3.9) 

,!(OK838TeJILCTBO ,llOCTHraeTCjJ IlOJl;CTaHOBKOH onpe.neJieHHjJ 

(3.12) B ypasHeHHC c noCJieJlYIOIUHM yMHO:lKCHHeM Ha ,nHcpcpepeHUH­

aJI µ1 (dt). 0 
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KoMMeBTapHB: 1. lfa (3.9) u (3.10) CJie.zzyeT, irro K-.!lecimpMaTOp 

cpe.i:tLI B T011Ke y E € y B MOMeHT speMeHH t E T .llBIDieTCJI pemeHHeM 

.zuupcpepem.u1a.1n.Horo ypasHeHIDI (3.7), MaTPH'IHLIM Koacpcpm,u1eH­

TOM KOTOporo JIBIDie'fCjJ MaTPHIJ;a CKOpOCTeH .i:tecpopMaiwii cpe.zn,1 B 

TOH :xce TO'IKe B TOT :xce MOMeHT BpeMeHH. 

2. Jho6L1e CilocOObl onpe.i:tCJieHHjJ .i:tecpopMaUHil cpe.zn>I 6e3 HCilOJib-

30BaHIDI noWITIISI pa6ora: Hanpocemm (3.12) He HMelOT no.n; co6oH: HH 

MaTeMaTH'lecKHX, HH cpH3H'lecKHX OCHOBaHHH, HanpHMep, c HCilOJlb30-

BaHHeM IlOWITIISI pacCTOjJHHjJ MC:lK,lly TO"IKaMH cpe,llbl HJIH KaK aneMeH­

TOB CHMMeTpH'lecKOH COCTaJJJWOIIleH MaTpHIV>I dz'f / dy00 (38, 46]. 
3. OicoHtlaTeJibHLIM 001.eKTOM HCCJie.!{OBaHlijJ npouecca .i:tecpopMH­

pOBaHIDI cpe,llbI SBIDieTCJI nyn. TO'IKH y E € ' T. e. seKTOp-<\>yHKI.um 

yOO (t) E R3 llpH H3BeCTHOM ee 3aaqeHHH yOO (0) B MOMeHT BpeMeHH 

t = 0. YKa3aHHasI BeKTop-cpymanm H3BeCTHa, eCJIH llpH H3BeCTHOM BCK­

rope y 00 (0) H3BeCTeH BeKTOp zOO ( t ), ntKOH 'fl'O yOO ( t) = yOO ( 0) + 
+ zOO (t). CJie.i:toBaTeJlbHO, llpH H3BecTHOM BeKTope yOO (0) KOHetfllLIM 

001.eKTOM HCCJie.n;OBaHIDI npouecca .i:tecpopMHpOBaHWI cpe,llbI DruleTCjJ 

seKTOp-<iJyH:Iaum zoo ( t) npH yCJIOBHH zOO (0) = 0. 
4. B onpe.n;eneHIDI «BeKTop .i:tecpopMai.udi» H «MaTPHUa .i:tecpop­

MauHH» He CJIC.!{yeT BKJI~IBaTb KaKOH-JIH60 «:xcHTeHcmH» CMbICJI. 

B 11aCTHOCTH, He CJie.zzyer HCKaTb peanLHo He cymeCTB}'IOJilHe «Kaca­

TeJibHLie» H «HOpMaribHLie» .i:tecpopMauHH K pean&HO He C~ecTB)'IO­

IIlHM IlOBepXHQCTjJM MexaHH11ecKHX CHCTeM. c HCIIOJlb30BaHHeM pe-

3YJI&TaTOB naparpacpa 3.2 MO:xc:HO np:u.n;aTb BeJIH'IHH3M 0 Ji HCKHH 

«reOMeTPH'leCKHH CMbICJI», HO OH HHKaKOI'O OTHOWeHIDI He HMeeT K 

TOM}' CMl>ICJIY, KOTOpbIH BKJl~IBaeTCJI B 3TH BCJIH'IHHLI TPa.ztHUHOH­

HO • .llecpopMauHH OJ; JIOKaribHO JIHHeHHO H3MeffjJeMOH Henpep&IBHOH 

cpeALI - 3TO 9 cp}'HKllHH, ynoBJieTBopmoJilHX paseHCTBY (3.10) c 

yqeToM paseHCTBa (3.7), H He 60.11ee Toro. 

Onpe.a;en:eHHe 3.2. IlyCT&: 1. v_?°(t)- KOOp.!lffHaTH&lli CT0.116ea; 

. BeKTopa CKOpOCTH v~ (t) TOql(H y(t) OTHOCHTeJibHO CHCTeMbI KOOp.a;H­

HaT E0 B 6a:Juce [eO], v'f (t) = dyOO(t)/ dt, 
2. z'f (t) E R3 - KOOp.!lHHaTHLlli CTOJI6eu B 6a3HCe [eO] BeKTO­

pa z~ ( t ), TaKOH "ITO 

(3.14) 
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Tor,IJ,a: 1. BeKTop z~ (t) Ha.3bIBaeTc5l <1eKmopo.M. nepe.M.eUfettwi 

mo11.Ku y( t) E E Y omttocume.nbHO cucme.M.bl Koopouttam E 0 6 .MO.MeHm 

<1pe.M.eHu t ET. 
2. CTOJI6eu: z_?>· (t) E R3 Ha3bIBaeTC.Sl CKOpocmbJO KOOpOUHam­

HOZO cmo.n6i,a <1eKmopa nepe.M.eUfeHwi mo11.Ku y(t) E E Y omHocume­

RbHO cucme.M.bl KoopouHam E0 6 .MO.M.eHm <1pe.Mettu t ET. 

KoMMemapHii. CKopocrn H3MeHeHWI BeKTopoB yO (t) H z~ (t) 
cpe,IJ,bl B ToqKe y E Ey B MOMeHT BpeMeHH t ET COBil~aIOT (3.14), 
CaMH BeKTOpbl npHHI(HilHaJlbHO pa.3JIHqHbI: BeKTOp z~ (t) = 0, BeKTOp 

z~ (t + Llt) .sIBJUieTC.sI np:upameHHeM BeKTOpa yO (t) B TOqKe y E E y 3a 

BpeM.sI Llt E T: 

Z~ (t + f::.t) = J Y[t + 6.t]vr (t)µl (dt) = yOO (t + f::.t) - yOO (t). (3.15) 

Pa.3.IJ.eJIHB o6e qacTH paseHCTBa (3.15) Ha Llt ~ 0, BepHeMc.si: K onpe­

,IJ,eJieHHIO (3.14). 

IlpeWJOlKeHHe 3.3. IlycTb: 1. Cpe,na .n;e<iJopMHpoBaHa (t::.O (t) * 0) 

H ,ne<iJopMHpyeMa (t::.O· (t) * 0) B MOMeHT BpeMeHH t * O; 
2. Koop,nHHaTbI CTOJI6u:a v~O H 3JieMeHThI vi., i, j = 1, 2, 3 MaTpH­

I(bI dv~O / dyoo HenpepbIBHbI no apl)'Memy (yod, t) Ha D~ x [t + Llt], 

qT0 3KBHBaJieHTHO 

oo ci 
vy E Dx[t,t+rur (3.16) 

Tor.a.a: 1. CKopoCTh npomso,IJ,Hoii dz_?>/ dyOO BeKTopa napanrre,m,­

Horo nepeHoca z_?> TO~ y E E y B MOMeHT BpeMeHH t E T (B TepMH­

Hax KOOp,nHHaTHbI.X CTOJI6U:OB) COBmlJ{aeT c MaTp:uu:eii CKOpocreH: .ne­

<iJopMau;IDI cpeALI :u MaTp:uu:eii dvr / dyoo B Toii xe TOqKe B TOT xe 

MOMeHT BpeMeHH t ET: 

(dzr 1 dyoo>· = t::.~· = dvr 1 dyoo. (3.17) 

2. MaTp:uu:b1 dzr / dyoo (t) :u t::.~ (t) oTn:uqaroTc.si: Ha nocTo.si:H­

HYIO MaTp:uu:y (dz~O / dyoo (0) - t::.~ (0)): 

dzr 1 dyoo u> = t::.~ <t) + (dzr 1 dyoo <o) - t::.~ <O)). (3.ts) 
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)J;OKa.3aTe11LCTBo. HlrretpHp)'}I onpenerreHHe BeKTopa naprumeJTh­

Horo nepeHoca cpe.zu,1 (3.14) no mrrepBarry speMeHH lit= [t + lit, t], 
norryqaeM 

(3.19) 

.Umpq,epeHUHpyjl nonyqeHHOe paBeHCTBO no BeKTopy yOO c yqe­

TOM npaBa nepecnm:oBO'IHOCTH npoH3BOAHOH H HHTerparra (3.16) H 

(3.19), nonyqaeM 

dz'f (t + /it)ldyOO - dz'f (t)ldy00 = J X~tdv~O /dyOOµt(dt) = 

= J X~tti~· µt (dt) = J Xfild!i~ =Ii~ (t +lit) - Ii~ (t). (3.20) 

Pa3lleJIHB o6e qacTH nonyqeHHOro paBeHCTBa Ha lit --7 0, npHxo­

llHM K ll0Ka3bIBaeMOMY paBeHCTBY (3.17). D 

KoMMemapuu: 1. Tpe6oBaHHe (3.16) jlBllileTcjl ueHTpanbHbIM 

llJUI BCeii H3JlaraeMoii Teop1m. EcrrH OHO He BblilOJIHeHo, TO paBeHCT­

Ba (3 .17) H (3 .20) He HMeIOT CMbICJia H Bee OCTaJibHOe HeBepHO. B qa­

CTHOCTH, ycJIOBHe (3.16) He BbIIlOJIHeHo npH HaJIH'IHH TpeIUHH, CKO­

JIOB, CKa'IKOB ynJIOTHeHIDI B CBepX3BYKOBbIX Te'IeHIDIX ra3a, HHOpon­

HblX BKJIIO'IeHHH (H, CJie):{oBaTeJibHO, BO scex 3anaqax MeXaHHKH 

KOMII03HTHbIX MaTepnarroB) H T. II. 

2. IlOllCTaBlliljl paBeHCTBO (3.17) B llH<l><t>epeHUHaJlbHOe ypaBHe­

m1e (3.7), IIOJI)"laeM CBj13b CKOpOCTeH K-ne<t>opMaTOpa H MaTPHUbl 

ne<t>opMaUHH 

D'f· (t) =ti~· D'f (t). (3.21) 

Ilpe,!l.110lKeHHe 3.4. IlycTb: 1. Ynp~ cpena Ey H3Ha'IarrbHO He­

ne¢opMHposaHa, Ho ne<t>opMHpyeMa H ne<t>opMHpyeMa B mo6oii: MO­

MeHT BpeM:em1 t > 0, T. e. 

D'f (0) = E, ti~ (0) = 0, D'f' (0) "# 0 D'f' (t) "# 0. (3.22) 

Torna: 1. B OKpecTHOCTH TO'IKH t = 0 MaTPHUbI ne¢opMauHH 

ti~ (t} H npoHJBO.l{Hoii dz'f / dyoo (t) coBnanaroT 

dz'f / dyoo U> = ti~ (t). (3.23) 
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2. K-itecpopMaTOp cpeit1>1 D$0(t) H MaTPHIU>I dz$0 / dy00 HA~, 
SIBJUIIO~Recsi: B itaHHOM cnyqae pa3HblMH o603HaqeHRSIMH MaTpR~I 
itecpopMaUHH, CB.SI3aHbl paBeHCTBOM 

D$o = E + dz$°/ dyoo + o (lldz$O / dyoo W$o (t)JI) = 
= E +A~ + o(\IAA~W$°ii), (3.24) 

rite W$0 (t)- 6. M. MaTPRUa B TOqice t = 0 HJ onpeiteneHH.SI (2.10). 

,IJ,OK838TeJILCTBO: 1. Ilo IIpffqRHe OTCyrCTBH.SI itecpopMauHH cpe-
itbl B MOMeHT BpeMeHH t = 0 nonyq:aeM Ao (0) = 0 H 

z$0 = 0 ~ dz$0 / dyoo (0) = 0, ~ Ll~ (t) =dz$° (t)/ dybo (3.18). 
2. c HCIIOJib30BaHHeM ypaBHeHH.SI 1arneMaTHKH (3. 7) B MaJIOH 

OKpecTHOCTH TOl{KH t = 0 non:rrneM 

Doo. (t) = dv00/ dyOO (t)DOO (t) = dv00/ dy00 (t)(E +woo (t)) = y y y y . y 

= dv~O / dyOO (t) + dvr;o / dyOO (t)W$° (t). (3.25) 

HHTerpHpy.SI nonyq:eHHOe paBeHCTBO no HHTepBany BpeMeHH 
Llt = t - 0 c yqeTOM (3.18), nonyq:aeM 

D$0 (t) - E = f Xrudv~0 / dy 00 µt (dt) + 

+ J Xtitdv~O / dyOO(t)AD$°(t)µt (dt) = 

= J XruA~· (t)µr(dt) + J XtitA~· (t)W$°(t)µt(dt) = 

= f XtitdA~ (t) + f XtitdA~ (t)W$0 (t) = 
= Ll~ (t) + f XrudA~ (t)LlD$° (t) = 

-00 
= Ai (t) + AAi (t)LlDy = Ai (t) + o(i\AiliLlD$°JI), 

-00 
rite Wy = 0.5(LlD$0 + 0) = 0.5LlD$0 - cpeitHee 3HatieHHe MaT-
pHUbI wr;o Ha MaJIOM HHTepBane BpeMeHH At= t - 0, 

Ail~ = A~ - 0 = A~. D 

KoMMemapuu: 1. Bo Bcex itOKaJaTeJibCTBax onpeiteJI.SIIWIJ;RMH 
.SIBJI.SIIOTC.SI ycnoBH.SI dv~O / dyoo (0) = dz$0· / dyOO (0) =A~· (0):;: 0, 
dz$° / dyoo (0) = A~ (0) = 0, D$° (0) = E. 
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2. ll3 (3 .24) B Ma.TIOH OKpeCTHOCTH TO"'IKH t = 0 WBI H3HaqaJILHO 

HelJ,e<t>opMHpOBaHHOH 1J,e¢opMHpyeMOH B TO'IK.e y cpe)lbI (3.22) HMeeM 

voo ::.::: E + dzoo I dyoo = E + 1:::.,0 y y y (3.26) 

c TOqHOCT:&IO /J,O cnaraeM:&IX nop51,IJ;Ka 111:::..1:::..~1:::..Drll 
3. CpaBHeHHe (2.10) H (3.26) npHB01J.HT K B:&IBoizy: B Man:oil 

OKpeCTHOCTH Toqm t = 0 )lJUI H3Haqan:&HO He/J,ecfJopMHpOBaIIHOH lJ,e­

<t>opMHpyeMOH B TO'IK.e y cpe1J,:&l (3.22) 6. M. MaTpHua f:::..D~O H3 onpe-

1J,eneHID1 K-1J,ecfJopMatopa (2.10) npHMepHo pasHa MaTPHUe .ne<t>opMa­

UHH cpe1J,:&I B TOH :xce TOqKe: 

woo ::.::: dzoo I dyoo = 1:::.,0 y y y (3.27) 

C TOqHOCT:&IO /J,O cnaraeM:&IX Il0p51,!J;Ka i! f:::..D r2 il 

3.3. 0:6PA3YIOIT(HE rPYIIIILI K-,l(EcDOPMATOPOB 
CPE)U»I 

Onpe.ne.n:eHHe 3.2. MHo:xcecTBo sneMeHTOB rpynn:&I GD jt (R, 3), 
TaKHX qTQ KIDK,IJ;l>IH sneMeHT vr E GD ;t (R, 3) npe.D;CTaBHM B BH,ne 

cynepno3HUHH (B qacTHOCTH, npOH3Be1J,eHIDI) 3THX sneMeHTOB, Ha3l>l­

saeTC5I .MHO»<.ecmso.M 06pa3y10£llux zpynn&t GDjt(R, 3). 

KoMMemapuA. 06pa3yioIUHe rpynn:&I K-.ne<t>opMaTopoB HH B Ka­

KOM CM:&Icrre (HH B MaTeMaTil'CeCKOM, HH cfJmmecKOM) He HB!IHIOTCH Ma• 

TeMaTHqeCKHMH MO/J,eJUIMH pean:&H:&IX (¢H3JlqeCKHX) npeo6pa30BaHHH 

Henpep:&mHDIX cpe1J.. 3To B onpe.neneHHOM CMI>Icrre - attan:om sneMeH­

TOB pa3no:xcemtii: B P51.IU>I cfJ)'HKUHH, rpacfJHKH KOTOp:&IX .sIBJISllOTC5I MaTe­

MaTJlqeCKHMH M01J.eJUIMH TPaeKropHil (nyreii:) lJ,BH)KeHIDI roqeK MaTe­

p11an::&aoii CHCTeMI>I. TaKyro q,ymcumo npH Hru;rn:tnrn onpe1J,eJieHHDIX 

CBOHCTB MO:xcHO pa3no:>KHTI. B pH1J. Teiinopa («no napa6onaM» ), B PH1J. 

<l>yp:&e ( «IlO CHHYCaM», «IlO KOCHffYCaM») H T . .n.' no sneMeHTaM nro6oii 

11.pyroii DOITHOH CHCTeM:&I <t>)7HKllHH: [15, 41]. Ho HH O.D;Ha 113 3THX napa-

6on, HH O.D;HH H3 3THX CHffYCOB HnH KOCHHYCOB (c COOTBeTCTBYIOIUHMH 

Kos<t><t>HUHeHTaMH) HT. )l. He 5IBMIOTC51 MaTeMaTJlqeCKHMH MO.D;eJUIMH 

KaKHX-ITH60 pea.TILHI>IX 1J,BH)Kemtii:. 0 TOM :xce rosopIIT H TOT <t>aKT, ~o 

STHX pa3nO:XCemtii: MHOro, H, crre/J,OBaTen:&HO, KIDK1J,l>m 3aHHTepecoBaH-
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Hblli HCCJie,IJ;OBaTf:JTh MO)f(eT )'BH,Il;eTb xenaeM)'IO «cpH3HKy» rrpoHCXO,ll,SI­

w;ero. Ha CaMOM ,IJ;ene BO Bcex CJI)"lasIX «cpH3HUl» O,mia: OHa COCTOHT B 

TOM, 'ITO BCH HHcpOpM~ 0 )J.BIDKemrn MeXaHH'lecKOH CHCTeMbI co,D;ep­

)f(HTC.sl B K-AecpopMaTOpe (HJIH B BI>IIIIe)'Ka3aHHOH cpymcmrn), H IIHKaKOH 

HHcpOpMaQHH 0 )J,BH)f(eHHH CHCTeMI>I He co,D;epXHTC.sI B BI>IIIIe)'Ka3aHHbIX 

o6pa3yrow;HX HJIH MeMeHTax BI>IIIIe)'Ka3aHHI>IX p.sIAOB. Ka)f(Aoe H3 Ta­

irnx pa3rrO)f(eHHH .smmi:eTCH B orrpe,D;eneHHOM (rrpH CXO)J;HMOCTH B L2) 
HJlH np.sIMOM CMbICJie (rrpH paBHOMepHOH CXOAHMOCTH) TO)f(AeCTBOM, B 

KOTopoM rrpaaasi qaCTI> .smmi:ercg AP)'IHM o6o3HaqeHHeM rreBoli qaCTH. 

K-AecpopMaTOp .sIBJIHeTc.si: cynepn03HI.Uleli (cBoeo6pa3HbIM KOKTeH:rreM) 

H3 )'Ka3aHHbIX o6pa3yrow;HX, rrpHqeM TaKHX «KOKTeH:rreli» 6ecKOHe~o 

MHOI'O H Bee OHH 3KBHBaJieHTHbI. 

Ilo3TOMy MaTepHaJibI 3TOH rrraBbI HMeIOT qHCTO TeopeTuqecKHH: 

(B03MOXHO, BbNHCJIHTeJibHbIH) HHTepec OTHOCHTeJibHO CBOHCTB 

K-,D;ecpopMaTopoB, HO He CBOHCTB pearrI>HbIX ABHXeHHH JIOKaJibHO JIH­

HeHHO H3MeHHeM.I>IX cpe,D;, AJIH KOTOpbIX OHH .sIBJIHIOTC.sI JIHHeHHbIMH 

npH6JIHXeHH.sIMH pearrbHbIX ABHXeHHH. 

OnpeJJ;en:eHHe 3.3. flycT.I>: 1. E Y e ~ ~ - oKpecrnocTb ToqKH 

YEDµ· 
3' . 

2. Ary = V2y u nr - acpcpHHHO-BeKTOpHasI IlJIOCKOCTb, COAep-

xaw;asI TOqJCy y E Dr; 
3. H~1 (q~) - roMOTeTH.sI c K03cpcpHUHeHTOM q~ > 0 - norro­

XHTeJibHbIM CKarr.sipOM, He 3aBHC.sIIIJ;HM OT BeKTOpOB h~ = x 00 - y 00 

AJI.sI rrro6oH: TQqKH x E E y E ~ ~ : 

H~1 (q~) = q~ E; (3.28) 

4. w E V2 - npoH3BOJI.I>H.l>IH cBo60AHblli: BeKTop H3 V2 , wO -

ero KOOPAHHaTHblli: CTorr6eu B 6a3HCe [ e 0 ]; 

5. MaTPHUa u?1 eGD6,(R,3) B 6a3Hce [eO], onpe,D;err.si:eMasI 

AB)'M.sl YCJIOBH.sIMH: 

(3.29) 

(3.30) 

r,IJ;e q~ E Ql (2.6); h~ - KOOpAHHaTHbIH CTOJI6eu BeKTOpa hy E V3y 
(2.5) B 6a3HCe [eO]. 
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Tor.n.a: 1. MaTpm:i;a u~ Ha3hIBaeTc.SI pacT.SI:x<:emi:eM, cxaTHeM 

(q? > 1, q? < 1) A~Y (oT/K) mnepIUiocKocTH Aiy B HanpaBJieHHH ero 
co6cTBeHHOro no.n.npOCTPaHCTBa c co6CTBeHHbIM qHcrroM q~ (np.SI­

Ma.SI, .n.onorrHHTeITbHa.SI K Aiy BA~) [10, 11, 43, 44]. 
2. f OMOTeTH.SI 

H~(q?) = q?E := d~(q?) (3.31) 

m (3.28) Ha3bIBaeTc.SI 1-f.eHmpaJlbHbLM oUJZamamopo.M. 

KoMMemapuu: 1.1.leHTparrbHbIH ,mmaTaTOp d~ (q?) (.n.pyroe­
«MeXaHifCleCKoe» Ha3BaHHe fOMOTeTHH), ecrrH .n.pyrn:e COCTaBIT.SllOUlHe 

K-.z:cecpopMaTOpa OTCYfCTByIOT, .SIBmieTCB: MaTeMaTifCleCKOH MO,lleITbIO 
pearrbHoro .Z:CBHXeHH.SI cpe.n.br. OH pacn1rn:BaeT (q? > 1), cXHMaeT 

(q? < 1) cpe.n.y Cy E ~~ (oT/K) Toqirn y E Cy· 

2. MaTPHUa u?O B cnyqae hy (/. V2y C,llBHraeT pe3yrrbTaT .z:ceiicT­
BHB: .Z:CHITaTaUHH (3.29) naparrrrerrbHO mnepIUiocKocrn: Afy Ha BeKTop 

w E V2 , a B crryqae hy E V2 Y ocTaBIT.SieT ero Ha MecTe. 
3. MaTpHua u~ 51BmieTc.SI K-.z:cecpopMaTopoM cpe){hr (MaTeMaTH­

qecKoii MO)J.eITblO npeo6pa30BaHH51 pearrbHOH cpe.Z:Cbl), ecrrH TOITbKO 
OHa 0,I{Ha OTITifCIHa OT e)J.HHifCIHOH. 

4. K-.z:cecpopMaTop u~ onpe.n.erreH TOIThKO Ha. OKpeCTHOCTH 

c y E ~ ~ TQqirn y E c y (HHXHHH HH)J.eKC ), HO He Ha Bceii cpe.z:ce D~. 

Ilpe.z:µio:m:eHHe 3.5. IlycTb: 1. u~ E GD ~t (R, 3) - pacrnxemre 

(cxarn:e) q~ > 1 (q? < 1) cpe.z:cbr cy E ~~ (OT/K) mnepIUIOCKOCTH Aiy 
B ToqKe y E cy; 

2. w = [eO]wO, w E v2 Y, wO = col{wp, w~, w~}. 
Tor.n.a u?O HMeeT crre.n.yrolllyIO MaTpHqHyIO cpopMy JanHCH B 6a3H­

ce [eO J (B TepMHHax naKeTa MATJIAE): 

u~= [q?+ wp w~ w~; wp q?+ w~ w~; wp w~ q?+ w~J. (3.32) 

.[(oKaJaTem.CTBO. u~ ep = q?eP + wpep + w~e~ + w~e~, 
uOOeO = qOeO + wOeO + wOeO + wOeO uOOeO = qOeO + wOeO + 

y 02 0 y 02 0 01 1 2 2 3 3 ' y 3 y 3 1 1 
+w2e2 +w3e3. 

Ilpe,1VIo:m:eHHe 3.6. IlycTb: 1. w = w{ j 10 + w{ j 20 - pa3IToxe­

mre BeKTopa w E V2 no 6a3Hcy [J10, f 2° J c V2 B V2, w{, w{ E R1; 
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2. [/ 0] = (h$' !10' f20) - Heop'rOHOpMHpOBaHHLlii: HeHHepumm:&­

mm 6a:mc qf!CJIOBOI'O KOMIUieKTa V3 :::> V2. 
Torna K-,llecpopMaTOp u~ B 6aJHCe [JO J HMeeT BH,ll 

(3.33) 

tluOf =[q -100· wf 00· wf 00] 
y y ' 1 ' 2 ' 

rne tlu~f - 6ecKOHetfHO MaJiasI MaTpm.i:a (2.3) B TOtfKe (qt' 
wf) = (1, 0) E Q3 (0. 2.2), 0 = col {0, 0, O}. 

)loKa38TeJILCTBO u00h0 =qi ho + wf +O + wf +O uOO +O = • y y y y 1 J1 2 J2' y Ji 

=Oh$+ 1/1° + 0/20, u$° fi° =Oh$+ 0/1°+1/2° (3.29). D 

KoMMemapuu: 1. CyruecTByeT eIIte ;:i;sa HeopToHopMHpOBaHHl>IX 

6aJHca [JO], c coxpauenHeM opHeHTauHH V2 (2.1), [f O] = (!10, h$, 
fz° ), [JO]= <f10' !20, h$ ), B KOTOpbIX K-;:i;ecpopMaTOp u~f HMeeT 

npOCTOH BH,U, COOTBeTCTBeHHO 

u~f = [1 w{ O; 0 qf O; 0 w{ l], 

u~f = [l O w{; O 1 w{; 0 0 qf ]; 

2. det u~ = q~. 

OnpeneJieHHe 3.4. IlyCTb: 1. E y E '~ - OKpeCTHOCTb TO'iKH 

y ED~; 
2. Aiy = V2 y U Di - acpcpHHHO-BeKTopuas1 IIJIOcKocTb, co;:i;ep­

xaIItasI TO'iKY y E Di; 
3. w E V2 - npoH3BOJil>Hl>IH cso60,o:ub1H: seKTop H3 V2 ; 

4. <j>(w) = 0 - ypaBHeHHe rnnepIIJIOCKOCTH Aiy B CHCTCMC KO­

OpJlHHaT Ey = (yO, [eO]) - c Ha'iaJIOM B TO'lKe y E Ey H 6aJHCOM 

[eO]EEo; 

5. -c~ E Gn;t<R, 3) - K-.u;ecpopMaTOp Ha Ey E '~, onpe.u;em1e­

MDIH paseHcTBaMH 

(3.35) 

70 



Toma MaTpHUa -r~O Ha31>1BaeTc.SI C.llBHrOM A~Y B.llOJII> mnepIUio­
CKOCTH Aiy B HanpaBJieHHH BeKTopa w E V2 [10, 11]. 

KoMMeHTapHH. 1. C.llBHr 't ~ e GD ~t (R, 3) (KaK H MaTpHua 
ur1 E GD~t(R, 3)) (3.29), (3.30) ocTaBJI.SieT Ha MecTe mo6oii BeKTOp 
H3 mnepIUIOCKOCTH Ai y' a BCe OCTaJil>HI>Ie C,llBHraeT B,llOJII> 3TOH m­

nepillIOCKOCTH nyreM CJIOXeHIDI c BeKTOpOM lj>(h~ )wO, me "IHCJIO 
<1> ( h~ ) onpe,lleJI.SieTC.SI CaMHM C,llBHraeMI>IM BeKTOpOM h~ = x 00 - y 00 t 

XE Ey. 

2. C.llBHr 't~ E GD~t(R, 3) (KaK H MaTpHUa u~O E GD~t(R, 3)) 
HBJIHeTCH K-.l{eq10pMaTOpOM cpe.l{bI (MaTeMaTHlleCKOH MO~eJil>JO npe­
o6pa30BaHH.SI peaJII>HOU cpe,lll>I) TOJil>KO B TOM cnyqae, eCJIH .llpyme 

npeo6pa30BaHH.SI OTCyrCTByJOT. 
3. C.llBHr -r~O e GD~t(R, 3) (KaK H K-.lle¢opMaTOp 

u?° E GD:r<R, 3)) (3.29) orrpe.lleJieH Tom.Ko Ha oKpecrHOCTH Ey E ~~ 
TO'IKH y E E y t HO He Ha Been cpene D ~. 

4. MHoxceCTBO C.llBHroB 't ~ E GD jt (R, 3) He .s:BJIHeTc.SI rpynnoii. 
5. CHCTeMa KOOpllHHaT Ey = (yO' [eO]) c Ha'laJIOM B TO'IKe 

y e E Y He .SIBJI.SieTc.SI HHepUHaJII>HOH, TaKOBl>IM .SIBJI.SieTc.SI JIHmL 6a3HC 
[eO] c: Eo. 

Ilpe~olKelDle 3.7. IlycT1>: 1. 't~ E GD~t(R, 3) - C.llBHr cpe.lll>I 

E y E ~ ~ B,llOJII> mnepIUIOCKOCTH Ai y B HanpaBJieHHli BCKTOpa 
weV2; 

2. w = [eO]wO= wfef + wfef + w~e~, wO= col{wf, wf, w~}. 
Tor.Ila CllBHr -r ~o HMeeT BH,!{. 

(3.36) 

~'t~ = [<j>(ep )wf <j>(e~ )wf <j>(e~ )wf; ... 

<j>(ef )w~ <j>(ef )w~ <j>(e~ )w~; <j>(ef )w~ <l>(e~ )w~ <l>(e~ )w~], 

r)le ~'t ~o - 6ecKoHe'IHO MaJIWI MaTpHua H3 onpe,lleneHH.SI K-,llecpop­
MaTOpa B TO'IKe wO = 0 E Q3 (2.8). 

)J;oKa3aTeJll»CTBO. 't~oep = lef + <j>(ef )wO, -r~Oef =le~+ 
+ <j>(e~ )wO, -r~Oe~ =le~ + <j>(e~ )wO. D 
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IlpeJVIo:JKeHHe 3.8. IlycTll: 1. w = w{ f 10 + w{ fJ° - paJJioxe­

H:ue BeKTopa w E V2 no 6aJHCY [f1, Ji] c: V2 B V2, w1 , w{ E R1; 
2. [f] = (h$, f1°, f 20) - HeOpTOHOpMHpOBaIIHl>lli:, HeHHepu:uam.­

Hblli 6aJ:uc trn:CJIOBoro KoMIIJieKTa V3 :::::> V2 ; 

3. al = w{ <l>(h$ ), Bf = w{ <l>(h$ ). 
Toma cmmr 't ~o B 6aJ:uce [fl .sIBIDieTC.si npeo6pa3oBairneM KaBam.e­

p:u nepBoro THna H HMeeT mm [2, 10, 11] 

'to/ = E + /1't0/ 
y y ' 

(3.37) 

!1't~f = [O 0 O; al O O; Bf O O]. 

,[(oKa3aTeJILCTBO. 't~h$ = lh$ + w{ <l>(h~ )f1° + w{ <l>(h~ )f2°, 
t~Of10 =Oh$ +lf10 +Of20, 't~Of20 =Oh$ +Of10 +lfi°- D 

KoMMemapHH: 1. det t ~ = 1. 
2. B .ItByMepHOM cnyqae Bee onpe.aeneHH.sI :u yTBepx.aeHH.sI 

OCTaIOTC.sI B CHJie c 3aMeHOH TpexMepHbIX o6'beKTOB Ha ,llByMep­

Hbie. 

3. lfa (2.10), (3.33) H (3.37) CJie.ayeT, 'ITO paCT51XeHH.sI H C,l(BHIB 

CaMOCTO.sITeJibHO .sIBJUIIOTC51 K-.aecpopMaTopaMH cpe,llbl. 

OcTaJJOCb noKaJaTb, 'ITO MHoxecTBo pacT51XeHHii (cxaT:uii) u_?> 
H C,I\BHI'OB 't ~ 51BillleTC.sI MHO:lKeCTBOM o6pa3yIOIIUIX rpynnbl nec}?op­

MaTOpOB GD~,(R, 3). 

IlpeJVI01KeHHe 3~9. IlycTh: 1. D$0 E GD~,(R, 3) - K-necj:>opMa­

TOp cpe,llbl Ha Ey E ,~ B 6aJHCe [eO]; 

2. w~o = D_?> - E - 6eCKOHe'IHO MaJlaB B HeKOTopoii TO'IKe 

q E Qn MaTPHUa H3 (2.10); 
3. K-.aecpopMaTOp D_?>, TaKOH 'ITO ,WUI ero npHpaJ.IJ;eHH.sI w_r> 

OTHOCHTeJibHO en:uHHI.lbI E E GD ~t (R, 3) :UMeeM: 

3.1 rang(D~o - E) = rang W_?> = 1, 
3.2 rang(D~ - E) =rang W_?> = 2, (3.38) 
3.3 rang(D~ - E) =rang 11D~ = 3; 
4. 't~? (i = l, 2, 3), u~ - c.aB:urn H pacT.sIXeHHe (cxame) 

(3.29), (3.34). 
Tor.aa: 1. B COOTBeTCTBHH c n. 3.1-3.3 [11]: 
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1.1. Dr' :: 't 00 HJIH Dr' :: ur, 
1.2. Dr' = 't tl~ 'to? HJIH Dr' = 't ~Ou~O' (3.39) 
1 3 DOO :: -rOO-rOo-rOO HJIH D00 :: -rOO-rOOuOO . . y y 3 y2cx?'l y y2 yl y . 

2. B rrpoTHBHOM crryqae Dy - roMoTeTIDI = qeHTpa.TILHLIH .n;H-

JiaTaTOp (3.31) 

(3.40) 

.IJ:oK333TeJILCTBO. .J:(oKaJKeM rrepBbrH CJI)"laH ( OCTa.TlbHhle CM. 

[11]). 

IlyCTL rang (Dr' - E) = 1::::) Ker(Dr' - E) = Aiy (dimAiy = 
= 2)::::) .,Wlll mo6oro BeKTopa hy = xO - yO E V2 c:: Aiy• x, 

y E E y E ~ ~' hy * 0 H3 paBeHCTBa (Dr - E )h~ = 0 IIOJI)"laeM 

Dr h~ = h~. Cne.n;oBaTe.TlbHO, KHHeMaTWieCKHH .n;ecpopMaTOp Dr 
OCTaBJllleT II03TleMeHTHO Ha MeCTe Aiy H, IIO orrpe.n:erreHIDIM (3.30), 

(3.35), Dr' = -r ~ HJIH Dr' = ur. D 

KoMMemapuu: 1. )lrnI mo6oro H3MepeHIDI acpcpHHHO-BeKTOpHo­

ro rrpocTpattcTBa BceneHHOH MexattHKH rrpe.n;CTaBJieHHe K-.n;ecpopMa­

TOpa B BH.lle cyrrepII03H{lHH MeHbIIIero KOJilf'leCTBa o6pa3yrolllHX 

(paCT.sJ:lKeHHH, C.llBHI'OB, ,f(HJiaTaTopoB) HeB03MO:lKHO. 

2. K-.n;ecpopMaTOpbl ur. 't~ (3.29) (3.34) .sJBJI.sJIOTC.sJ MaTeMaTH­

'leCKHMH MO.llemIMH rrpocTeHlllHX rrpeo6pa30BaHHH cpe.n;hl, OHH xe B 

cyrrepII03HllHH (3.38) (3.39) TaKOBbIMH He .sJBJI.sJIOTC.sJ. 

3. ECJIH peaJILHoe (cpH3lf'lecKoe) .n;ecpopMHpoBaHHe cpe.llbI OTJilf'IHo 

OT rrpocreHIIIero, TO MaTeMaTH'lecKOH MO.lle.TlblO JIHHeHHOH .n;ecpop­

MauHH cpe.llbI .sJBIDieTOI TOJibKO K-.n;ecpopMaTOp Dr' E Gn;1(R, 3). 
Pa31IO:lKeHIDI (3.39) .sJBJI.sJIOTC.sJ TOJK,l{eCTBaMH, H HX rrpaBbie 'laCTH He 

Hecyr HHKaKOH .llOIIOJIHHTe.1lbHOH HHcpOpMaqHH 0 .n;ecpopMHpOBaHHH 

pea.TibHOH cpe.llbl K TOH, KOTopyro co.n;ep:lKHT K-.n;ecpopMaTOp Dr'. 
4. )lrnI H3HaqaJibHO He.n;ecpopMHpOBaHHOH cpe.n;LI B OKpeCTHOCTH 

TO'IKH t = 0 (IIpH Ma.TlblX Wr') B paeeHCTBax (3.33) H (3.37) MO:lKHO 

HCIIOJib30BaTb MaTpHey .n;ecpopMaqHH cpe,f(bl B BH.lle (3.23). 
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3.4. TPAHCBEKTHBHO·.lUIJIATAD;HOHHLIE 
PA3.JIOJKEHIDI K-.IJ;Ecl>OPMATOPOB CPE.ll;bl 

3.4.1. TPAHCBEKIUIH, ,llHJIATAUHH, ,llHJIATATOPLI 
H rOMOTETIUI 

Cno:JKHblli BH.Il MaTpHU (3.29), (3.34) B npoH3BOJibHOM 6a3HCe 3a­
TPYJ:lHSleT HCilOJib30BaHHe K-,!le<jlOpMaTOpOB (2.10) B ,!laJibHelimHX no­

CTpoeHIDIX, a ¢opMHpOBaime 6a3HCOB, o6ecne'IHBaIOIUHX HX ynpo­
meHHe (3.33), (3.36), Tpe6yeT ,!lOilOJIHHTeJibHbIX Bbl'IHCJieHHH ,!lJISl 

KIDK.llOro BeKTopa hy E V3. BbIXO.ll H3 rrono:xceHIDI IIO.llCKa3bIBaeT BH.Il 
MaTpHU (3.33) H (3.36). CYTb 3TOH IIO.llCKa3KH B cne.ll)'IOIUHX onpe,!le­

neHIDix H YTBep:lK.lleHIDIX. 

Onpe.I{eJie1me 3.S. IlycTb: 1. Eij -(3 x 3)-MaTpHUa c e,llHHHueli 
Ha (ij)-MecTe H HYJUIMH Ha OCTaJibHbIX, i, j = l, 2, 3; 

2. qt0 E Qi' i, j = l, 2, 3 - CKaJUipHbIH napaMeTp, Bbl'IHCJieH­
HblH B TO'IKe y E E y B 6a3HCe [ e 0 ]. 

Tor.Ila: 1. K-.lle¢opMaTOp 

-c~o (qto) = E + d-c~o (qijo ), d-cio (qijo) = qijo Eii, (3.41) 

r,lle d-c~0 (qij 0 
)- 6. M.-MaTpHua (2.3) B TO'lKe qh0 = 0 e Qi, Ha3&I­

BaeTcjl mpaHc6eKifueu [9-11, 14, 43, 44]. 
2. t{Hcno qij0 E Qi Ha3&1saeTCjl apzy.MeHmo.M (napa.Mempo.M) 

mpaHC6eKijUU. 

KoMMeirrap1m: 1. feoMeTpH'leCKRjl H ¢H3H'leCKRjl mrrepnperauIDI 

TpaHCBeKUHH O'leBH,llHbl. J11060H: BeKTop h$ =(hp' hf' h~ )T' 33,llaH­

HbrH B 6a3HCe [eO] (2.5), K-.I{ecpopMaTop -c~0 (qij0 ) C,llBHraer BJJ;OJib KO­

op,wIBaTHOH OCH c HanpaBJieHHeM e p Ha BeJIH'IHHY qij 0 h J . IloCJie,ZJ;Hee 

o6cro.srrem.CTBo (nporropUHOHaJibHOCTh C.llBHra seKTopa h$ no i-xoop­

.I{HHaTe Be.JIH'IHHe ero j-xoopAHHaT&I c xo:a¢¢HUHeHTOM nponopUHO­

HaJibHOCTH qij0) )'Ka3bmaer Ha Ba:JKHbrH ¢H3H'ICCKHH ¢arr: ,lle¢opMa­

UIDI cpe.lll>I TpaHCBeKUHeH -c~0 (qij0 ) (T. e. C,llBHI') He CBO,llHTCjl K He3a­

BHCHMOMy HapaIUHBaHHIO i-KOOp,I{HHaTbI TO'leK cpe.lll>I Ha KOHCTaffTY. 
2. BaxceH ,!lJISl noHHMaHHjl .llaJI&Helimn:x rrocTpoeHHH H anre6pa­

H'lecKHli CMbICJI K-.lle¢opMaTOpa - C.llBHra (3.41). TpaHcse:KllHH 
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'tio (qij0 ) He3aBHCHMO OT pa3MepHOCTH peaJIH3yIOT O,llHH H3 BH,llOB 

3JieMeHTapH:&IX npeo6pa30BaHHH K-,llewopMaTOpa npOH3BOJI:&Horo 

BH,lla Dr1: )'MHO:lKeHHe cneBa -r:i0 (qij )D~ cKJia,n;:&IBaeT i-CTPO­

KY MaTPHU:&I D~0 c j-cTpoKoii, )'MHO:lKeHHoii Ha qffCJIO qij0 , )'MHO­

:iKeHHe crrpaBa Dr1-ri0 (qij0
) cKJia,o::&IBaeT j-cTOn6eu MaTPHu:&1 Dr1 

c i-CTOJI6UOM, )'MHO:lKeHH:&IM Ha qffcJIO qij0 [33]. 

3. IlpH .uecpopMHpOBaHHH cpe,ll:&I H3 He,llecpopMHpOBaHHOro Ha­

qaJI:&Horo COCTOjlHIDJ, comaCHO (3.27), ~apaMeTp TpaHCBeKUHH qij0 

rrpH6JIH:lKeHHO paBeH (i, j)-3JieMeHTy zj = az~i I ayJ MaTpHI.i;l>I ,lle­

cpopMaUHH A~= dz~O / dyOO (3.26) B ToqKe ye e.Y. 
4. MHO:lKeCTBO TpaHCBeKUHH He jlBJijleTCjl rpynnoii. 

Onpe~eJieHHe 3.6. IlycT:&: 1. Eii -(3 x 3)-MaTpHua c e.uHHHueii 

Ha (ii)-MeCTe H HyJijlMH Ha OCTaJI:&Hl>IX (i = 1, 2, 3); 

2. qf° E Ql' (i = 1, 2, 3) - CK~p. Bl>NHCJieHH:&IH B TOUe 

yeD~. 
Tor.Ila: 1. MaTpHua BH,lla 

d1o (q1°) = E + M1° (q1°), 
I I I I 

Adj0(qj 0 ) = (qf° -l)Eii, qf0 >0, 
(3.42) 

r.u;e AdfO (qfO )- 6. M. MaTpHUa B TOUe qf O = 1 Ha3l>IBaCTCjl ou.na­
maijueu (pacmRJKeHue.M qYO > l, cJKamue.M qYO < 1) A~Y 8 HanpaB­
JleHuu ef-KoopouHamHou ocu; 

2. qHCJIO qf O Ha3:&IBaCTCji apzy.MeHmO.M (napa.Mempo.M) ou.nama­
ijUU. 

KoMMeHTapuu. 1. MaTpHua dj° (qj°) jlBJijlCTCjl K-.u;ecpopMaTo­

poM cpe,ll:&I (MaTeMaTH"ICCKOH MO,lleJI:&IO .uecpopMHpOBaHIDI peaJI:&HOH 

cpe.u;:&I) TOJI:&KO B TOM ~ae, Kor.n;a .u;pyme BH,lll>I .necpopMHpOBaHIDI 

3TOH cpe.u;:&I OTCyrCTByIOT. 

2. Kax H B npe.n:&I.ll}'II(CM cnyqae, reoMCTPH"leCKWI H cpH3H"lecKWI 

HHTepnpeTauffjl .nHJiaTauHH oqeBH,llH:&I. OnepaTOp df 0 (qj 0 ) H3Meffjl­

eT (YBCJIH"IHBaeT qf0 > l, )'MCH:&waeT qf0 < 1) i-KOOp.llHHary JII06oro 

BeKTopa h~ = col {hf, h~, h~ } , 33,Il;aHHoro B 6a3HCe [ e O ], B qf 0 pa3. 
B 06011x cnyqWix ocymecTBJijleTcjl nepeHoc ToqeK cpe.n:&1 napan-
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JleJibHO O.UHOH H3 KOop.u1rnaTHbIX oceii, HO B OTJIH'IHe OT npe.uI>myme­

ro cnytlasI .ueiiCTBHe .URJiaTa.I.J;HH Ha BeKTOp CBO.UHTC.H K He3aBHCHMOM)' 

OT .upymx KOopnimaT H3MeHeHHIO ero i-KOOp.UHHaTbl H )'Ka3aHHOe 

H3MeHeHne M)'JII>THIIJIHKaTHBHO, a He a;m:nTHBHO. K-.uecpopMaTop 

dj 0 (qj 0
) pacT.s:mBaeT (ecnn qf 0 > 1), (c:xrnMaeT, ecnn qf 0 < 1) cpe­

lI.Y B HanpaBJieHHH ef-Koop.unHaTHOii OCH. 

3. )lmI IIOHHMaHIDI .UaJII>Heiiurnx IIOCTpoeHHH BaxeH H anre6pa­

H'leCKHii CMDICJI KHHeMaTH'leCKOfO .uecpopMaTOpa (3.42) . .D:RJiaTa.I.J;IDI 

dj 0 (qj 0
) peanH3yIOT O.UHO H3 3JieMeHTapHbIX npeo6pa30BaHHii K-.ue­

cpopMaTOpa npoH3BOJII>ttoro BHAa Df1 rr106oii pa3MepHocm: }'MHO­

:lKettne crresa dj 0 (qj 0 )D~o }'MHO:lKaeT i-cTgoKy MaTpHUDI Dr1 Ha 
qncrro q~o, }'MHO:lKettne cnpasa Dy00d~o (q~ ) }'MHO:iKaeT j-cTOrr6eu 

I Q } } 
MaTpHUI>I Df1 Ha qncrro qj [31-33]. 

4. Ilpn .uecpopMnpoBaHHH cpe.un1 H3 He.uecpopMnpoBaHHoro Ha­

qanI>Horo COCTO.HHIDI, corrracHO (3.27), qnCJIO qf 0 - 1 npH6JIH:lKeHHO 

paBHO (i, i)-3JieMeHTy zf = oz~i I oyp MaTpHUbl .uecpopMau;Hii 

L\~ = dzf1 / dy00 B ToqKe y E E-y-

Cne.zzyrorn:ee yrBepx.l{eHne ycTattawmBaeT CBR3b Mex,zzy rpynna­

MH .URJiaTaTOpoB D q (R, 3) H .URJiaTau;Hii D { (R, 3). 

Ilpe,!J,JIOJKeHHe 3.10. IlycTI>: 1. D q (R, 3) - rpynna .uRJiaTaTO­

poB; 

2. D { (R, 3) (i = 1, 2, 3) - rpynnI>I .URJiaTau;IDi: B ttanpaBJiemrn: 

i-KoopnnHaTHI>Ix oceii; 

3. p - onepaTOp nepeCTaHOBOK COMHO:lKHTerrew B IIpOH3Be.ueHHH. 

Tor.ua cnpaseMHBO crre.uyIOrn:ee yrBepx.l{eHne: 

(3.43) 

Onpe.u;eJIHB IIOIDITIDI TpaHCBeKUHii (3.41), ,D;liJiaTau;Hii (3.42) H 

H3yqHB HX OCHOBHble CBOHCTBa, nepeif.ueM K yrBepx,l{eHH.HM, CB.sI3bl­

BaIOrn;HM HX c pmee onpe.uerreHHbIMH IIOIDlTH.HMH o6pa3yIOIUHX 

(3.29), (3.34) rpynm1 K-.uecpopMaTOpoB GD~,(R, 3). 

Ilpe.!J.JIOJKeHHe 3.11. IlycTI>: 1. u~f - pacT.H:lKeHne (c:iKame) OT 

(K) COOTBeTCTByIOIUeii acpcpHHHOii IIJIOCKOCTH Azy B HaIIpaBJieHHH 

COOTBeTCTByIOIUeii IIp.HMOH B 6a3HCe [ef] (3.29); 
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2. 't ~ f - CABHr BAOJib COOTBeTcTByromeli acpcpHHHOH IIJIOCKO­

CTH A2y B HanpasneHHH COOTBeTcTByromero BeKTopa w E V2 (3.34) B 

6aJHCe [ef ]; 

3. -rt (qif ), d[f (q() - TpaHCBeKUIDI H AHnaTauIDI (3.41), 
(3.42) B 6aJHCe [ef ]. 

Toma: 1. K-AecpopMaTop u~f (s 6aJHCe [ef ]) (3.33) j!BJISleTCjJ npo­

mseAeHHeM (B mo6oM nop~e) JlByx TPaHCBeianlli H OAHOH AHITaTauHH 

BHAa (B 3aBHCHMOCTH OT BbI6paHHoro 6a3HCa [ e f J, HanpHMep: 

uOf = 'tyf (qYf )'tyf (qyf )dyf (qyf) = 'tyf (qyf )'tyf (qyf )dyf (qyf) = 
y - 21 21 31 31 1 1 - 12 12 32 32 2 2 -

= 'tyf (qyf )'tyf (qyf )dyf (qYf) (3.44) 
- 13 13 23 23 3 3 . 

2. K-AecpopMaTOp 't ~! (B 6a3Hce [ef]) gBflj{eTCM npomBeAeHHeM 

(s mo6oM nop~e) AByx TPaHCBeKD;HH BHAa (B 3aBHCHMOCTH OT BbI-

6paHHoro 6a3Hca [ef ], HanpHMep: 

'tf = 'tyf (qYf )'tyf (qyf) = 
y - 21 21 31 31 -

= -ri~ (qi{ )-rt;_ (q(i) = -ri~ (qi{ )'t~ (q~ ). (3.45) 

KoMMemapHH: 1. ITonyqeHHbie pe3ynbTaTbI noKa He ynpomaroT 

pemeHHe npo6neMbI TOJK,llecTBeHHoro pamo:x<eHIDI K-AecpopMaTOpoa 

cpeAbI Ha npocTeliurne coMHO:x<HTenH, TaK KaK TPYAHOCTH BbPrn:cne­

HIDI 6aJHCa [ef] (3.33) OCTaIOTCM npe:x<HHMH. 

2. BMecTe c TeM nonyqeHHbie pe3ynbTaTbl gsngroTCM KmO'IeBbIMH 

AJij1 pemeHHj{ npo6neMbI 3aMeHbI tte6onbmoro (1-3) KOnH'lecTBa 

o6pa3yromHx CJIO:x<Horo BHAa (3.39) B TO)l(AeCTBeHHblX pa3Jlo:x<eHIDIX 

K-AecpopMaTOpa Dr1 E GD;t(R, 3) Ha 6onbmee KOJIH'lecTBo 06paJy-

10mHx npOCTOro BHAa (TpaHCBeKD;HH (3.41) H AHnaTauHH (3.42)). 
~eg pemeHHj{ )'Ka3aHHOH npoGneMbl COCTOHT B IIOJIHOM OTKa3e OT 

Tp)'AOeMKOro llOCTpoeHIDI 6aJHCa [f] (3.37) H OTbICKaHHH anropHTMa 

M)'ITbTHTIJIHKaTHBHOro TO)l(AeCTBeHHOro pamo:x<eHIDI K-,n;ecpopMaTopa 

D~O E GD;t(R, 3) Ha npocTelimHe COMHO:x<HTenH B 3apattee BbI-

6paHHOM H IIOCTOj{HHOM Ha nepHO,U pemeHIDI 3aAatrn OpTOHOpMHpO­

BaHHOM GaJHce, HanpHMep HHepuHanbHOM [eO ]. 

B cneAyiomHx paJAenax AaHHOH rnaabl npe,n;CTaBJieHo pemeHHe 

noii npo6neMbl. 
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3.4.2. TPAHCBEKTHBHO·,lJ;lfJIATAUHOHHblE PAllIOiKEHWI 
I'PYililbl K·,!U:fllOPMA TOPOB CPEJJ:LI 
C HCIIOJIL30BAHHEM I'PYilil KABAJILEPH 

Ilpe.IVI01KeHHe 3.12. IIycn,: 1. E0 = (o0, [eD])- npoH3BOJILHasI 

(WUI onpe,IleJieHHOCTH - HHepUHaJILHasI) CHCTeMa KOOp.IlHHaT; 

2 yO( yO) yO( yO) yO( yO) yO( yO) 
. 't'21 q21 ' 't'31 q31 ' 't'23 q23 ' 't'13 ql3 - TpaHCBeK· 

UHH - npocTeH:nrne C,IlBHrH BeKTOpHoro npocTpaHCTBa B HanpaB-

JieHHH opTOB 6a3HCa [eO] c HOMepaMH, COOTBeTCTBYJOlllHMH nep­

BbIM HH,IleKCaM, Ha BeJmqHHbI, nponopUHOHaJibHbie KOOp,IlHHaTaM 

C,IlBHraeMoro BeKTopa, c HOMepaMH, COOTBeTCTBYIOlllHMH BTOpbIM 

HH,IleKCaM. 

Tor.Ila: 1. K-.IlecpopMaTopbI, .HBJUIIOlllHec.s: npoH3Be,IleHHeM .IlByx 

TpaHCBeKUHH BHJ{a 

yO( yO) yO( yO) yO( yO) yO( yO) 
't'21 qz1 't'31 q31 • 't'13 qt3 't'z3 q23 • (3.46) 

OCYllleCTBJUIIOT O,IlHOBpeMeHHbIH C.IlBlff cpe,Ilbl napaJIJieJibHO KOOp,IlH­

HaTHbIM IlJIOCKOCT.HM (e~' oO' e~) H (ep' oO' e~) COOTBeTCTBeHHO. 

2. Bb1IIIeYKa3aHHb1e KOOp.IlHHaTHbie nnocKOCTH K-.n;ecpopMaTOpbI 

(3.46) OCTaBJUIIOT Ha MeCTe Il03JieMeHTHO. 

3. MaTpHUbI-COMHO)KHTeJIH B (3.46) nepecTaHOBOtIHLI. BH3yaJIL­

HbIM npH3HaKOM nepeCTaHOBOqHOCTH TpaHCBeKUHH .HBJUieTC.H COBna­

,IleHHe nepBbIX HJIH BTOpbIX HH,IleKCOB. Anre6paH:tieCKH 3TO 03HaqaeT, 

tITO npH6aBJieHHe O,IlHOH H TOH )Ke CTpOKH (CTOJI6ua) K pa3HbIM 

CTPOKaM (CTOJI6UaM) He 3aBHCHT OT nop.H.n;Ka BbIIlOJIHeHH.H onepa­

UHH. <l>opMaJibHOe .IlOKa3aTeJibCTBO BbIIlOJIH.HeTC.H npoCTOH nposep-

KOH, HanpHMep: 't'~~ (qi? )'t'~? (q~~ )hO = 't'~~ (qi? )'t'~? (q~~ )(hp' 

h~, h~)T =(hf, hf +qi?hf, h~ +q~~hf)T. D 

KoMMemapuu: 1. B HHTerpaJILHOH reoMeTPHH MaTPHUbI BHJla 

(3.46) (6e3 pa3JIO:XCeHH.H HX Ha COMHOXHTeJIH-TpaHCBeKUHH) Ha3Ba­

HLI npeo6pa30BaHH.HMH R3 KaBaJibepH nepBoro THna [2, 11]. 3THM 

xe HMeHeM (BTOporo THna) Ha3BaHLI TPaHCBeKUHH 'ti~ (qi2°) H 
yO ( yO) 

't' 32 q32 . 

2. MHoxecTBa YKa3aHHLIX KHHeMaTH:qeCKHX .n;ecpopMaTOpoB c 

yqeTOM TPeTLero npe.Ilbl.n;Ylllero KoMMeHTapH.H 
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GKk(R, 3) = {-ri? (qi1° )-r~f (q§?) = -r~f (q§? )-ri? (qi1° )}, (3.47) 

GK1(R, 3) = {-rf~ (qi3° )-ri~ (qi~)= 't~~ (qi~ )-rf~ (qi3° )}, (3.48) 

GKh (R, 3) = { 't~~ (q§f )}, GK~(R, 3) = { -rf~ (qi2°)} (3.49) 

jJ:BJUIIOTC.sI M)'JI:&THIIJIHKaTHBH:&IMH rpynnaMH Kaaan:&epH nepBoro H 

BTOporo THila (BepXHHH m~eKc), HH:>KHHMH H BepXHHMH (HH:>KHHH 

HH,U;eKc). 

3. B CJIYllae B03,IJ;eHCTBHjJ: Ha cpe,zzy ommoirao:H TPaHCBeKUHH 

(3.41) IlOCJiemooi jJ:BJijleTCjJ: MaTeMaTHtleCKOH MOAeJI:&IO peaJI:&HOro (qm-
31NeCKOI'O AecpopMHpOBaHHjl (cABma) cpeA:&I. ECJIH K-AecpopMaTop 

D~O e GD~t(R, 3) npeACTaBHM B BHAe TO:>KAeCTBeHHo:H eM)' cynepno-

3HUHH (npOH3BeAefflijJ:) HecKOJibKHX TPaHCBeKilHH, TO noCJieAHHe, jJ:BJijl­

jJ:Cb OAHOBpeMeHHO AeHCTB)'IOIUHMH COCTaBJijJ:IOIUHMH K-AecpopMaTOpa, 

CaMH MaTeMaTHtlecKHMH MOAeJijJ:MH peaJI:&HOro AecpopMHpOBaHHjl cpeA:&I 

He jJ:BJijJ:JOTCjJ:. 

Ilpe.IVIOEeHHe 3.13. IlycT:&: 1. GD~t(R, 3) - rpynna K-Aecpop­

MaTopoB cpeA:&I E y ; 

2. GKn(R, 3), GK~(R, 3), GKk(R, 3), GK~(R, 3) - HH:>K­

HHe H BepXHHe rpynn:&I KaBan:&epH nepBoro H BTOporo THna 

(3 .4 7)-(3 .49); 
3. Dq(R, 3) - rpynna AHJiaTaTOpoB (3.43). 
TorAa: 1. CymecTByIOT wecT:& pa3IDl'IH:&IX TpaHcBeKTHBHO-AHJia­

TaI.lHOHH:&IX pa31IO:>KeHHH rpynnbI K-AecpopMaTOpOB JIOKaJI:&HO JIHHe:H­

HO HenpepblBHOH cpeA:&I c HCilOJib30BaHHeM rpynn Kaaan:&epH: 

GD~1 (R, 3) = 

= GKk(R, 3)GK1t(R, 3)GK1(R, 3)GK~(R, 3)Dq(R, 3) = 

= GKk(R, 3)GK1t(R, 3)Dq(R, 3)GK1(R, 3)GK~(R, 3) = 
= Dq(R, 3)GKk(R, 3)GK1t(R, 3)GK1(R, 3)GK~(R, 3) = 
= GK1(R, 3)GK~(R, 3)GKk(R, 3)GK1t(R, 3)Dq(R, 3) = 

= GK1(R, 3)GK~(R, 3)Dq(R, 3)GKk(R, 3)GK1t(R, 3) = 
= Dq(R, 3)GK1(R, 3)GK~(R, 3)GKk(R, 3)GK1t(R, 3). (3.50) 
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2. C)'lllecTByeT 324 pa3.11Ht:IHLIX nmmeMeHTHLIX moJKoecmeeH­

HblX TpaHCBeKTHBHO-]lHJiaTau;HOHHLIX pa3.1IO:XCeHHH mo6oro K-.n;ecpop­

MaTOpa Dr1 E Go;,(R, 3) Ha npocTeHmHe COMHO:XCHTeJJH-TpaHC­

Be1aum H .n;HJiaTau;HH THna (3.42). 

,lJ;OKalaTeJibCTBO • .[(OKa3aTeJJLCTBO yraepX<,UeHIDI OAHOBpeMeHHo SIB­

.illleTC~ OilHCaHHeM anropHTMa npaKTIReCKOro IlOCTpOeHHSI mo6oro H3 

324 BLillleyKa3aHHLIX TOX<,UeCTBeHHLIX noarreMeHTHLIX TpaHCBeKTHB­

Ho-.zumaTau;HOHHLIX pa3.1Io:xceHHil K-.n;ecpopMaTOpa Dr1 E Go;,(R, 3). 
1. IloKa:xceM, HanpHMep, 'ITO 

Dr1:: 't~H-r~8d$, Dr1 = {D8, i, j = l, 2, 3}; 

O yO( yO) yO( yO) yO( yO) 
'tyH = 't21 q21 't31 q31 't32 q32 ' 

O yO ( yO) yO ( yO) yO ( yO )• 
't yB = 't 13 ql3 't 23 q23 't 12 q12 ' 

d$ = df'°<qi°>di°<qr)dr<qr); 
qi? = D~1 I Df1 • q~~ = D~1 I Df1 • q~~ = ag2 I f3~2; 
q[3° = Df3 I yg3' q?_~ = f3~3 I yg3' q[2° = Df2 I f3~2; 

yO _DO yO _AO yO _ O • 
ql - 11' q2 - 1-'22' q3 - y 33' 

(3.51) 

a o _ vo vo vo I vo aO - vo vo vo I vo . 
32 - 32 - 12 31 . 11' 33 - 33 - 13 31 11' 

AO - vo vo vo I vo AO - vo vo vo I vo . 
1-'22 - 22 - 12 21 11' 1-'23 - 23 - 13 21 11 ' 

Yg3 = ag3 - f3~3ag2 I f3~2 • 

npHt:leM 3.n;ec1> Df1 * 0. 
Ilycn. B pe3)'JlbTaTe pemeHIDI ypaBHeHHH .n;HHaMHKH (rn. 4) H KH­

HeMaTH'lecKHX ypaBHeHHil (3.7) cpe.n;LI K-.n;ecpopMaTOp Dr1 = {D8, i, 
j = 1, 2, 3} (2.10) BLI'IHCJieH. BLmOJIHHM Bpy<IH)'IO noCJie)J;OBaTeJJLHO 

CJie.uyromHe MaTpH'IHLie onepau;HH (B1>moJIIDieML1e KOMnLIOTepoM), 

pearrn3YIQUUle anropHTM raycca 

yO ( yO )DOO - [DO DO DO . 0 AO AO • DO DO DO ]· 
't21 -q21 y - 11 12 13' 1-'22 1-'23' 31 32 33 ' 

,,.yo ( qyO ),,.yo ( qyO )DOO - [DO vo vo . 
•31 - 31 •21 - 21 y - 11 12 13' 
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0 f3~2 f3~3; 0 CX~2CX~3]; 

't~~ (-q§~ )-r~? (-q§? )-r~? (-qi? )Dr = 

= [Df1 Df2 Df3; 0 B~2 B~3; 0 0 Yg3J· 

IlponomKWI rayccoBCKHH rrpouecc, rronyqaeM .IlOKaJLmaeMLrn pe-

3YJILTaT 

yO ( yO) yO ( yO) yO ( yO) yO ( yO) 
't 12 -q12 't 23 -q23 't 13 -ql3 't 32 -q32 x 

yO( yO) yO( yO)DOO _ yO( yO) yO( yO) yO( yO) 
x 't 31 -q31 't21 -q21 d - ml ql m2 q2 m3 q3 ' 

H, CJie,!lOBaTeJILHO, c yqeTOM 't{/ (qij) = 't ij (-qij) (3.41) 

D~O = -r~f (qi? )-r~? (q~f) x 

x 't~~ (q§~ )-rf~ (qi3° )-r~~ (qi~ )-r?2 (qi2° )m~ · (3.52) 

B (3.52) m~ ,!lHaroHaJILHasI MaTpHua c aneMeHTaMH qj° Ha 

rnaBHOH ,!lHarOHaJIH, 0 3HaKe KOTOpLIX IlOKa HHqero He H3BeCTHO. 

Ho, no orrpeneneHHIO, D~ - K-.IlecpopMaTop 11, cnenoBaTeJILHO, 

MaTpHn;a 

A-lDOO = mOO 
y y ' (3.53) 

Ta.IOKe K-,!lecpopMaTOp (KaK KOHeqHoe rrpoH3Be,!leHHe K-,!lecpopMaTO­

poB). 

J:{HaroHaJILHruI MaTPHUa .SIBJISieTC.SI K-.IlecpopMaTOpOM TOI',!la H TOJILKO 

TOI',!la, Koma BCe an:eMeIITLI DiaBHOH ,!lHaroHaJIH IlOJIO)KH'feJILHLI (3.42), 
T. e. m~ = dr. D 

TaKHM o6paJOM, B paccMaTPHBaeMOM CJiyqae K-.IlecpopMaTOp D~ 
rrpH ,!leHCTBHH Ha rrpOH3BOJILHLIH BeKTOp h~ = xOO - yOO B Ey-OKpe­

CTHOCTH TOqKH y cpe.IlLI pacT.SIHeT (coJKMeT) ero KoopmrnaTLI OT (K) 

KOOp,!lHHaTHLIX IlJIOCKOCTeH B HarrpaBJieHHH HOpMaJieH K HHM H BLI­

IlOJIHHT 6 C,!lBHroB B HarrpaBJieHHH KOOp.IlHHaTHLIX oceH: c HOMepaMH 

l, 2, l, 3, 3, 2 Ha paJJIHqffLie BeJiffqHHLI, 3aBHC.SIII.J;He OT BToporo HH­

,!leKca H K03cpcpHn;HeHTOB TpaHCBeKI.J;HH, rrpnqeM Bee neiicTBH.SI rrpoH-
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30H.lzyr OJlHOBpeMeHHO, a He no oqepeJlH. Kruc )'Ka3:&1Banoc:o B:&IIIIe, 

nepetrnCJieHH:&1e onepauHH B cynepno3HIJ;HH He .S:BJUIIOTC5I MareMaTH­

qecKHMH MOJlemIMH KaKHX-JIH6o ¢H3ffqeCKHX npeo6pa30BaHHH cpe­

Jl:&I. EcnH 6:01 )'Ka3aHHoe nocneJJ;OBaren:&Hoe Jle¢opMHpOBaHHe 6:omo 

6:01 <i>H3ffqeCKH oc~eCTBHMO, TO Ha6JIIO)laTeJI:&, CB5I3aHH:&IH c CHCTe­

MOH KOOpJlHHaT' conyrcTByrow;eli Jle¢opMHpOBaHHIO cpeJl:&I, HMeJI 

B03MOXHOCT:& «BH)leT:&» nooqepeJlHO npOHCXOJljJ:IIl;He nepeqHCJieH­

H:&le JJ;HJiarau~m H CJlBHrn. 

2. Ilo):lcqer KOJiffqeCTBa TO)KJlecTBeHH:&IX rpaHcBeKTHBHO-)lHJia­

Taa;HOHH:&IX pa3no:JKeHHH K-Jle¢opMaropa Dr1 )'Ka3aHHOro BHJla oqe­

BHJleH: B Ka)l(JlOM H3 6 BapHaHTOB pa3JIO)Kemrn (3.50) JII06oH: 3JieMeHT 

rpynn GKk(R, 3)GK1I(R, 3) H GK1(R, 3)GKj(R, 3) JJ;aer 3 Ba­

pHaHra (3a cqer nepeCTaHOBOqHOCTH COMHOXHTeJieH: (3.46)) H rpyn­

Il:&I D q (R, 3) - 3 ! = 6 BapHaHTOB. Hroro: 6 x 3 x 3 x 6 = 324 Ba­

pHaHTa. D 

KoMMeHTapuu: 1. ApryMeHT:&I Bcex rpaHCBeKa;HH: B (3.50) 5IBJUI­

IOTC5I <i>YHKIJ;H5IMH 6e3pa3MepH:&1X 3JieMeHTOB K-Jle¢opMaropa Dr1 
(OTHeceHH:&IX K OJlHOM}' 3JieMeHTy Df1 -:f:. 0), a Bee 3JieMeHT:&I JJ;HJiara­

a;HH: B (3.51) 5IBJUIIOTC5I npoH3BeJJ;eHH5IMH 3JieMeHTa Dfi Ha <i>YHKIJ;HH 

ocran:&H:&IX 6e3pa3MepH:o1x :aJieMeHTOB Jle¢opMaropa Dr1. Truc JlJI5I 

(3.51) HMeeM 

yO _DO yO DO 'AO yO DO -o 
qi - 11• q2 = 111-122• q3 = 11Y33• 

yO DO 
q21 = 21' 

YKa3aHHoe nonoxceHHe coxpaH5IeTC5I JlJI5I Bcex 324 rpaHcBeKTHB­

HO-JlHJiaTartHOHH:&IX pa3nO:lKeHHH K-.ae¢opMaropa c 3aMeHOH B COOT­

BeTCTBYIOW:HX cnyqa5Ix 3JieMeHra Dfi Ha 3neMeHT:&1 D~2 HJIH D~3 • 
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2. KIDK.D;oe H3 324 pa3.1IoxceHHil K-Jle<t>opMaTOpa D~o co,llepxcHT 

9 He3aBHCHMbIX apryMeHTOB. Bee 324 KOMIIJieKTa yica3aHHbIX apry­

MeHTOB 3KBHBaJieHTHbl B TOM CMblCJie, 'iTO BbNHCJieHHble c HX IlOMO­

IllbIO npOI13Be,lleHIDI TpaHCBeKUHR H ,llWiaTaL{HH .sIBJISIIOTC.sI O.UHHM H 

TeM )l(e K-.1le<t>opMatopoM D ~. 
3. Ot1eBH.1lHL1 crre.uyromHe paseHcTBa: 

-r~~ (qi? )-r~f (q~~ )'t~f (q~f) = E + ti-r~o • 

0 0 0 

ti't~o = qi? O 0 , 

qyO qYO 0 
31 32 

-ri~<q{3°)-ri~<qi~)i:i~<q{~) = E + ti-r~0 • 
O qyO qyO 

12 13 

ti-r~0 = o o qi~ , 
0 0 0 

qf 0
- t o o 

d? : E + lid~, tid? = 0 qi°- 1 0 

o o qr-1 
Ilo)l;CTaBJI.sI.sI nonyqeHHbie npe)lcTaan:eHIDI o6o6meHHbIX onepaTOpos 

Kasa.TlbepH H .zumataropa (no onpe)l;eneHHIO (3.42)) B pa3.1IoxceHHe 

(3.51), nonyqaeM npe.ncTaBJieHHe .1lJl.sI K-.1le<t>opMaTOpa B Bf[.1le 

DOO :: 'to 'to d0 = (E + ti'tyo)(E + ti'tyO)(E + tid0) = E +WOO y yH yB Y H B y y ' 

4. EcrrH llti't~o ti'L'~0 11 = o(llti't~o M?ll) H: o(llti't~o M$11) H cpe­

na H3Ha'iaJibHO Hene<t>opMHpOBaHa (3.22), TO HMeeM 

WOO :::::: (ti'tyO + ti'tyO )d0 + MO (3.55) 
y H B Y Y 

83 



IDIH B j{BHOH cpopMe 3ailHCH 

woo~ y 

q yOqyO 
13 3 

q yOqyO 
23 3 

q yO 1 
3 -

(3.56) 

5. lfa Ma.JIOCTH BeJIH'iHH qij 0 
He crre.zzyeT Ma.JIOCTH He,!J;HaroHa.Jil>­

HbIX ~JieMeHTOB Dg K-.z:tecpopMaTOpa D~O, HO ecJIH H OHH Ma.Jil>I, TO H3 

(3 .51 ) rrorryq:aeM 

yO no /DO 
q21 = 21 11' 

yO DO /DO 
q31 = 31 11' 

yo no I no 
q32 = 32 22' 

yO DO /DO 
q13 = 13 33' 

yO DO /DO 
q23 = 23 33' 

yO DO /DO 
%2 = 12 22' (3.57) 

OTK}'.l{a CJie.z:tyroT COOTHOIUeHIDI 

D o yO Do yO yO Do yO yO 
11 = ql ' 12 = ql2 q2 ' 13 = q13 q3 ' 

D o yo yo vo yo D yo yo 
21 = q21 ql ' 22 = q2 ' 23 = q23 q3 ' (3.58) 

Do yO yO oO· yO yO DO yO 
31 = q31 % ' 32 = q32 q2 ' 33 = q3 ' 

BHemHe rroxm1me Ha 3.56. 
B coorneTCTBHH c paseHcTBOM (3.27) B paccMaTpHBaeMOM crry­

qae (Marroe ,n;ecpopMHpOBaHHe 6e3 Ha'laJibHl>IX .n;ecpopMau;Hli) rrorryqa­

eM CJieJI.yIDuzyro IIpH6mra:eHttyro CBj{3b Me)KJI.y .uecpopMa[(lijJMH H ap­

ryMeHTaMH CJI.BHrOB H 11.IDiaTaJJ;HH, )"IHTbIB~ COOTHOIIleHHe 

WH = z~ = .6ij (3.23): 

1 " - yO 1 1 _ " ::::: yO yO 1 _ " ::::: yO yO 
Z1 = ull - ql - ' Z2 - u12 q12 q2 ' Z3 - u13 ql3 q3 ' 

2 " _ yO yO 2 " - yO l 2 " - yO yO 
Z1 = uz1 - q21 ql ' Z2 = uz2 - q2 - ' Z3 = u23 - q23 q3 ' 

3 _ " _ yO yO 3 _ " ::::: yO yO 3 _ " - yO l 
Z1 - u31 - q31 ql ' Z2 - u3z q32 q2 ' Z3 - u33 - q3 - ' 

me qi0 
H qj0 

H3 (3.57). 
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li3 (3.58) CJie.IJYeT «I'OOMeTpH'lecIGIB CMLICJI» He.zm:aroHa.JThHhlX 3Jle­

MeHTOB MaJIOH Ma1plfilbl i:i:e<IJopMainlli: 3TO rrpOH3Bei:i:eHIDI apryMeHTOB 

'I'paHCBeraulli ( C'ABHrOB B,D;OJII> HarrpaBJieHHH OpTOB 6aJOBOH CHCTeMLI 

Koop.zm:aaT) H apryMeIITOB COOTBeTCTBYJOIIUIX ,wmaTarutif. 11m>IMH CJIO­

BaMH, )'Ka3aHHI>Ie i:i:ecpopMarnrn:, Aa.xe eCJIH OHH Ma.JThl, 3aBHC.srr B paB­

HOH CTerreHH OT C'ABHrOB H ,wmaTainlli. IlpH oqeHb Ma.JThlX ,wmaTauIDIX 

ti.ii ::::: 0 AecpopMarnrn: z) rrpaKTWiecKH OT HHX He 3aBHC.sIT H COBIIa,IJ;aror 

c apryMelITaMH (rrapaMerpaMH) C'ABHrOB-'I'paHCBeKI:(ltii (3.41). 
IlorryqeHHI>Ie pe3ym.TaTbl OTHOC.SITC.SI K OAHOMy H3 B03MOXHI>IX 

KOHKpeTHl>IX paJJioxeHHH K-i:i:ecpopMaTOpa, IIpH HCIIOJII>30BaHHH i:i:py­

rnx paJJIOXeHHH Toro xe K-AecpopMaTopa «feOMeTpH'leCKHH CMI>ICJI» 

ero HeAHaroHaJII>HI>IX 3JieMeHTOB 6y.o;eT i:i:pyrnM. EcnH y KaKoro-nH6o 

HBJieHH.SI 06Hapyx1rnaeTC.SI 6onee OAHOI'O «feOMe'I'pH'leCKOI'O CMI>IC­

Jia», TO 3TO 03HaqaeT, qTo Ha CaMOM i:i:ene reoMeTpH'leCKHH CMI>ICJI y 

3T0f0 .SIBJieHIDI OTCyrcTByeT BOo6me. 

IlocJieAHHH KOMMeHTapHH HBJI.SieTCH OCHOBaHHeM K crrei:i:yromeMy 

orrpeAeneHmo. 

OnpeAeJieHHe 3.7. IlyCTI>: 1. ApryMeHThI qij0 'I'paHCBe~-C'ABH-
roB B TO)K,IleCTBeHHOM pa31IOXeHHH K-AecpopMaTOpa Ma.JThI; 

2. Hei:i:HarOHaTII>Hl>Ie 3JieMeHTI>I K-AecpopMaTopa MaJII>r; 

3. Cpei:i:a H3HaqarrI>HO ttei:i:ecpopMHpoBaHa (D_?l (0) = E) (3.22). 

TorAa: 1. JleB.SITb He3aBHCHMI>IX cpyHICUHH v3 H vp -1 (3JieMeH-

TOB MaTpHI:.(bl L\D_?l, IIpHMepHO paBHbIX 3JieMeHTaM Ma'I'pHUhl )J:e­

cpopMall;HH dz~ / d00 = I\~ (3.23) Ha3l>IBaIOTCH o6o6~eHHbl.MU Ko­

opouHama.Mu JlOIWJlbHO JlUHeLtHO Oe</JopMupyeMOU cpeObl 8 mO'IK.e 

y E E y 6 MOMeHm opeMeHu t: 

qy = col{Df -1, D~l' D~1 , Df2 , ... , D~ -1}. (3.59) 

2. Mttoroo6pa3He Q9, ::meMeHTaMH KOToporo .SIBJI.SIIOTC.SI i:i:eB.SITKH 

o6o6meHHI>IX KOOpAHHaT H3 II. 1, HaJI>IBaeTC.SI K.OHtjJuzypaJ,f.UOHHbl.M 

MHozoo6pa3ueM (npocmpaHcm«oM K.OHtjJuzypaJ,f.uu) K(9) JIOKaJII>Ho 

JIHHeHHO H3MeIDieMOH HerrpepI>IBHOH cpeAI>I B TOUe y E E y. 

3. MHoroo6pa3He Q18 , 3JieMeHTaMH KOToporo .SIBJI.SIIOTC.SI 

(1 x 18 }-crnn6u;I>I x mma 

(3.60) 
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r.n;e q;, - (1 x 9)-cTOrr6eu, COCTaB.ITeHHLIH H3 CTOJI6UOB Ma1'pHU 

dv~ / dy00 = z~O· = ~~·, Ha3MBaeTC51 t}Ja30BbLM npocmpancmso.M 

nenpepblsnou cpeobl B mo11xe y E E Y . 

KoMMeHTapuu: 1. CrroBa «B TO'llKe y E E y » B npe.n;I>myIUeM 
onpe.n;erreHHH nrpaIOT BIDKHYJO pOJII>, TaK KaK norroxeHHe CaMOH TO'll­

KH y B Eo onpe.n;eJI5leTC51 TpOHKOH tIHCeJI yOO = (yp' y~' y~ )T. 
2. Ha CaMOM .n;erre ycrrosne (3.59) 5IBJI51eTC51 .n;ocTaTOqHI>IM WUI 

onpe.n;erreHH51 npocTpaHcTBa KoH<t>nrypaunii, TaK KaK ycrroBHe (3.60) 
51BJI5leTC51 ero crre.n;CTBHeM. 

3. JI106oii H3 9 3KBHBaJieHTHl>IX BI>lllleyKa3aHHJ)IX 324 Ha6opoB 

o6o6iueHHl>IX KOOp.n;HHaT (3.59) IlOJIHOCTl>IO H O.D;H03HatIHO onpe.n;e­
JUieT K-.n;eipopMaTOp D~ H, cne.n;oBaTeJII>HO, norrHOCTI>IO H o.n;H03Haq­
HO onpe.n;eJI5IeT norroxeHne pa,nnyc-BeKTopa h$ (t) rr106oii ToqKH cpe­
.n;I>r B MOMeHT BpeMeHH t npn H3BeCTHOM pa,nnyc-BeKTope h$ (t0 ) 

(3.8). 
4. IlpH TOx.n;ecTBeHHl>IX TpaHCBeKTHBHO-.n;HJiaTauHOHHLIX pa3rro­

xeHH51X K-.n;eipopMaTOpa D$° nOH51THe «BpaiueHHe» cpe.n;I>I He B03-
HHKaeT. 

5. Mccrre.n;oBaHHe TpaeKTOpHH <Pa30BOH TOqKH x(t) MeTO.D;aMH co­
BpeMeHHOH TeopHH KOJie6aHHH - B03MOXHI>IH nyTl> K IlOHHMaHHIO 

npoueccos TYP6yneHTHOCTH. 

Onpe.n;en:eHHe 3.8. K.n:accI>r pa3rroxeHHii rpynnI>r K-.n;eipopMaTO­
poB B (3.50) BH.n;a (c .n;HJiaTaTOpoM Dq(R, 3) B cepe.n;nHe pa3Jloxe­
HH51) 

GKk(R, 3)GKJt.(R, 3)(Dq(R, 3))GK1(R, 3)GKj(R, 3), 

GK1CR, 3)GKj(R, 3)(Dq(R, 3))GKk(R, 3)GKJt.(R, 3), 

Ha3MBaIOTC51 pa3JlO'JKeHUJlMU 5p10a [11]. 

KoMMeHTapu:H:. BH.n; paccMoTpeHHI>IX TpaHcBeKTHBHo-.n;HJiaTaun­
oHHMX pa3JioxeHHH K-.n;eipopMaTOpa D$° He e.n;HHCTBeH. 3TO TO­
JII>KO qacTI> pa3rrOXeHuii, norryqeHHI>IX c ucnorr&3oBaHHeM rpynn Ka­

BarrI>epn. 
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3.4.3. TP AHCBEKTHBHO·,llHJIA TAQHOHHblE PA3JIO:>KEHIDI 
fPYililLI K-,nE4>0PMATOPOB CPEJU>I C HCIIOJib30BAHHEM 
0606lllEHHOit fPYililLI KABAJILEPH 

Ilpe,!VloJK.elDle 3.14. MHoxecTBO Ma1'pHll 

GK (R 3) - { 0 • 0 - yO ( yO) yO ( yO) yO ( yO) -
H ' - 'tyH ''tyH - 't21 q21 't31 q31 't32 q32 -

= 't~~ (q§f )'t~f (qi? )'t~~ (q§f) = 't~? (qi~ )'t~~ (q§~ )'t~~ (q~? )}, 
GK (R, 3) { 0 . 0 yO ( yO) yO ( yO) yO ( yO) 

B = 'tyB · 'tyB = 't'13 ql3 'tz3 q23 't12 q12 = 

= 't~~ (qi~ )'ti~ (qi3° )'tif (qi2°) = 't~f (qif )'ti~ (q{2° )'tif (qi3°)} 

HBJUIIOTCH no.urpynnaMH rpynn TpeyroJibHblX (HHXHHX H sepxHHX) 
MaTpHl.\ c 3aKOHaMH )'MHOXeHHH 

't H (a1 'b1 'c1 )'t H (a2 'bz' cz) = 

= 't21 (a1)'t31 (b1)'t32 (c1) · 't'21 (a2 )'t 31 (b2 )'t 32 (c2) = 
= 't21 (a1 + a2 )'t31 (b1 + b2 + c1a2) · 't32 (c1 + cz ), 

't B (a1' bi' C1 )'t B (a2' b2' C2) = 

='t13(b1 +b2 +a1c2)·'t'23(c1 +c2)'t12(a1 +a2) 

H o6pallleHIDI 

'tiJ (a, b, c) = 't' 21 (-a)'t 31 (ac-b)'t 32 (c), 

-r_Bl (a, b, c) = -r 13 (ac - b)'t 23 (-c)'t12 (-a). 

,lloKalaTeJihCTBO Bl>InOJIHSieTC51 npocTOH nposepKOH. 0 

Onpe,neJielllle 3. 9. rpyrnn.1 GK H (R, 3) = GKk (R, 3)GK~ (R, 3) 
H GK8(R, 3) = GK1(R, 3)GK~(R, 3) Ha3bIBaIOTC51 o6o6iqeHHbLMU 
zpynna.Mu KaBM&epu (HWKHeit u BepXHeit). 

Ilpe,!VIOJK.e1D1e 3.15. CymecTB)'IOT wecT1> crrenyIOIIUiX npe.ucTaB­
rreHHH rpynn1>1 KRHeMaTH"lecmx .ue<t>opMaTOpoa cpe.zu,1 GD ~t (R, 3) 
Ha OCHOBe 0606weHH1>IX rpynn Kasarr1>epH: 

GD~t(R, 3) = GK8 (R, 3)GK8 (R, 3)Dq(R, 3) = 
= GK8 (R, 3)Dq(R, 3)GK8 (R, 3) = 
= Dq(R, 3)GK8 (R, 3)GK8 (R, 3) = 
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= GKs(R, 3)GKH(R, 3)Dq(R, 3) = 
= GKs(R, 3)Dq(R, 3)GKH(R, 3) = 
= Dq(R, 3)GKs(R, 3)GK8 (R, 3). (3.61) 

)lOK838Te.llLCTBO IlOBTOpB:eT ,!{0Ka3aTeJILCTBO (Il. 3.13) c yqeTOM 

nepecntHOBO'IHOCTH TpaHcBe.KIJ;HH c 0,I{HHaKOBLIMH nepBbIMll HJIH 

BTOpbIMH mmeKCa.MH (3.46). 0 

Onpe;J.e.neHHe 3.10. Pa:moxeHIDI rpynm,1 K-):(ecpopMaTopoB GD~, 
(R, 3) BH.lla 

GD~1 (R, 3) = GKs(R, 3)Dq(R, 3)GK8 (R, 3) = 
= GK8 (R, 3)Dq(R, 3)GK8 (R, 3) (3.62) 

Ha3LIBaIOTC.SI (aHaJIOIWIHO (0. 3.8)) pcl3JZO)KeHUJUtU Ep10a [11]. 

KoMMeHTapHH: 1. K-AecpopMaTOpLI H3 GKs(R, 3), GKH(R, 3), 
.n;eliCTByIOUUfe HH.l(HBHJlYWlbHO, ocymecTBJUUOT Cl{BHm cpe.n;bl napa.rr­

ITeJlbHO TeM xe KOOp.n;HHaTHblM IUIOCKOCTB:M (e~, oO' e~) H (ep' oO' 

e~), 'ITO H B npe,WIOXeHHH (Il. 3.12) COOTBeTcTBeHHO. 

2. B OTJIHqHe OT CJI)"laB: (3.46) Bblllle}'Ka3aHHLie KOOp.I{HHaTHLie 

IIJIOCKOCTH K-.I{ecpopMaTOpbI (3.62) OCTllBJISIIOT Ha MeCTe B a:enoM (He 

Il03ITeMeHTHO ). 

3. B K-AecpopMaTopax (3.62) COMHO)KHTenH-TpaHCBe.KIJ;HH c 

O,IUIHaKOBLIMH nepBblMH H BTOpbIMH HH.n;eKCaMH nepeCTaHOBOqHLI, 

qTo H OTpaxeHo B orrpeAeJieHHH. 

Ilpe,wio)KeHHe 3.16. ,llJur Toro qT061>1 MaTPHU:a A 61>ma K-Aecpop­

MaTOpoM (A= Df) cpe,llbI Heo6XO,llHMO H ,llOCTaTOqHo, qT061>r OHa 

HMena TpaHCBeKTHBHO-,llHJiaTaU:HOHHbie pa:moxeHIDI. 

,llOK838TeJILCTBO. QqeBH,llHO: ecnH MaTpHUaA npe,n;CTaBJieHa B BH,lle 

npoH3Be,ueHHB: TpaHCBe.KIJ;Hli - K-AecpopMaTOpoB ('t = E + /1 't) H K-Ae­

cpopMaTOpa-,llHITaTaTOpa (d = E + Ad), TO MaTpHUa A o6B:3aTeJibHO 

HMeeT BB.Il. A= E +ti A (me !i't ~ 0, !id~ 0, tiA ~ 0 B cooTBeTCT­

ByIOUUIX TO'IKax COOTBeTCTByIOUUIX MHoroo6pa:mli (2.3)) H, CJie.llOBaTe­

ITLHO, mumercB K-.n;ecpopMaTOpoM. H o6parno: eCJIH MaTpHUaA B:BJI5IeT­

C5I K-,llecpopMaTOpOM, TO OHa o6B:3aTeJlbHO (B CRITy anropHTMa (3.51)) 
HMeeT 0.l(HO H3 TpaHCBeKTHBHO-.DWJanUU{OHHbIX pa:moxeHHli. 0 
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3.5. IlOJUIPHLIE PA3JIO)KEHIDI I'PYDDLI 
K-,ll;ECl>OPMA TOPOB CPE,ll;LI 

CpeAH BCeB03MOXHLIX MYJILTHIIJIHKaTHBHLIX TPaHCBeKTHBHO-.ll;H­

rranmHOHHbIX pa31IoxeHHH K-AecpopMaTOpa (OKOJIO 600 BapHaHTOB) 

cpeAbl HeT HH 0,1.J;HOro, CO,ll;epxamero BpamaTeJibHhle COCTa.BJI.SlIOIIJ.He. 

EcTeCTBeHHO, B03HmcaeT Borrpoc o cym.ecTBOBaHHH. TaKHX pa3Jloxe­

HHii. OTBeT Ha 3TOT BOIIpoc IIOJIO)KHTeJieH H co.uep::KHTCjJ B )laHHOM 

paJnerre MoHorpacpHH. 

3.5.1. IIPABOCTOPOHHHE IlOIDIPHLIE PA3JIO:IKEHIDI fPYilllbl 
K-)1.E«DOPMA TOPOB 

IlpeJVIOJKelDle 3.17. IlycTb: 1. GS~t(R,3) c GD~t(R,3) -
Il0,1.J;rpyrrrra CHMMeTpHqecKHX K-,ueq10pMaTOpoB: 

GS~t(R,3) = {s?>: sr> EGD~t(R,3), s?> = s'}°·T}; (3.63) 

2. [e 5 ] - HeOPTOHOpMlq>OBaHHbIH, HeHHepl.UlaJibHbIH 6aJHC, co­

rryTCTB)'IOIII,illi AecpopMHpOBaHHIO cpeAbI (2.13), MaTeMaTINeCKOH MOAe­

JlblO KOToporo jJB]UlefC5J: CHMMeTPHqecKruI MaTPHUa s r> - MaTPHUa 

nepexo.n;a OT HCXO,r(HOI'O 6aJHCa (HarrpHMep, HHepl.UlaJibHOro) [eO] 

(Bepxmrn BeyrpeHHHii HHAeKc) K 6aJHcy [e 5 ] (HIDKHHif HHAeKc), Bbl­

qffCJieHHruI B HCXOAOM 6aJHCe [eO] (Bepxmrii BHemmrn HHAeKc): 

(3.64) 

3. so~t (R,3) c GD~t (R,3) - IIOArpyrrrra BpameHHH rpyrr1rn 

K-AecpopMaTOpOB 

SOq (R 3) = {c 55 • c55 E GDq (R 3) yt' d'd ty ,, 

c~sc~s,T = E, det c~s = 1; (3.65) 

4. [ed] - HeopTOHOpMHpOBaHHbIH 6a3HC, COnyTCTB)'IOIIJ.HH Ae­

cpopMHpOBaHHIO cpe.Ubl, MaTeMaTHqeCKOH MOAeJILIO KOToporo jJBJljJ­

eTCjJ MaTpHl{a c~s IIOBOpOTa HCXO.D;HOJ'O HeOpTOHOpMHpOBaHHOJ'O 6a-

3HCa [eS] (2.7) B 6aJHC [ed], BbNHCJieHHruI B HCXOAHOM 6aJHCe [e 5 ]: 

(3.66) 
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5. s'fc~s E GDfy (R,3) - K-.n:ecpopMaTop cpem.1, npeo6pa3yro-
1IlHH HCXO.ll:HbIH 6a3HC [eO] 8 6a3HC [ed], conyrcTB}'IOII.UIH o6meMY 

,llecpopMHpOBaHHIO cpe.n:1>1 (2.7): 

(3.67) 

Tor.aa: 1. HMee-r MecTo CJie.ll}'IOmee npaBoCTopoHHee nomrpHoe 
MYJibTHIUIHKaTHBHoe pa3JIO)l(eHHe rpynn1>1 K-.n:ecpopMaTOpos cpe.n:1>1: 

GDj1 (R,3) = GSj1 (R,3)SOj1 (R,3). (3.68) 

2. Il03JieMeHTHruI cpopMa 3anHCH TO)l(,ll;eCTBeHHOro pa3JIO)l(eHHSl 
(3.68) 8 6a3HCe [eO] HMeeT B~ 

D~ :: D~ :: s~Oc~s, s'f E GSj1 (R,3 ), c3j E S0j1 (R,3 ). (3.69) 

3. COMHO)l(l{TeJIH rrpaBOH qacTH TO)l(,ll;eCTBa (3.69) IIOJIHOCTbIO H 

O,!l;H03Ha"IHO onpe.n:erurIOTc.si CaMHM K-.aecpopMaTopoM D~ = D~ c 
HCIIOJlb30BaHHeM TO)l(,ll;eCTB [5, 11, 15]: 

sOO :: (DOO DOO,T )0.5 
s d d ' (3.70) 

c~s :: (s~O )-1 D~ :: (D~ D:l°•T )-0.5 D~. 

)J;oKa3aTeJILCTBO. IlycT1> D~ =AB HA 2 = D~ D:l°·T, cne.n:osa­
TeJibHO, A E GS yr (R,3 ), T. e. A = s'f. IloKa)l(eM, t1To B 3TOM cny­
qae B .siBJUieTc.si ffY)l(HOH HaM MaTpHQeli: 

1. B= A-lv~o~BBT= A-lD~(A-lD~)T= (s';o)-lD~x 

x D~O,T(s~'T)-1 = (s';o)-1A2(s~'T)-1 = (s';o)-ls'fs'f x 

x (s~0 • T )-1 = E; 
2. det(BBT)=detE~det2B=l~detB=±l. TaK KaK 

D~ - K-.n:ecpopMaTOp, TO det D~ > 0, a MaTpHQa s~O s pa3JIO)l(emm: 
(3.69) MO)l(eT 6b!Tb 3KBHBa.TieHTa TOJibKO .mmaTaTopy d~ (3.31) H, cne­

,!l;OBaTem,Ho, det s'f > 0 H det B = 1 ~ B E SO( R,3) ~ B = c~s. D 
II pH Me p: IlyCTD Ha IlJIOCKOCTH .n:eliC'fByer K-.n:ecpopMaTOp 

D?O = [0.4 0.28; 0.12 0.584]. TpaHcBeKTHBHo-.znmaTaQHOHHOe 

pa3JIO)l(eHHe K-.n:ecpopMaTOpa HMeer B~ D~ = 't21 (0.3) di (1.4) 
d2 (1.5) x -r 12 (0.7), T. e. YKaJaHHDm K-.n:ecpopMaTOp .siBJUierc.a: Henpe-
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pLIBHo:H cynepno3HUHe:H c,rumra pa,zncyc-BeICTopa mo6o:H TO'iKH cpe.zu,r 

no nepso:H Koop.zumaTe, paCT5DKeHHeM pe3)'JlbTaTa no o6eHM Koop,IUIHa­

TaM H C.IJ.BHra no BTopo:H KOOp,IUIHaTe. B pe3yrr&TaTe IlOrryqHM 

h$ = Df1hff = (0.68, 0.7Q4)T npH hff = (1, l)T. HecMOTJlSI Ha )le:Hcr­

BHe paCT51mBa.IOIUHX )lH1IaT~ B BbIIIIeyKa3aHHOM pa31IO:iKeHHH, HTO­

I'OBruI .wnma seKTopa }'MeHLIIIHJiacL llhffll = 1.4142, llh$11=0.9788. 
IloIDipHoe npaBOCTOpOHHee pa31IO:iKeHHe .llaHHOI'O K-.lleqlOpMaTO­

pa HMeeT BH.ll Df1 = s<fc~, r)le s<JO = [0.4398 0.2122; 0.2122 
0.5572], c~s = [0.987 0.1605; -0.1605 0.987]. Ilepsrui MaTpHua 

5IBJUieTc5I C:iKHMaIOIUHM )lWiaTaTopoM [0.2783 O; 0 0.7186], 3anH­

caHHLIM He B KaHOH:HlleCKOM 6a3HCe, BTOpa5I - MaTpHue:H Bpa:rueHH5I 

Ha yrorr a= - 9.23°. TaKHM o6pa30M, O)J;HH H TOT xe K-.lle¢opMaTOp 

MOXHO npe)lCTaBHTb B BH)le cynepno3HUHH C.llBHI'OB H paCT5IXeHHH 

cpe.llbI HJIH nosopoTa H cxaTHH 3TOH xe cpe.llLI. 

Ilpewio11teHHe 3.18. IlycTL: 1. s~O E GSyr(R,3)- CHMMeTpH­

qecKrui COCTaBJUIIOIUa5I K-.lle¢opMaTOpa cpe.llbl Df1 : D~O B npaso­

CTOpOHHeM IlOJI5IpHOM pa31IOXeHHH (3.69); 
2. [e~] - opTOHOpMHpOBaHHbIH 6a3HC H3 HOpMHpOBaHHbIX co6-

CTBeHHbIX BeICTopoB MaTpHUbI s~O (HH.lleKc r OTMeqaeT ¢aKT HCnOJib-

30BaHH5I npaBOCTOpOHHero pa31IoxeHH5I - right); 

3. A. }r , i = l, 2, 3 - co6cTBeHHLie ql{CJia MaTpHULI s ~o; 
4. c~r E O(R,3)- MaTpH~a opTOI'OHaJILHoro npeo6pa3oBaHH5I 

(det c~r = ± 1) HCXO.llHOI'O 6a3HCa (HanpHMep, HHepUHaJibHOro [eO]) 

K 6a3HCY [e~ ]: 

[e~] = [eO]c~r· (3.71) 

Toma: 1. CHMMeTp11qecKrui cocTaBJUIIOIUM s<JO B (3.70) B 6a3Hce 

[e~] 5IBJUieTC5I JlHJiaTaTOpOM c apryMeHTaMH JlHJiataUHH d~A (A.}7 ), 

i = 1, 2, 3 s BH.lle co6cTBeHHLIX qHcen A. }r MatpH~bI s <JO : 

sOA. = cOO,T sOOcOO = d0A. = cliag{A,Ar ,A.Ar ,A.Ar} (3.72) 
s A.r Sf..r s 1'2'3' 

2. MaTpHua c~~ E O(R,3) (3.72) cocTOHT H3 KOOPJlHHaTHLIX 

CTOJI6UOB HOpMHpOBaHHbIX co6cTBeHHbIX BeKTOpOB MaTpHUbI s<JO B 

6a3HCe [eO], 
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3. CHMMel'pWleCKaSI MaT1mua sr> E GSyt (R,3) c yqeTOM 

(3.72) HMeeT BH,n; 

(3.73) 

Lt:oKalaTeJILCTBO rrpe.wio:xcemui CJie.zzyeT HJ o6nwx TeopeM an­

re6pn1 06 opTOroHaJibHOH 3KBHBaJieHTHOCTH CaMOCOIIpSIX<:eHHbIX 

orrepaTOpoB [9].D 

Onpe~eJieHHe 3.11. oaJHC [e~] (3.71) Ha3bIBaeTC.Sl KaHOHUtte­

CKUM 6a3uco.M npaeocmop01mezo no.!l.RpHozo pa3JlO>KeHwi K-oe</Jop­

.Mamopa cpeiJbl D~. 

KoMMemapHH: 1. IloIDipHoe paJJio:xceHHe (3.69) c yqeToM 

(3.73) HMeeT BH,n; 

DOO = sOOcss = cOOdOA.cOO,T css (3.74) 
d s d /...rs /...r d' 

IlpHMep: )];mI MaTpHIJ:bl sr> = [0.4398 0.2122; 0.2122 
0.5572], H3 rrepBoro rrpe.n;I>JJzylllero rrpHMepa rro.JI)"IaeM 

d9"' = [0.2783 O; 0 0.7186]. 

IlpeNJ:01KeHHe3.19. IlyCTD: 1. c8i-MaTPHIJ:aBpameHIDI (3.69); 
2. C; (qr), i = 1, 2, 3 - MaTpHilbI IIpOCTeHIIIHX BpameHHH (5.6); 
3. qi - napaMeTp npocTeH:mero Bpam:eHIDI - yrorr 3Toro Bpa­

meHIDI (5.16). 
Tor.n;a: 1. HMeroT MecTo HeCKOJibKO ToX<.n;eCTBeHHbIX npe.n;cTaB­

rreHHH Mal'pHilbl c:/. HarrpHMep: 

KoMMemapHH: 1. PaJJio:lKeHIDI (5.6) TaKX<:e crrpaseMHBLI AJISI 

Mal'pHU BbillleYKaJaHHbIX .UOBOpOTOB c~ (3.75), eCJIH det c~ = 1. 
TRKHM o6pa3oM, ecrrH AJISI K-.n;ecpopMaTOpa D~ HcnorrLJoBaTI> To:xc­

.n;ecTBeHHoe rrpaBOCTOpOHHee IIOIDipHoe pa3JIO)l{eHHe (3.69) B BH.n;e 

rrocrre.n;oaaTeJibHO BblIIOJIH.SieMbIX rrpocTeHIIIHX Bpam:eHHH ( eCJIH 
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det c~ = 1) H mmaTau.HH, TO HX 6yneT 9 (TpH OCHOBHblX Bpam;eHIDl 

(Il.3.19), TpH a.IHIJIOfHtlHblX BpameHIDl B MaTPHl.{e c~ H TPH )J;HJiaTa­

u1m). Ho H rrpH 3TOM nom1pHoe pa3.1Ioxemrn 6yp;eT ocTaBaT1>C.sI 

«yx:pynHeHHbIM», Ta.K Ka.K KIDK,lllUI MaTPHUa npocTeH:wero Bpam;eHIDl 

MoxeT 6bITb eme pa3.1IoxeHa B rrpomBep;eHHe TpattcBeKUHH H p;Ima­

TauHH: (CM. pa3AeJI 3.4.). 
2. McrroJII>3YH orrpep;erreHHe rrpocre:Hmero Bp~eHH.sI (5.6) H o.n­

Ho H3 rrpe,u;CTaBJieHHH TpexMepHoro BpameHHH (Il.3.19), ,l{mI K-,l{e­

qmpMaTopa no.rryqaeM cJie.nyromee rrpoBOCTopoHee rroJIHpHoe pa3.1Io­

xeHHe: 

Doo = E + DJJOO y y ' (3.76) 

di-1 lih li1J 
tiD?° = ti~ 1 d2 -1 ti~3 + o(fi2 ), 

fiS31 fiS32 d3 -1 

me o(fi2) - cnaraeMbie rrop}l,I\Ka /ici tic j, /ici !id j H Bblme. 

3. c yqeTOM (3.76) ,l{mI MaTpHUbl .uecpopMau.HH rrpaBOCTOpOHHe­

ro IIOJIHpHoro pa3.1IOXeHHH rrpH6Jrn:XeHHO rro.rryqaeM 

ti~= dzoo / dyOO= [d1 -1 lih !i1J; ti~1 d2 -1 ti~3 ; 

!ijl li32 d3 - l]. 

4. EcJrn c~ - oprnroHanI>HOe rrpeo6pa30BaHHe (det coo = -1), 
TO ,l{mI MaTpHUbl .D;ecpopMau.HH (yqHTl>IBWI, 'iTO MaTPHUa !ic~!ic~·T' 
Boo6me roBop.sI, He o6H3aHa 6I>ITb 6eCKOHe'iHO MaJIOH (2.3) B TO'IKe 

y EE y) IIOJl)"laeM 

f),_00 = ficSS + cOO !),,d0Ac00·T + cOO fid0t..c 00·T ficSS. (3.77) 
Y d /..rYA.r A.rYA.r d 

ECJIH c~ - BpameHHe (det c£~ = 1), TO, HarrpHMep, ,l{mI ,UByMep­
HOro cnyqWI, rrpeHe6perWI cnaraeMbIMH rrop}l,I\Ka /)..cfidf),,c H 

fic/)..c/id!ic c pa3Hl>IMH HH)J;eKCaMH, IIOJiyqaeM 

r.ue Bee lie (c COOTBeTCTByIDIUHMH HH)J;eKCaMH) nerKO Bbl'iHCmIIOTCjl c 

HCIIOJib30BamreM cpOpM)'JI (5.8)-(5.10). 
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CpairneHHe (3.56), (3.77) H (3.78) noKaJ:&1saeT, "ITO MaTpHU:&I ,ae­

q,opMaIJ;HH npH pa3HbIX TO::>K,D;eCTBeHHbIX pa3JIOXeHIDIX K-.ae<t>opMa­

TOpa Moryr HMeT:& pa3H)'IO reoMeTp.H'leCK)'IO TpaKTOBKY H, cne.aosa­

TeJI:&Ho, HHK.aKOro peaJI:&HOro ,I{BHXeHIDI He MO,I{eJIHpyi<>T. 

5. 1-fa (3.78) CJie.nyeT, "ITO .aaxe npu Mani.ix ymax scex spame­

HHH H apryMeHTax ,I{HJiaTaIJ;HH npH npaBOCTOpOHHeM IlOIDipHOM pa3-

JIOXeHHH K-.ae<t>opMaTOpa 3JieMeHT:&I MaTpHUbl .ae<t>opMaIJ;HH 3aBHCfl 

He TOJibKO OT .ae<t>opMaIJ;HH-,I{HJiaTaIJ;HH B KaHOH.H'leCKOM 6a3HCe, .ae­

q,opMaIJ;Hii-spameHHH !lc~s (3.65), HOH OT HX nepeKpeCTH:&IX npOH3-

se.aeHHH. 

6. Ha OCHOBaHHH npe.ai.r,izymero Il)'HKTa ew;e pa3 OTMeqaeM, l:ITO 

npH npasocTopOHHeM IlOIDipHOM pa3JIO:XCeHHH K-.ae<t>opMaTOpa: 

6.1. .D:e<t>opMHpOBaHHe MaTepHana .HBIDJeTC.H He C)'MMOH He3aBH­

CHMbIX BpameHIDI H ,I{HJiaTaIJ;HH (KaK npHH.HTO Cl:IHTaTh), a .HBJUieTC.H 

HX npOH3Be,I{eHHeM, H, cne.aosaTeJI:&HO, 3JieMeHTbl Ma'rpHUl>I .ae<t>op­

MaIJ;HH .HBIDIIOTC.H <i>YHKUIDIMH 3JieMeHTOB o6eHX BbIWeyKa3aHHbIX 

Ma'rpHI~. 

6.2. MaTpHUbl .ae<t>opMaIJ;HH 3aBHC.HT He TOJibKO OT MaJiblX yrJIOB 

spaw;eHIDI !lc~s H .ae¢opMaIJ;HH-,I{HJiaTaIJ;HH B KaHOH.H'leCKOM 6a3HCe 

!ld~"-' HO H OT nepeKpeCTHOro HX BJIIDIHIDI H BJIIDIHIDI yrnoB nosopo­

Ta .ao KaHOH.H'leCKOro 6a3HCa Ile~ (B TOM l:IHCJle Heco6CTBeHHbIX op­

TOroHaJibHblX npeo6pa30BaHHH, soo6w;e He .HBIDIIOw;HXC.H K-.ae<t>op­

MaTOpaMH, no onpe.aeneHHIO (0.2.4.)). 
6.3. IlpH noIDipHOM pa3JIOXeHHH K-.ae<t>opMaTOpa B Ma'rpHL'(e .ae­

¢opMaIJ;HH C]lBHroB He cyw;ecTByeT. 

7. Ilpeo6pa:msauue CHMMeTp.H'lecKoli Ma'rpHUbl s ~ B .I{HaroHaJI:&­

HYIO c HcnoJib30BaHHeM co6CTBeHHbIX l:IHCCJI H se1cropos TaKXe He 

e.I{HHCTBemlO. Cyw;ecTByioT HeoproHopMHpOBaHH:&Ie 6a3HC:&I, B KOTO­

p:&IX 3Ta MaTPHUa TaKXe .aHaroHaJI:&Ha [9]. 

3.5.3. ll.H4>4>EPEH~LHblE YPABHEHIDl KHHEMATHKH 
HA I'PYIIIIAX GS~, (R,3) H so~, (R,3) 

B naparpaq,e 3.1 61imo nonyqeHo .aH<i><i>epeHUHaJI:&Hoe ypasaeHHe 

KHHeMaTHKH ua rpynne K-.ae<I>opMaTOpos cpe.ai.1 GD~1 (R,3 ), pacnOJia­

rwi: peIIICHHCM Dr' KOToporo, MOXHO Bbll:IHCJIHTb spamaTeJibayIO H 

CHMMeTpH':leCK}'IO COCTaB1lSl10w;He K-.ae<t>opMaTopa Df c HCilOJib30Ba­

HHCM TO)l(JleCTB (3.70). PeI1IeHHe 3a,z:tal:IH CB.H3aHO c aeo6XO,I{HMOCThlO 
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BLIIIOJilleHHSI 'rpynoeMKHX BLl'IHCJiemlli Ma'rpHLU>I (Dr' D~O,T )0.5 

(3.70). IlpasocropoHHee IIOID.lpHoe pa:mmKemre (3.69) K-JlecpopMaTOpa 

cpe.zn,1 Dr' rro3BOJilleT rronyqim, ewe o.zum anropHTM BLNHCJieHHSI co­

CTa.BJISIIOIUHX Ma1'pHLU>I Dr'. B JlaHHOM rraparpacpe rronyqeHLI Ma1'pHtl­

HLie .im<P<PepeHUHam.HLie ypaBHeHHSI (aHaJIOIWIHl>Ie (3.1)), peweHIDIMH 

KOTOpl>IX .sIBJISIIOTC.SI yKa3aHHLie COCTa.BJISIIOillHe. 

IlpeNIOlKelUle 3.20. IlyCTL: 1. Dr' = D~ = s'JOc:t, s'JO E Gs;t 
( R ,3 ), c ~s E SO ;t ( R ,3) - rrpasoCTopoHHee noIDipHoe pa:moxeHHe 

K-,n;ecpopMaTopa cpe.IJ;LI (2.9); 
2. Tox.AeCTBeHHOe pa31IoxeHHe Ma1'pHl.U>I dvr' / dy00 (3.1) Ha 

KOCOCHMMC1'pHtlCCKYIO H CHMMe1'pHtleCKYIO COCTaBJUIIOillHe HMeeT 

BH,IJ; (CM. 3.6) 

dv~O / dy00 = (dvr' / dy00) + [dv~O / dyOO ], 

(dvr' / dyOO) = O.S{dvr' / dyOO - (dvr' / dyOO )T }, (3.79) 

[dvr' / dy00] = 0.5{dvr' / dy00 + (dvr' / dy00 )T }. 

Toma cocTaBJUIIOWHe s90 H c~s K-JlecpopMaTopa D~ cpe,n;1>1 .SIB­

JUIIOTC.SI peweHIDIMH CHCTeMLI CJICJlYIOWHX .im<t><t>epeHUHaJILHl>IX 

ypasHeHHH KHHeMaTHKH Ha rpynnax Gs;t ( R,3) H SO ;t ( R ,3 ): 

s'JO· = [dvr' / dyOO]s'JO, c~s· = (dv~s / dy0s)c~s, (3.80) 

(dv~s / dy0s) = (s'JO )-1 (dvr' / dy00) s'JO. (3.81) 

)J;OK838TeJll»CTBO. c HCDOJIL30BaHHeM paseHCTBa (3.1) nonyqaeM 

D~' (D~ )-1 = (s<jpc~s) · (s<jpc~s )-1 = 
= (s<jp· c~s + s'jpc~s· )(c~s )-1 (s'JO )-1 = 

= sOO· css (css )-1 (sOO )-1 + sOOcss· (css )-1 (sOO )-1 = ssdd ss ssd d ss 

= sOO· (sOO )-1 + sOOcss· (css )-1 )-1 (sOO )-1 
SS SS SS d d SS ' 

YtIHTLIBa.SI paBeHcTBa (3.79) H (3.1), npHXO.llHM K ypasHeHH.SIM 
sOO· (sOO )-1 = [dv00 / dy00] sOOcss· (css )-1 (sOO )-1 = 

SS SS y 1 SS d d SS 

= (dv~O / dyOO), OTKy.lla H cne,llyeT ,llOKa31>1saeM1>IH pe3yn11TaT.D 
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KoMMemapuii. CKopocT1> mMeHeHIDI spamaTeJII>HOH cocTaBIDl­

romeH: c~s. K-necpopMaTOpa D~o npH npasocTOpOHHeM noruipHOM 

pa:mo)KeHHH, KaK H CJie,UOBaJIO 0)KH)J.aTb, onpeneJUieTC$1 He TOJibKO 

KococRMMeTpHtlecKoH: MaTpHUe:H (dv~O / dy00) (Kaic cqHTaJIH Komu 

H rerrI>MfOJibl{ (3.6)), HO H CRMMeTpHtleCKOH COCTaBJlj{IOI!leH s_?O 
K-neqJOpMaTOpa D~ B CH.II)' paseHCTBa (3.81), ~o CBH)J.eTeJibCTByeT 

06 OTCyrcTBHH KaKHX-JIH6o aHaJIOI'HH Mex,zzy JKa3aHHOH Bpaw;ruo­

m:e:H COCTaBilllIOlll;eH K-neq>0pMaTOpa D~o JIOKaJibHO JIHHeHHO H3Me­

ffj{eMOH HenpepbIBHOH cpe.u1>1 (3.80) H BpameHHeM a6cOJIIOTHO TBep­

.n:oro Terra (5.31) H TeM 6orree He cym:ecTByrow;Hx B npHpone <«1ac­

THI.{». Crre,n:oBaTerrbHO, TO)KJl;eCTBO KomH-re.rr1>Mrorr1>u;a He TOJI1>Ko 

He j{BJij{eTC$1 MaTeMaTHqecKOH MO.lleJibIO KHHeMaTHKH peaJibHOH cpe­

.llbl (KaK TO)KJl;eCTBO), HO OHO j{BJlj{eTC$1 OCHOBaHHeM K HeBepHOMY 

yrnep)KJl;eHHIO 0 pa:mo)KeHHH )'.{BH)Kefflij{ HerrpepbIBHOH cpe,nbl B 

OKpeCTHOCTH ToqKH Ha He3aBHCHMbie Bpaw;eHHe H ,[(HJianunno. 

3.5.4. JIEBOCTOPOllllHE IIOIDIPHLIE PA3JIOJKEHIDI 
I'PYIIIILI K-)U:cl>OPMA TOPOB 

Ilpe,!lJiolKeHHe 3.21. Ilycn. GSjt (R,3) H so;t (R,3) - rpyrrnI>I 

H3 (3.68), c~ E SOjt (R,3 ), s:J E GSjt (R,3 ). 
Tor.ri;a: 1. HMeeT MecTo CJie.nyrow;ee rreBocTopoHee nomipHoe 

MYJII>THIIJIHKaTHBHoe pa:mo)KeHHe rpyrrrr1>1 K-.ri;ecpopMaTOpoB cpeJll>I 

[9, 43, 44]: 

(3.82) 

2. Il03JieMeHTHasI cpopMa 3aIIHCH TO)K,Il;ecTBeHHOfO pa:mo)KeHH$1 

(3.82) B 6aJnce [eO] HMeeT BHJJ. 

D~: c~s~s. c~ E SOjt(R,3), s~s E GSjt(R,3). (3.83) 

3. CoMHO)KHTeJIH pa:mo)KeHHj{ (3.83) norrHOCTI>IO H O.llH03Haqao 

onpeJleJij!IOTC51 caMHM KHHeMaTHtleCKHM JtecpopMaTopoM D~: 

s~s ::: (D~·T D~ )0.5, c~ : D~ (D~·T D~ )--0.5. (3.84) 

.l(oKa3aTeJ1LCI'BO. IlyCTh v~o = BA HA 2 = D~o,r D~ "· crre.ri;osa­
TeJibHo, A E GSjt (R,3 ), T. e. A= s~s. IloKIDKeM, qro B HRmieroi Hy)K-
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HOH HaM Ma'Tpm:teH:: B = D9° A -1 =>BT B :: cn90 A -1 )T D~o A -1 = 
= (sds )-1 D;f ·TD~ (s~s,T )-1::: (sds )-1A2 (s~s,T)-1 = (sds )-1 sds X 

x sds(sds )-1 = E =>BE SO~t (R,3) => B := c_?O.O 
IlpHMep. IlyCTh Ha IDIOCKOCTII .n:eiiCTBYe:r TOT xe K-.n;ecpopMatop, 

'ITO H B npHMepe npe,n:b~ero naparparpa Dr1 = [0.4 0.28; 0.12 
0.584 ]. TpattcBeKTHBHo-nruiatai.m:oHHoe pa3noxeHHe K-ae<PopMaTopa 

HMee:r BH.D: Dr1 = i: 21 (0.3)d1 (l.4)d2 (l.5)i: 12 (0.7). B pe3ym.tare 

IlO.ny<rnM h~ = D~h~ = (0.68, 0.704)T, h~ = (1,l)T. 
lleBOCTOpOHHee IlO.mipHoe pa3JlO:lKeHHe .Il:aHHOro K-.n;erpopMaTopa 

HMeeT BH,n: D~O = c~Os~C' r)le s~C = [0.3756 0.1826; 0.1826 
0.6214], eds = [0.987 0.1605; -0.1605 0.987]. Ilepsrui Matpmi:a .s.1B­

.JU1eTc.s.1 C:lKHMaIOIUHM .n:w:raTaTOpOM [0.2783 0; 0.7186], 3aIIHCaH­

HbIM He B KaHOHH'ieCKOM (nosepttyrOM Ma'fPHUeH c~) 6a3HCe, BTO­

pa.s.r - MatpHu;eH: spameHIDI Ha yron a= - 9.23°. TaKHM o6pa3oM, 

KaK H B npeA1>mym;eM npHMepe, Ha,n: cpeAOH BbIIlOnH.s.leTC.51 cynepn03H­

I.UDI apaw;emm H ,n:IDiaTaTOpa c reMH xe co6ctaeHHI>IMH 'lliCJiaMH, Ho a 

o6paTHOM nop5I,n:Ke. 3To npHHQHilHaJibHO pa3Hble .ii;eikTBH.s.I Ha,n: cpe­

.n:on: cttaqarra, ttanpHMep, BeKTop h1 = (1, J)T C)l{HMaerc.si:, a 3areM 

noBopa'IHBaerc.s.1. MHI>IMH cnoBaMH, oneparop1>1 .zi:Hnararop H Bpaw;e­

HHe y o60HX IlO.mipHI>IX pa3nO)KeHHH K-.zi:erpopMaropa O,n:HHaKOBbl, HO 

.zi:eHCTB}'IOT Ha pa3Hble BeKTOpbl TaK, 'ITO pe3YJILTat coammaer. 

Ilpe,!UlolKeHHe 3.22. Ilyct1>: 1. ss; E Gs;, (R,3) - cHMMetpH­

qecKa.si: cocrasn.si:roma.s.r K-necpopMaropa cpenn1 D~ (3.83); 
2. [et] - opTOHOpMHpOBaHHbIH 6a3HC H3 HOpMHpOBaHHLIX co6-

CTBeHHbIX BeKTopoB Ma'TpHQbl sds (l - left); 
3. A.}l, i = 1, 2, 3 _:_ co6cTBeHHLie 'iHCJia MaTpHULI sds. 
Tor.ii;a: 1. CHMMetpH'ieCKa.s.r coctaBJI.slIOIUWI sds K-AecpopMatopa 

cpe.n;bl DCf a 6a:mce [ef] aBIDierc.s: .IJ:HnararopoM c apryMeHTaMH .n:H­

nataQHH dd~ (A.}'), i = 1, 2, 3 B BH,Ue co6CTBeHHbIX 'iHCeJI A.}l MatpH­

D;bl sds: 

(3.85) 

2. OproroHaJII>HWI Marp11ua c~[ rrepexo.n:a or 1:1cxoattoro 6a:mca 

[eS] K 6a3HCY [et] COCTOHT H3 KOOpl{HHaTHLIX CTOJI6D;OB HOpMHpO­

BaHHbIX co6cTBeHHbIX BeKTOpOB MatpHULI sds B 6a:mce [eS]: 

[et J = [es1crz. (3.86) 
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,ll;OK333TeJlbCTBO rrpe,WIO)KeHIDI CJieeyeT H3 061IlHX TeopeM aJI­

re6pLI 06 opTOfOHaJILHOH 3KBHBaJieHTHOCTH CaMocorrp.sixeHHLIX 

orrepaTopoB. D 

Onpene.11e1me 3.12. Ea:mc [et] (3.86) HaJLIBaeTc.si KaHOHwte­

CKHM 6aJHCOM JieBOCTOpOHHero IIOJI.sipHoro paJJIOXeHH.sI K-AecpopMa­

TOpa cpe.D;LI. 

KoMMemapHH: 1. neBOCTOpOHHee IIOJI.sipHOe Pa3.JIOXem1e K-ii;e­

cpopMaTOpa c yqeTOM (3.86) HMeeT BH,ll; 

(3.87) 

2. KaHOHH'leCKHe 6aJHCLI [e~] H [et] (3.71), (3.86), B KOTOpLIX 

CHMMeYpH'leCKasI COCTaBJl.sIIOIIlasI K-necpopMaTOpa cpe.D;LI D:JO HMeeT 

BH,ll; ,IUUiaTaTopa, COBIIa.D;aIOT H Ypa.D;Hl.J;HOHHO Ha3bIBaIOTC.sI fJiaBHbIMH. 

Ilpe]J.11oJKeHHe 3.23. IlyCTL: 1. D~o = c'fs~s. c'f E SOjr(R,3), 
c~s E GSjt (R,3) - JieBoCTOpoHHee paJJioxeHHe K-ii;ecpopMaYOpa 

cpe.D;LI (3.83); 
2. ToX,ll;eCTBeHHoe paJJIO)KeHHe MaYpmu.1 dv$0 / dy00 (3.6) Ha 

KOCOCHMMeYpH'leCKYJO H CHMMeTpH'leCKYJO COCTaBIDIIOIIlHe HMeeT 

BH,ll; 

dv$0 / dyOO = (dv$° / dy 00 )+ [dv$° / dyOO], 

(dv$° / dyOO) = 0.5{dv$° / dyoo - (dv$° / dy00 )T }, (3.88) 

[dv$° / dy00] = 0.5{dv$° / dyoo + (dv$° / dy00 )T }. 

Tor.l{a cocTaBIDIIOIIlHe c'f H s:J K-ii;ecpopMaYOpa D~ cpeii;LI .sIB­

JI.sIIOTcg peweHH.sIMH CHCTeMbl CJieAYJOIIlHX AHcpcpepeH:QHaJibHblX 

ypasHeHHii KHHeMaTHKH Ha rpyrrrrax GS& ( R,3) H SO 6. ( R ,3 ): 

cfjO· = (dv$° / dyOO )c'f, s~s· = [dv$s / dy0s] s~s, 

(3.89) 

,ll;OK333TeJlbCTBO. c HCIIOJib30BaHHeM ypaBHeHH.sI (3.1) IIOJiyqaeM 
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D~' (D3° )-1 = (c'JOs:/ )· (c?Os:f )-1 = 

= (c'JO' s:/ + c'JOs:t )(s~s )-1 (c'JO )-1 = 

= c'JO' sds (sds )-1 (c'JO )-1 + c'JOsds· (s:f )-1 (c'JO )-1 = 
= cOO· COO,T + cOO sss· (sSS )-1 (cOO )-1 SS Sd d S' 

C yqeTOM (3.6) H (3.89) rronyqaeM 

c'JO' /[1·T = (dv~O / dy00 ), c'JOsds· (sds )-1 (c'JO )-1 = [dvr> / dy00], 

OTKy.n;a H cne.n;yeT .D;OKa3bIBaeMbm pe3yJibTaT. 0 

KoMMemapHii. CKopoCTb H3MeHeHHSI cHMMeTPH'IHOH cocTa.BIDI­

romeii sds. K-.o;eqiopMaTOpa D~ rrpH neBocropoHHeM rroJUipHoM pa3-

noxeHHH, KaK H CJie){OBaJIO OXH.n;aTb, onpe.o;emieTC.SJ: He TOJibKO MaT­

pHQe:li [dv$° I dy00] (KaK C'IHTaJIH Kom:e H reJibMI'OJibQ (3.6)), HO 

H spamaTeJibHOH COCTaBJUIIOIUeii K-.n;eqiopMaTOpa D~ B CHJiy paBeH­

CTBa (3.89), 'ITO, KaK H B cnyqae rrpaBOCTOpOHHero paJJioxeHH.SJ: 

(3.80), CBHJ{eTeJibCTByeT 06 OTCyTCTBHH KaKHX-JIH6o aHaJIOrHH Mex­

.n;y JKa3aHHOH CHMMeTPH'leCKOH COCTa.BIDIIOIUeH K-,n;eqiopMaTOpa D~o 
H CHMMeTpH'leCKHM .n;eqiopMaTopoM «pa3MOpoxeHHOH 'laCTHUbl» 

cpe.n;b1. 

3.5.5. l>ECUHPKYIDIUHOHHAH (IIOTEffIUIAJILHAJI) 
,l(Er!>OPMAIUUI CPE,IJ;LI 

Onpe,aeJieHHe 3.13. IlycTb: 1. A2 y - a<ti<tiHHHO-BeKTopmui: 

IIJIOCKOCTb, CO){epxamasi TO'IKY y; 
2. y: [a, b] ~ R2 - <iiHKCHpOBaHHbtii B E0 HerrpepbIBHbIH, Ky­

co'IHO rmwrnH: 3aMKHyTblH y(a) = y(b) IIyTb c HOCHTeJieM (Heno­

,nBH:xan.IM B E 0 ) B E y ; 

3. zO (y) - pa,u.eyc-BeKTOp npoH3BOJibHOH TO'IKH z B Eo, IIpH­

Ha,D.Jiexameii HOCHTeJIIO IIyTH y; 
4. v~ - none CKopoCTeH cpe.rtbI B Ey ( 3.4) OTHOCHTeJibHO Eo B 

6a3HCe [eO], 

co = vOO · dzOO x 

- 1-qiopMa, rropo:lK){aeMasI seKTopaMH v~ H dzoo [14]. 

(3.90) 
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Tor)la KpHBOmrneii:HbIH HHTerparr OT cpopMbI OJ B)lOJib rryrn y: 

f f 
y(b) 

cO = OJ= (vOO · dzOO) 
v y y(a) z 

(3.91) 

ml3oIBaeTcll IJUPKy.lTJlfJUeu 6eKmopa v~ cKopocmu 600Jlb Hocume.lTJl 

nymu. 

llpeMOlKeHHe 3.24. IlyCTo: 1. Ey E~~. yO EEo, yOO ER3; 
2. 8 r (y) - OTKpbITbIH map pa,ueyca r c Hatia.ITOM B ToqKe 

yEEY E~~. 8,(y) ero 3aMbIKaHHe .B D~,8,(y)= 
= 0 r (y) U dO r c E y, dO r - rpaHHI.la map a 0 r (y) ( ccpepa pa.Aeyca 

r), r = II zOO - yOO ll z E ao r; 
3. 8~ (y) - ceqeHHe 3aMKeyTOro mapa 8, (y) KOOPllHHarnoii: 

IVIOCKOCTbIO c HarrpaB.IDIIOW:HM opTOM e9 E [eO ], i = 1, 2, 3 (3aMKH}'­
- l 

Tblii: Kpyr pa.Aeyca r) c rpaHHI(eii: ao~; 

4. vr> - KOOp,UHHaTHbIH CTOJI6eI( B 6a3HCe [eO] BeKTopa CKopo­

CTH v~ ToqKH y ED~ cpe)lbl OTHOCHTeJibHO CHCTeMa KOOp,IlHHaT Eo. 
Tor)la: 1. U:HPKYIDII(Hll c0. BeKTOpa v~ CKOpOCTH B,!J;OJib HOCHTe-
- VI 

JUI ao~ rryTH y: (0, 21t] E R3 rrporrop1umHarroHa IVIOW:3JlH 3aMKttyTO-

ro Kpyra 8, (y): 

c~i = c~i (y)nr2. (3.92) 

2. Ko3cpcpHI(HeHThI rrporropI(HOHa.ITbHOCTH c~i B (3.92) HMeIOT BHA 

c~1 (y) =av~ I ay~ - av~ I ay~, c~2 (y) = avp I ay~ - av~/ ayp, 

cO - avO/ ayo - ovO oyO v3 - 2 1 1 2 · (3.93) 

.D:oKa3aTt~Jn.CTBo. IlycTo i = 3, zoo = II rcy, rsy, OllT, dzOO = 

=II- rsy, rcy, 0 UT dy, c =cos, s =sin, 

co (y) = Jy(b) (vOO . dzOO) = fy(b\dvOO / dyOOzOO . dzOO) = 
v3 y(a) z y(a) Y 

Jy(b) (grad vO · zOO )dzo + f y(b) (grad vO ·zoo) dzO = 
y(a) yl 1 y(a) y2 2 

= nr2 (ov~ / ayp - avp I ay~ ), 
r)le yqTeHo, qTo f s2xdx = -1/4s2x + 1/2x, J c2xdx = 1/4s2x + 
+ 1/2x, J sxcxdx = - l/4c2x. D 
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Orrpe.n:e.n:eHHe 3.14. IlyCTL 1-cpopMa ro = v2° · dz00 (3.90) TO'!Ha B 

TO'iKe y E ~ ~ [ 14 ], T. e. y TO'IKH y cymecrayeT OKpecTIIOCTh E y' B KOTO­
poif cpopMa ro HMeeT nepBoo6pa3H}'IO cp(y) E Cl (Ey ), dcp (y) = ro [14]: 

ro = v~O · dzOO =grad cp(y) · dzOO. (3.94) 

Tor.n:a: 1. IlepBoo6pa:mrui cp(y) cpopMbI ro Ha3bIBaeTc.sI JtOKa.JUr 

Hbf.M nomeHIJU<l.Jlo.M oetjJop.Ma!Juu cpeobl (B TO'IKe y ED~). 
2. .[{ecpopMaIIIDI cpe.n:bl D~ Ha3bIBaeTc.si JtOKaJtbHO nomeHIJUa.Jlb­

HOU (s ToqKe y ED~). 

Onpe.n:e.n:eHHe 3.15. IlycTb 1-cpopMa ro = v~O · dz00 (3.94) 3aM­

KHYTa (rroKarrI>Ho ToqHa) Ha D~, T. e . .n:rr.si mo6oii ToqKH y ED~ HaH­
AeTc.si E-OKpeCTHOCTb E y' B KOTopoii cpopMa (J) HMeeT rrepsoo6pa3H)'IO 
cp(y) E Cl (E): 

ro(y) = v~O · dzOO = grad cp(y) · dzoo. (3.95) 

Tor.n:a: 1. IlepBoo6pa3HruI cp(y) cpopMbI ro Ha3bIBaeTc.sI nomeHIJU­

<l.JlO.M .n:ecpopMaIIlrn cpe.n:I>I. 
2. .[{ecpopMaIIIDI cpe.O:bl Ha3bIBaeTC.sI nomeHIJUa.JlbHOU. 

KoMMeHTapHii. EcrrH .n:ecpopMaIIIDI cpe.n:I>1 rroTeHa:Harra, TO oHa H 
JIOKaJibHO noTeHUHaJibHa. 06paTHOe - HeBepHO. 

IIpe.n:JIOJKeHHe 3.25 . .[{rr.sI Toro TI06b1 ,I1;ecpopMHpOBaHHe cpe,!l;bI 
6bIJIO noTeHUHaJibHbIM (JIOKaJibHO IlOTeHUHaJibHbIM), Heo6XO,!l;HMO H 
,!l;OCTaToqHo, qTo6bI OHO 6bIJIO 6eCUHPKYJI.sIUHOHHbIM (JIOKaJibHO 6ec­

UHPKyJI.sIUHOHHbIM): 

c~l (y) = av~0 I aygo - av~0 I ayr1 = 0, 

ce2 (y) = avfO I ay~O - avr1 I ayfD = 0, (3.96) 

C~3 (y) = av?1 I ayp0 - avfO I ay?1 = 0 . 

.l(oKa33TeJILCTBO. He 0 6 x 0 .n: HM 0 c Tb: .[{eHCTBHTeJibHO, rryCTL ,!l;e­
cpopMaIIH.sI cpe,!l;bI rroTeHUHaJibHa ro = v~O · dz00 =grad cp(y) · dz00 
(3.95). Toma ,!l;JI.sI UHPK}'JI.sIUHH c~ = J Y ro (3.91) rrorryqaeM 

c~ = J Y ro = J Y (grad cp(y) · dzOO) = 0, (3.97) 

OTKy.n:a H CJie,!l;yeT .O:OKa3bIBaeMbIH pe3YJibTaT. 

101 



,[(ocTaToqHocT1>: YCJIOBIDI (3.96) .sIBJUIIOTC.sI .uocTaTOqHJ>IMH 

JQISI 3aMKHyrOCTH cpopMbI (J) = v~ . dz00 H, CJie,llOBaTeJibHO, JQISI cy­

m:eCTBOBaIIIDI l10TeHIJ;11ana CKOpOCTH cpe,llbl B OKpeCTHOCTH JII06oii 

TOqKH).0 

. Ilpe,WiolKeHHe 3.26. )l.rnI Toro 'IT061>1 .uecpopMaI.lIDI cpe.u1>1 61>ma 

6ecu;HpKYJI.sil.{HOHHa (110TeH[{HaJibHa), Heo6xo,llHMO H ,llOCTaTOqffO, 

qT061.1 61>mo BLmorrHeHo O.llHO H3 CJie.uyrom:nx ::1KBHBaneHTH1>1x yCJ10-

s11ii: 

1. B 110JI.sipH1>1x pa3rroxeHIDIX K-.uecpopMaTOpa cpe.u1>1 D~ (rre­

socropoHHeM (3.83) H 11pasocropoHHeM (3.69)) OTcyTCTBYJOT spam:a­

TeJI1>H1>1e COCTaBJI.sIIOIU:He c~ H cf: 

(3.98) 

2. K-.uecpopMaTOp cpe,llbI D~ .siBJUieTc.si CHMMeTpffqeCKOH MaT­

pHueii 

Doo = sOO = sss = sOO -t Doo E GSq (R 3) d c d d d yt , . (3.99) 

.lloKalaTeJILCTBo. He o 6 x o .u HM o c T 1>: IlyCTh .uecpopMaI.J;IDI cpe,llbI 

6ecQHPK}'IDlllHOHHa (110TeHQHaJibHa) (3.94), (3.95). Toma cpopMa 

(3.94), (3.95) 3aMKHyfa, T. e . .sIBJI.sieTC.sI 110JIHl>IM ,llHcpcpepeHQHaJIOM 110-

TeHQHana. B 3TOM crryqae mrrerpan cpopMbI (3.97), T. e. QHP.K)'Jl.SmIDI 

C ~, 110 JII060MY 3aMKHyfOMY HOCHTeJIIO rryrn C ffY:lKHLIMH CBOHCTBaMH 

paseH H}'JIIO. 3To 03HaqaeT paseHCTBO H}'JIIO Ko::icpcpHl.{HeHToB UHPKYJUI­

UHH (3.96) H, cne.uoBaTeJibHO, paseHCTBO H}'JIIO KOCOCHMMeTpffqecKHX 

MaTpHIJ; (3.79) B ypasHeHIDI (3.80) H (3.89), 110po)KJleHHbIX 3THMH KO­

::icpcpHl.{HeHTaMH. Oncy.ua H cne.uyeT ,llOKa3b1BaeM1>tii pe3ym.TaT c TOqffO­

CThIO .llO Bb16opa 110CTO.sIHHOro HHepQHWibHOfO 6aJHCa. 

,[( 0 c Ta T 0 q H 0 c Tb IO ,llOKa3bIBaeTC.sI aHanornqffbJMH paccyx.ue­

HIDIMH B o6paTHOM 110pMKe.D 

Ilpe,WiolKeHHe 3.27. IIycTL .uecpopMaQIDI cpe,llbI 6eCUHPKYJI.sIUH­

OHHa (110TeH[{HaJibHa) (3.96), (3.97). 
Toma: 1. MaTpHIJ;a cKopocreii .uecpopM3rnm cpe,llb1 CHMMeTpffqffa: 

t:.0· = t:.O• ,T -7 dv00/ dy00 = (dv00/ dy00 )T y y y y . (3.100) 
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2. Ma11mua necpopMamlli cpe.IU>I CHMMe-rpwrna: 

~~ = ~~,T =[dz~ I dy00 J. (3.101) 

3. )lJuI Ma-rpHULI .uecpopMauHii HMeeT MeCTo npe.ucnumeHHe: 

dz~/ dyOO =[dz~/ dyOO] = 
= 1/2[dz~/ dyoo +(dz~/ dyOO)T], (3.102) 

HJIH B KOOp.l:(HHaTHOH cpopMe 3anHCH 

z! = E ·· , zi. = z! = 0.5y .. 
I II J I I}' 

(3.103) 

Y ii = Y ji = z~ + z(. 

,ll;OK83aTe.1IbCTBO. c HCilO.JIL30BaHHeM TOXJJ:eCTBa (3.88) IlOJl)"laeM 

~~· = dv~ / dyOO = (dv~ / dy00) + [dv~ / dyOO] = [dv~ / dyOO], 

~~ = f X[O,t]dv~ /dy00µ 1 (dt) = f X[O,t][dv~ /dy00]µ 1 (dt) = 

=[dz~/ dy00 ]. o 

KoMMemapHH: 1. B crroBa «OTcyrCTBHe Bpam;aTerrLHLIX cocraB­

IDIIOillHX B nom1pHL1x pa3JloxeHIDIX ... » He crre.zzyeT BKJia.rtLIBaTL no­

norrHHTeJI1>Horo CMLICJia K TOM)', qTo B HHX 3aJIOXeHO H3HaqarrLHO, 

T. e. He crre.uyeT nyraTL Bpam;aTe.JILHLie COCTaBIDIIOillHe B 0,1.l;HOM H3 

MHomx B03MOXHLIX pa3JloxeHHii K-,1.1;ecpopMaTOpa c pearr1>HLIMH Bpa­

IlleHIDIMH JIOKaJILHO JIHHeHHO H3MeIDieMOH HenpepbIBHOH cpenDI, KO­

TOpLie OTCyrCTBYIOT BO Bcex crryqruix, ecrrH cpe.ua He a6COJIIOTHO 

TBep.uoe TeJIO. 

2. JleBOCTOpOHHee (3.83) H npOBOCTOpOHHee (3.69) pa3JIOJKeHIDI 

K-,1.1;ecpopMaTOpa npH 6eCUHPKYIDIUHOHHOM (rroTeHUHaJILHOM) necpop­

MHpOBaHHH cpe,l.l;LI D'f = s~ = s:f = s'f COBila,I(aIOT. 

3. J.(HcpcpepeHUHaJILHOe ypaBHeHHe KHHeMaTHKH 6eCUHPKYIDIUH­

OHHOro (noTeHUHaJILHOro) necpopMHpOBaHIDI cpe.IU>I HMeeT BH,1.1; (3.1), 
(3.80), (3.89) 

D~· = [dv~ / dy0 ]D~. (3.104) 
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3.6. AMHTHBHbIE PA3.JIOLKEHIDI CKOPOCTEH 
TO~K CPE)U>I 

3.6.1. TPAHCBEKTHBHO-.l(HJIATAU:ROHHLIE PA3JIOlKEHWI 

Ilpemi:oJKeBHe 3.28. 1. CymecTsyeT oKono 600 a,rui:HTHBHbIX 

TpaHCBeKTHBHO-.n;HJiaTauHOHHbIX pa3IIOXeHHH seKTOpa rrpHpaw;eHIDI 

CKOpOCTH ~v~ = v~ - vr> rrpOH3BOJibHOH TO'IKH cpe.n;bI x E Cy 3a 

cqeT ee .n;ecpopMaUHH Ha npocTeHmHe cnaraeML1e c HcnoJib30BaHHeM 

TOJK,IJ;eCTBeHHbIX M}'libTHIUIHKaTIIBHbIX pa3IIOXeHHH K-.n;ecpopMaTOpa 

D~ E GD~t (R,3) (3.50); 
2. YKaJaHHoe paJJioxeaHe .srBJISieTc.sr nHaeliaoii KOM6HHauHeli 

CKOpoCTeli q"!.0' H q~O· rrapaMeTpOB TpaHCBeKUHH H ,D;HJianu.1.Hli c 
I} I 0 0 

K03cpcpHUHeHTaMH B BH.n;e BeKTOpOB vt H v;i , anropHTMbl BbNHCJie-

HIDI KOTOpbIX 3aBHC.sIT OT THna pa31IOXeHIDI K-.n;ecpopMaTOpa cpe)lbI 

D~, H, aanpRMep, AJUI pa31Io:lKeHIDI (3.51) 

D OO- ,..yO (qyO),..yO (qyO),..yO (qyO),..yO (qyO),..yO (qyO)_,.yO (qy0)d00 
d - "21 21 "31 31 "32 32 "13 13 "23 23 "12 12 y 

HMeIOT BH,11; 

yO -E yO( yO)hO 
V21 - 21 't21 -q21 Y' 

yO _ yO( yO)E yO( yO) yO( yO)hO 
V31 -'t21 q21 31't31 -q31 't21 -q21 Y' 

yO_ OE ( 0)-lhO(l/ yO) yO_ OE ( 0)-lhO(l/ yO) Vyl -'ty 11 'ty y ql ,. .. ,Vy3-'ty 33 'ty y q3 . 

,lloKa3aTeJJLCTBO yTBepJK,11;eHH.sI OJJ;HOBpeMeHHO XBJI.sieTCX OilHCa­

HHeM anropHTMa npaKTlfqeCKOfO IlOCTpoeHIDI JII06oro H3 BhllIIeYKa-

3aHHblX pa:moxeHHH. ~cpcpepeHUHpy.sr no speMeHH pa:moxea11e 

(3.51) H no.n;cTaBJIX.sI peJyJILTaT s (3.4), nonyqaeM 

~vOO = vOO - vOO = DOO· (DOO )-1 ho = x x y d d y 

yD yO· yO yO· yO yO· yO yO• yO yO· = = V21 q21 + V31 q31 + · · · + v12 q12 + vyl ql + · · · + vy3q3 

(3.105) 

r.I:(e CyMMHpOBaHHe B rrepsoli CYMMe BeAeTcx no (i, J)-HH.n;eKcaM pa3-

noxeHIDI (3.51), a BO BTOpoli CYMMe - no i = l, 2,3.D 
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KoMMemapHii. IIpH HcnoJib30Bamm Tpa11caeKTHBHo-.rnmaTauH­

oHHJ>IX pa3lloXeHHH Eproa K-.necpopMaTOpa D:JO Tima (3.62) cpopM)'­

na (3.105) npHHHMaeT B~ 

£l00 = vOO - vOO = DOO· (DOO )-1 ho = ~ .. ( v!.o - v~O) q!.O· + 
X X y d d y L.J1J I} I} I} 

+ ~ v!oqro· 
£..ij I I ' 

yqHTbIBasI, rrro q~O· = q}t 'me B nepBOH C}'MMe HMeeTC.S: TpH CJiara­

eM.bIX. 

3.6.2. IIOIDIPHLIE PA3.JIOX\EHIDI 

IlpeNJolKeHHe 3.29. IIycTb pa3IIoxeHHe rreaocTOpoHHeii upama­

TeJibHOii coCTaamnomeii c~ K-.ne¢opMaTopa D~ E GD~ (R3) Ha 

npocTeiinrne COMHOXHTeJIH-BpameHIDI HMeeT B~ (3.83) 

(3.106) 

r,IJ;e 8rO -yrJibl npOCTeHWHX IlOBOpOTOB BO BpamaTeJibHOH COCTaB­

JUIIOineii c?J K-.necpopMaTopa D1' E GM~t (R,3 ). 
Toma: 1. Pa311oxem1:e cKopocrH .u:ecpopMHpOBaHWI cpe,D;br 

tlv_?> = v,?> - v~ B Ey, OKpeCTHOCTH TO'IKH y ED~' HMeeT B~ 

(3.107) 

Ko::icp¢mi;HeHTbl wj° B pa3llOXeHHH (3.107) HMeIOT B~ 

wY 0 - (e0)h0 wY 0 - c (8yO )(e0)cT (8yO )hO 
i - 1 Y' 2 - 1 1 2 1 1 Y' 

wiO =Ct (8fO )C2 (8~0 )(e~)cf (8~0 )cf (8[° )h~. (3.108) 

,UoKa3aTem.cTBo. D:JO' (D~o )-1 = (c'JOs~s )- (c'JOs~s )-1 = 
= cOO· COO,T + cOO sss· (sSS )-1 COO,T 0CTaJIOC.b BOCil0Jlb30BaTbC.sI pe-s s sd d s · 
3YJibTaTaMH (5.7) H (5.31).D 
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3.6.3. I'EOMETPH11ECKMI HECXGIMAEMOCTh CPE.zn,I 

Onpe,lleJieHHe 3.16. noKaJILHO JIHHeHHO HJMeIDieMruI cpe.ua Ha-

3LIBaeTca zeoMemputlecKu HeC:»cUMae.M.ou e mo'llKe y E E Y, ecJZu 

zpynna K-oeq10p.M.amopoe GD~1 (R,3) Ha Ey coenaoaem co ceoeu 

cneijuaJlbHou noozpynnou 

GD~1 (R,3)=SD~1 (R,3)= {D~ :detD~ =1}. (3.109) 

Ilpe.1V101KeHHe 3.30. ,I:VDi Toro 'IT06L1 cpe.ua 6Lma reoMeTplflle­

cKH HeC:xrnMaeMOH, .IJ;OCTaTO'iHO 'iT06LI 6LIJIO BLIIlOJIHeHO OAHO HJ 

.UByx ycJIOBHH: 

1. IlapaMeTpLI J];HJiaTaQHH (3.42) paBHLI e.z:i:HHHIJ;e 

qj° = 1, i = 1, 2,3; 

2. Orrpe.nenHTeJib ,aHJiaTaTOpa (3.43) paBeH e,aHHHIJ;e: 

det d~ = niqj
0 = i. 

(3.110) 

(3.111) 

,lloKa3aTeJILCTBO. IlyCTL det D~ = 1, OTKYJJ:a cne,eyeT, 'ITO 

det d~ = 1, TaK KaK rrpH mo60M TO)K,!{eCTBeHHOM paJJioxeHHH K-.z:i:e­

cpopMaTOpa (3.50), (3.61), (§3.5) orrpe.D:eJIHTeJIH OCTaJlbHl>IX COMHO­

XHTerreH: (TpaHCBeKUHH, BpameHHH H npoH3Be,JJ;eHHH opToroHaJIL­

HLIX rrpeo6pa30BaHHH) paBHLI e,ll:HHHn;e. Ho ecJIH det d~ = 1, TO 

det d~ = Iliqj0 = l, B qaCTHOCTH qj0 = 1, i = 1, 2, 3.D 

Ilpe.1V101KeHHe 3.31. IlyCTL cpe.na E Y reoMeTplflleCKH HecxHMae­

Ma. 

Toma: 1. Mepa ne6era Ha O'-anre6pe '~ HHBapllaHTHa OTHOCll­

TeJILHO rpynm1 K-,necpopMaTOpOB SD~1 (R, 3); 
2. ,lllmepreHIJ;Ha BeKTopa CKOpOCTH cpeJJ:LI paBHa ttymo: 

div0 vg<> = 0. (3.112) 



4. 3JIEMEHTLI ,lUDIAMHKH JIOKAJILHO 
H3MEIDIEMOit HEIIPEPLIBHOH CPE,!(LI 

4.1. YPABHEHIDI MEXAIDfllECKoro COCTORHIDI 
HEilPEPLIBHOil CPE,l(LI 

Onpei.en:eHHe 4.1. IlyCTL: 1. dz~ I dyOO = {ozp I oyJ} = {z~ }, 
i' j = 1, 2, 3 - npOH3BOJUIWI BeKTopa nepeMellleIDUI z~ JIOKalThHO H3-
MeIDieMOH cpe)J.bI B Totnee y E E Y no Pa.IUIYC-BeKTOpy yO 3TOH TO'IKH B 

6a:m:ce [eO] HHepima.nLHOH CHCI'eM.bI KOOp,!J,HJlaT B MOMeHT BpeMeHH 

t ET (3.14), (3.17) (MalpHUaJlecpopMaimii cpe)J.bI B TO'iKe y E EY npH 
YCJIOBHH (3.23)); 

2. (dz~ / dyoo )· = {z~} · = Ll~· (t) = dv~ / dyOO - cKopoCTL 
H3MeHeHIDI npoH3BOAHOH dz~ / dyOO, coBna.AaIOlllruI c (3 x 3)-MaT­

pmie:H cKopocTeii )leq,opMaimii Ll~· H npOH3BOJlHOH dv~ / dyOO = 
= { v~} JIOKaJILHO H3MeIDieMoH: cpe)lb1 B roqxe y E E Y B 6a3HCe [eO] 
HHepUHaJibHOH CHCI'eMbI KOOp,!J,HJlaT B MOMeHT BpeMeHH t ET (3.14), 
(3.17); 

3. Z~ -(9X1)-cron6eu, COCTaBJleHHbIH H3 CTOJI6UOB MalpHUbl 

dz~ / dyoo = {z~} (cro116eu Aeit>opMaimii cpe)J.b1 npH yCJIOBHH 
(3.16)) 

(4.1) 

4. V~ - (9X1)-CTOJI6eu, COCTaBJieHHbIH H3 j-CTOJI6U,OB 

v9 = col{v~ v~ v~} MaTnrn•1..1 dv00 / <iyOO = 11 vO I vO I vO II JY J' J' 1 ·r....., y ly 2y 3y• 
z~· = vyo (3.17): 

vyo = col{vf, v[, v[, vi, ... , vj }; (4.2) 

5. (TYO) - (9x1)-cron6eu, cocrawieHHLrn H3 i-cron6u,os 

Ti~ = col{T8, Ti~, Ti~} (2.43) A-AecpopMaropa TYO= llT1~1 Tfyl Tfyll B 
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TO'!Ke y E Ey B 6a:mce [eO] 1rnepl.lHaJibHOH CHCTeMbI KOOp):{HllaT Eo B 

MoMeHT BpeMeHH t E T: 

Tl~ T2~ T3ol 

TYO = Tl~ T2~ TR2 , 

Tl~ T2~ T3o3 

(4.3) 

(4.4) 

6. x~ (Z~, z~·, Pyt ,ey,) = col{v~ (Pyt ), cp~ (Z~, z~· ,eY,)} -
CTOJI6el.l qHCJIOBbIX cp)'HKilHH, 3aBHC5Ill{HX HJIH TOJibKO OT .z:taBJieHH51 

IlacKClJUI Py = Pyt (CTOJI6ell v~ (Pyt )) HJIH OT 3JieMeHTOB CTOJI61.la 

Z~, HX CKOpOCTeH z~· , KOop.zurnaT TQqKH y E E y B 6a3HCe [eOJ 

HHepllHaJibHOH CHCTeMbI KOOp.z:tHHaT H TeMnepaT)'pbl 9 yt ( CTOJI6el.l 

cp~(Z~.z~· ,ey,)); 
7. FYO ((TYO), z~, z~· ' x~) - (9 x 1)-cron6ell crcamipHbIX ciJyHK­

IlHH 3JleMeHTOB CTOJI61.lOB (TYO), Z~, z~·, 3JleMeHTOB CTOJI61.la 

X~ (Z~, z~·, 9yt) H KOOp):{HllaT TO'IKH y E Ey B 6a3HCe [eOJ HHepl.lH­

aJibHOH CHCTeMbI Koop):{HllaT, OTBeqaroma51 CJie.zzyromHM TPe6oBaHH5IM: 

7 .1. BH.Il cp)'HKl.lHH H3 FYO He MeH5IeTC51 IIpH rrepexo.n:e K HOBOH 

HHepllHaJibHOH CHCTeMe KOOp.z:tHHaT E f = ( 0 f , [ e f ]): 

Ff «Tf ), zf, z{, x? ); (4.5) 

7 .2. BxoMmHe B cp)'HKilHH FYO qHCJIOBbie K03cpcpHilHeHTbI (3ne­

MeHTbI CTOJI61.la X~ (Z~, z~·, Pyt, 9yt )) He MeH5IIOTC51 IIpH rrepexo,ue 

K HOBOH HHepllHaJlbHOH CHCTeMe KOOp.IlHHaT E f = ( 0 f , [ e f ]): 

x~ cz~, z~·, Pyt, eY,) = x? czf, zf, Py" aY,) = 
= Xy (Z~, z~·, Pyt, ayt ); (4.6) 

7.3. Bee cp)'HKl.lHH H3 FYO .D:HcpcpepeHilHPYeMbl ITO BCeM apryMeH­

TaM; 

7.4. CHcTeMa CKClJUlpHbIX ypaBHeHHH F~ = 0 ooH03Ha'lHO pa3pe­

Ulu.Ma OTHOCHTeJlbHO 3JieMeHTOB KaJK,[{OfO H3 CTOJI61.lOB (TYO), Z~, 
z~· B JII060H TOqKe y E Ey, B JII060H MOMeHT BpeMeHH t ET. 
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TorAa: 1. YpairneHHSI BH.Ua 

FYO ((TYO), z~' z~· 'x~) = 0, (4.7) 

a nuoKe 3KBHBaJieHTHble HM (IIpH ycnoBHH II. 7.4) .sIBHbie cpyHKUHH 

BH,lla 

IIpH ycnoBHH CYilleCTBOBaHHSI H eMHCTBeHHOCTH pemeHHSI AHcpcpe­

peHQHaJibHOro ypaBHeHHSI (4.9), Ha3bIBaIOTC.sI KOppela11HbLMU ypa6He-

1lUJLMU MexaHU'lecKozo cocmo.JlHWI. llOKa.JlbHO u1.MeHJ1e.Mou 11enpepbu1-

Hou cpeobl. 

2. MHoxecTBO cpeA, HMeIOIUHX OMHaKOBbie ypaBHeHHSI Mexa­

HH'IecKoro COCTOHHHSI, Ha3bIBaIOTCH IUlaCCOM cpeo, nopO:>KOeHHbLM 

3mUMU ypa61leHUJLMU. 

3. MHoxeCTBo cpeA, HMeIDIUMX O.IJ;HHa:ICOBbie ypaBHeHHSI MexaHH­

qecKoro COCTOHHHSI qaCTHOro BH,lla (B OTHomeHHH )'Ka3aHHbIX B II. 2), 
Ha3bIBaIOTC.sI noOIUlaCCOM cpeo, nopo>KOeH.HblX 3mUMU ypaaHeHUR.MU. 

KoMMeHTapuu: 1. <l>mHqecKH TPe6oBaHHe (7.4) 03Ha'IaeT B03-

MO)l(HOCTb IIpaKTHqecKoro C03AaHHSI OAHOH rpyIIIIbI IIapaMeTPOB pe­

aJibHOH cpeAbl (HanpHMep, HaIIp.sI)l(eIDIM), o6ecIIeqHBaIOIUHX OAH0-

3HaqHYJO cpH3Hll:eCKYJO peanH3aQHIO Apyroli rpynIIbl IIapaMeTPOB (Ha­

IIpHMep, AecpopMaQHH HITH HX CKOpocTeii). 

2. YpaBHeHHSI MeXaHHlleCKoro COCTO.sIHHSI cpeAbl (4.7) HHKaK He 

CB.sI3aHbl c cpopMOH 3aIIHCH (cKan.sipHa.si, MaTPHll:Ha.sI HT. II.) H, cneAO­

BaTeJibHO, CB060AHbl OT KaKHX-nH6o CB.sI3bIBaeMblX c 3TOH cpopMOH 

3aIIHCH cy6'beKTHBHbIX IIOH.sITHH THIIa «KacaTeJibHble», «HOpManb­

Hbie», «TeH30p HaIIp.sI)l(eHHH», «TeH30p AecpopMaQHH», CHMMeTPHll­

HOCTb H T. II. [16, 38, 46]. YpaBHeHHSI COCTO.sIHHSI 3AeCb (4.7) -
CB.sI3b Hanp.sixeHHH, AecpopMaQHH H HX CKOpocreH: c TeMrreparypoH:, 

AaBneHHeM IlacKan.si H peonorHll:eCKHMH xapaKTepHCTHKaMH cpeAbI, 

OTBeqa10ma.si Tpe6oBaHHSIM (7 .1 )-(7.4). 
3. TpaAHQHOHHO o6cyxAaeMoe IIOH.sITHe H30TPOIIHOCTH cpe,nb1 

[16, 38, 46] 3AeCb B KaqecTBe CaMOCTO.sITeJibHOro CBOHCTBa He B03HH-
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KaeT, TaK KaK 3TO CBOHCTBO He cpe.f(bl, a CBOHCTBO BceneHHOH Mexa­

HHKH rarrHJieg (§ 2.4.1), KOTOpoe B CBOIO O'lepe.f(b j{BJISieTCj{ CJie.f(CT­

BHeM onpe.f(enettffj{ MeXaHHKa farrHJieg KaK HHBapHaHTa o6o6w:ett­

HOH rpyrrnhI rarrHJieg (0.2.20). Cpe.f(CTBaMH MeXaHHKH farrHJieg 

MOryT myqaTbCj{ TOJibKO H30TpOnHbie JIOKaJibHO ,f(e¢opMHpyeMhie 

cpe.f(bl. Ilo3TOMY B .f(aJibHeiimeM TepMHH «H30TPOnHax» HCnOJib30Ba­

TbCj{ He 6y.f(eT, HO no BbIIlieYKa3aHHbIM npH'IHHaM HaJIH'IHe 3TOro 

CBOHCTBa y cpe.f(bl 6)',f(eT Bcer,f(a npe.f(nonaraTbCj{ (no yMOJI'laHHIO). 

Onpem~JieHHe 4.2. IlycTI> B npe.f(1>myw:eM onpe.f(eneHHH He BhI­

nonHeHo xorn 6hr O.f(HO H3 ycJIOBHH (4.8), (4.9), T. e. ypasHeHHj{ (4.7) 
He HMeIOT HJIH HMeIOT 6eCKOHe'IHO MHOro pemeHHH OTHOCHTeJibHO 

KaKOH-JIH6o rpyrrn1>r nepeMeHHbIX. 

Tor.f(a: 1. YpasHeHHj{ (4.7) Ha3hIBaIOTcg HeKoppeKmHbl.MU ypaBne­

HWl.MU MexanuttecKozo cocmo.11HUR cpeobl. 

2. Cpe.f(a, HMe10w:ax HeKoppeKTHI>Ie ypasHeHIDI MeXaHH'lecKoro 

COCTOj{Hffj{, Ha3bIBaeTCj{ HeKoppeKmHOU cpeoou. 

Onpe.z.eneHHe 4.3. IlycTb BHJ( <l>YHKUHH (4.5) H BeJIH'IHHa BXO.f(j{­

w:HX B Hee 'IHCJIOBbIX K03<l><l>HllHeHTOB q> ~ He 3aBHC5IT OT TO'IKH 

yEEy: 

pyo ((Tyo), z~ ), z~·, v~, cp~) =po ((Tyo), z~, z~·, v~, cpo ). (4.10) 

Tor.f(a: 1. YpastteHHj{ MeXaHH'lecKoro cocT05IHIDI (4.7) HaJhlBa­

IOTCX OOHOpOOHbl.MU. 

2. Cpe.f(a, HMe10w:ax o.f(Hopo.f(HI>re ypasHeHH5I MeXaHH'lecKoro 

cocT05IHffj{, Ha3LIBaeTc5I oonopoonou. 

KoMMeHTapHH: 1. IloKa He IIOIDITHO, HMeIOT JIH npaso Ha cyw:e­

CTBOBaHHe HeKoppeKTHbie ypaBHeHHX MeXaHH'leCKOro COCTOj{Hffj{ 

[45]. B .f(aJibHeiimeM, HanpHMep, 6)'.f(eT noKaJaHO, 'ITO ypasHeHffj{ 

MeXaHH'lecKoro cocTO}lHIDJ. Has1>e-CT0Kca H JhiM3 HeKoppeKTHhl. 

2. IlOHSITHe O.f(HOpO.f(HOCTH cpe.f(br (He3aBHCHMOCTb 'IHCJIOBLIX 

K03¢¢HllHeHTOB q>~ (Z~, z~·, 0yt) OT TO'IKH y E Ey (0.4.1)) He 

CJieeyeT nyTaT1> co CBOHCTBOM O.f(Hopo.f(HOCTH BceneHHoH MeXaHHKH 

farrHJiea (0.2.21), (11.2.6). 
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Onpe,n;e.11eHHe 4.4. YpaimeHIDI MexaHH11ecKoro coCTo.s:HIDI, cB.s:-

3bIBaromHe He ::meMeHThl CTOJI6u;oB, a COOTBe'fCTByroID;He MaTpHD;bl 

npH HaJIH'iHH OCTaJibHblX CBOHCTB: 

(4.11) 

HJIH 3KBHBaJieHTHbie HM .sIBHLie MaTpH'IHLie cpyHia.{HH MaTpHtiHbIX :H 
CKaJI.H:pHbIX apryMeIITOB: 

Ty0 = F1° (dz'f I dyOO' (dz'f I dyOO )·' x~), 

dz'f I dyOO =Fi° (Ty0 ' (dz'f I dy 00 )·' x~), 

(dz'f I dy00 )· = F3° (Ty0 ' dz'f I dyOO' x~) 

(4.12) 

(4.13) 

(4.14) 

npH CYIIleCTBOBaHHH H e,UHHCTBeHHOCTH pemeHIDI MaTpH'IHOro .n;Hcp­

cpepeHl.{HaJibHOro ypaBHeHHX ( 4.14 ), Ha3bIBaIOTC.sI onpeoe.llJllOUfUMU 

coomHoUleHUJLMu cpeobl.. 

KoMMemapaa: 1. Tpe6oBaHIDI HHBapHaHTHOCTH cpopMLI 3anH­

cH ypaBHeHHH H BXOAAID;HX B HHX qHCJIOBbIX KO:acpcpHl.{HeHTOB OTHO­

CHTeJibHO nepexo,n;a K ,n;pyroii HHepu;HaJibHOH CHCTeMe KOOp.n;HHaT 

,IJ;HKTyroTC.S: o6mHM onpe.ue.rreHHeM MeXaHHKH fanHJie.s: KaK HHBapH­

aHTa o6o6meHHOH rpynn1>1 fanHJiell (0.2.20). 
2. Onpe,n;e.rr.s:roID;He coOTHOIIIeHIDI, no onpe,n;e.rreHHIO MaTpH'IHOH 

cpyHKl.{HH MaTpHtiHOro apryMeHTa [9], BCer,n;a HMeIOT BH,n; IlOJIHHOMa. 

HanpHMep, npH o,n;HoM MaTpHtiHOM apryMeme B TpexMepuoM ~ae 

,n;JI.sI (4.12) HMeeM 

TYO =Flo (du~O I dy00' x~) = 

= x8U>E + xPU> du'f I dy 00 + xg(l)(du~o / dyoo)2, (4.15) 

r,n;e X8 (/), X~ (/) H X~ (/) - CKaJillpHble cpYffKD;RH HHBapHaHTOB 

l = (11 , 12 , 13 ) MaTpHD;bI du'f / dyOO, u'f = v'f HJIH u'f = z'f. 
llOHllTHe «ypaBHeHHSI MeXaHH'iecxoro COCTO.S:HIDI» cpe,n;bl IIIHpe no­

HllTHSI «Onpe,n;en.s:romHe COOTHOmeHHSI»: eCJIH CYIIleCTByroT IlOCJie)l­

HIIe, TO CYIIleCTByroT H nepBbie, HO He Hao6opoT. 
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3. B yprumeHIDI .UBIUKeHIDI JIOKaJII>HO H3MeIDieMoii cpe.uI>I (2.65) 
BXO.UHT He .u-.uecpopMaTop TYO, a ero 3JieMeHT&I, T. e. 3JieMeHTI>I 

CTOJI6ua (TYO). Ilo3TOM}' npe,UCTaBJieHHe CB.Sl3H 3JieM~HTOB .u-.uecpop­

MaTOpa TYO c 3JieMeHTaMH MaTpHU dz'f / dyoo, (dz~O / dyOO )· B BH­

.ue onpem~JISIIOIUHX COOTHomeHHH, HMeIOIUHX TOJibKO O.UH)' cpopM}' 

npe,UCTaBJieHIDI ( 4.15), cyiuecTBeHHO C)')KaeT MHO:XCeCTBO B03MO:lK­

HblX MaTeMaTWleCKHX MO,Ueneii .uecpopMauHH cpe,Ubl H, cne.uoBaTeJib­

HO, B03MO:lKHblX KJiaCCOB .uecpopMHpyeMblX cpe.u. 

4. B UeJl.SIX COKparueHIDI IlHCbMa CJIOBa «B MOMeHT BpeMeHH 

t E T B TO'IKe y E E y » B ,UaJlbHeiimeM onycKaIOTC}I, HO BCer.ua HMe­

IOTC}I B BH,Uy, eCJIH He oroBopeHO o6paTHOe. 

5. TaKHM o6paJoM, ,UBmKeHHe JIOKaJI&Ho HJMeIDieMoii Henpe­

p&IBHOH cpe,Ubl MO:lKeT KOppeKTHO HCCJie,UOBaTbC}I cpe,UCTBaMH raJIH­

rreeBOH MeXaHHKH, eCJIH: 

5.1. <I>opMa ypaBHeHIDI ,UBH:lKeHIDI (2.65) cpe,UbI HHBapHaHTa OT­

HOCHTeJlbHO BbI6opa HHepUHaJlbHOH CHCTeMbI KOOp.UHHaT; 

5.2. <I>opMa ypaBHeffHjl MeXaHH'iecKoro COCT05IHIDI (4.7) cpe,UbI HH­

BapHaHTa OTIIOCHTeJibHO BbI6opa HHepIJ,HaJlbHOH CHCTeMbI KOOp,UHHaT; 

5 .3. qHCJIOBble 3Ha'leHHjl K03cpcpHUHeHTOB x 0' BXOJVIIUHX B 

ypaBHeffHjl MeXaHH'leCKOro COCTO}IHHjl (4.6) cpe,Ubl, HHBapHaHTbl OT­

HOCHTeJlbHO BbI6opa HHepUHaJlbHOH CHCTeMbI KOOp,UHHaT; 

5.4. B&monHeH&I ycnoBHjl pa3pemHMOCTH ypaBHeHHii MeXaHH­

'lecKoro COCTO}IHIDI (4.8), (4.9) OTHOCHTeJibHO JII06oil rpynnbl nepe­

MeHHbIX. 

Onpe.a;e.11eBHe 4.5. IlycT&: 1. YpaBHeHIDI .UBHXeHHjl noKaJI&Ho 

H3MeIDieMOH cpe.ubl HMeIOT BH,U (2.65) 

(4.16) 

2. YpaBHeHHjl MeXaHWlecKoro coCTO}IHHg JIOKaJI&Ho H3MeIDie­

MOH cpe.Ubl HMeIOT BH,ll; 

(4.17) 

Tor.ua: 1. CHCTeMa ypaBHeHHH 

-pyv'f· +pygp(-,y,y)+Div0ryo =0, 

FYO ((TYO), z~' z~· ' x~ = 0 (4.18) 
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HaJbrnaeTc.sI OUHa.MU'leCKUMU ypaBHeHUJLMU .MexaHu11ec1eozo cocmoJt­

HUJt cpeobl. 

2. Pe3yJibTaT COBMeCTHOro pemeHIDI CHCTeMbl ypaBHeHHH (4.18) 
OTHOCHTeJibHO O,I{HOH H3 rpynn nepeMeHHbJX Ha3bIBaeMbIX ypalmeHU­

.R..MU ouHa.MuKu cpeobl. 

3. CHCTeMa ypaBHeHHH (npH vr = 0, g~t (-,y, y) = g~ (-,y, y), 

p yt = p Y ' 0 yr = 0 Y ) 

Pyg~(-,y,y) + Div0 Ty0 = 0, (4.19) 

(4.20) 

HaJbIBaeTc.sI cmamu'leCKUMU ypaBHeHUJLMU .MexaHUllec1eozo cocmoR­

HUJt cpeobl. 

4. Pe3yJibTaT COBMeCTHOro pemeHIDI CHCTeMbl ypaBHeHHH (4.19) 
H ( 4.20) OTHOCHTeJibHO O.ItHOH H3 rpynn nepeMeHHbIX Ha3bIBaeTC.11 

ypaBHeHUJLMU cmamuKU cpeobl. 

5. PemeHIDI cTanrqecKHX ypaBHeHHii MeXaHH'ieCKoro cocTo.s.i­

HIDI (4.20) OTHOCHTeJibHO CTon6ua Z~: 

z~ = F20 ((TYO), x~) (4.21) 

Ha3bIBaIOTC.11 ypa8HeHUJLMU HanpRJKeHHOZO cocmoJtHUJt cpeobl. 

KoMMeHTapHH: 1. Heo6xo.nHMo oco3HaBaTb, qTQ ypasHeHIDI 

.ItBH:lKeHIDI cpe.rtbI ( 4.16) .sIBJI.sIIOTC.11 npXMblM CJie,UCTBHeM ( c yqeTOM 

(2.26)) nepBH'iHoro csoiicTBa BceneHHoii MeXaHHKH fanHJiex (2.23), 

(2.62) H B 3TOM CMbICJie B YCJIOBIDIX npHH5ITOH aKCHOMaTHKH .sIBJI.sI­

IOTC5I «3aKOHOM npHpO.UbI». YpaimeHIDI MeXattH'ieCKoro cocToXHIDI 

(4.7) 5IBJI5IIOTC.11 MaTeMaTH'ieCKHMH qmpMY1IHpOBKaMH, BO-nepBblX, 

Bcero JIHIIIb HaIIIHX rnnoTe3 0 CBOHCTBax cpe,llbI H, BO-BTOpbIX, TOJib­

KO o CBOHCTBax cpe,nb1, a He o CBOHCTBax BceneHHOH. ITo::iTOMY HH 

ypasHeHIDI MeXaHH'ieCKOro COCTO.sIHIDI, HH nonyqaeMbie c HX HCilO­

Jlb30BaHHeM ypaBHeHIDI .UHHaMHKH cpe,nbI (KaK pe3yJibTaT COBMeCT­

HOro pemeHIDI c ypaBHeHIDIMH ,UBH:lKeHIDI) HH B KaKOM CMbICJJe He 

5IBJI5IIOTC5I «3aKOHaMH npHpO,UbI» H, cne.uoBaTeJibHO, He 065I3aHbI 

6bITb 3KBHBaneHTHblMH ,UJJ5I pa3JlH'iHbIX BbIIIIeyKaJaHHblX mnoTe3. 

2. <l>OPMYJJHPOBKa 3a,naq .UHHaMHKH (4.18) H CTaTHKH cpe.l{bl B 

BH,Ue .nByx ypaBHeHHH (4.19) H HX COBMeCTHOe qHCJieHHOe HHTerpH-
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poBairne 6e3 npe,nBapHTem.Horo npeo6paJOBaHIDI K OJUIOM)' yprume­

HHIO ,l{HHaMHKH HJlH CTaTHKH HMelOT ropa3,l{O 6oJILWHe B03MO)l(HO­

CTH, TaK KaK BbUlle}'KaJaHHruI onep~IDI COCTOileJlbHa JIHWb B crry­
qae pa3peWHMOCTH ypaBHeHHH MeXaHffqeCKOro COCTO.HHIDI 

OTHOCHTeJlbHO O,l{HOH H3 rpyrm nepeMeHHbIX (HanpHMep, CTOJI6ua 

Hanp.H)l(eHHii (Tyo) HJIH CTon6ua U~). 

Onpe.l{eJieHHe 4.6. Mao)l(ecTBa (KJiaccM, no,l{KJiaccM) cpe.l{, HMe-

10w:ux 0,l{HHaKOBble ypaBHeHIDI ,l{HHaMHKH ( CTaTHKH), Ha3bIBaIOTC.H 

ouHa.M.uztecKu ( cmamuitecKU) 3K6U6MeHmHbl.MU. 

4.2. KJIACCbl 3KBHBAJIEHTHOCTH 
KBA3HJillHEHHLIX HEIIPEPLIBHblX CP~ 

Onpe,l{eJieHHe 4.7. IlyCTb: 1. Cl>yHKUHH F;0 = Fio (Tl' z~' z~· ' 
X~) .HBJI.HIOTC.H JIHHeHHbIMH KOM6HH~H.HMH (HO He JIHHeHHblMH 

cpyttKUIDIMH !) BH,l{a 

Flo =Tl~ - v?Y - ).~Y (Y1' 0yt) - µ?in {I, 0yt )uf - ... 
. . . - µ?i33 {I, eyt )uj' 

F2° = T1~ - v~Y - A.~Y U1 • eyt) - µfin (I, 9 yt )uf - · · · 
... - µ?I33 u. eyt >uj. (4.22) 

F9° = T3°3 - vgY - ).iY U1 'eyt) - µ~rn {I, 9 yt )uf - ... 
· · · - µ~~33 (I, eyt )u~ 

HJIH B BeKTOpHOH 3anHCH 

FD =(Ty0 )-v~ -A~(l1,0yt)-M~(I,0yt)U~, (4.23) 

f,l{e A~y (/, 0yt ), i = 1, 9- CKaJI.HpHbIC JIHHCHHbIC cpyttKUHH nepBOfO 

HHBapHaHTa 

/ 1 = div0u:?' 

MaTPHUbl du~O I dy 00 H TeMIIepaTYPbI e yt' 3aBHC.HW:eH B CBOIO oqe­

pe,I.\h OT ToqKH H BpeMeHH; 
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v~ = - (w) = - wcol{l, 0, 0, 0, 1, 0, 0, 0, l}, (4.24) 

A~(l1 ,0yr)=A.ycol{l, O, 0, 0, l, 0, O, 0, l}; (4.25) 

3. M~(l. eyt) - (9 x 9)-MaTpln.{a c He3a.BHCHMbIMH H He3a.BH­

C.SIID;HMH OT Ay 3neMeHTaMH µ?Jj (I, eyt ), i, j, l, k = 1, 2, 3, .SIBJUII0-

11.{HMHC.sI <l>YHICT.(H.sIMH TO'IKH y E E y' HHBapHaHTOB MaTpHIU>I 

duf> I dy 00' TeM11epaT)'phl cpe,llLI e yt H )"IHTbIBalOID;HMH BKJI<l,A 

(ij}-3neMeHTOB u~ 3TOH MaTpHl.(bl (cTon61.{a U~) B (lk}-3neMeHThl T1£ 
.n;-.n;e<PopMaTOpa Tyo, Tax:a.s.i qTO: 

3.1. CymecTByeT rpY1111a Myt (R,9), 3JleMeHTOM KoTopoH: 3Ta 

MaTpe:n;a .srBJIS1eTc.sr: 

(4.26) 

3.2. rpYllila Bpaui:eHHH SO (R,9) (4.46) .S.lBJI.sieTC.sI l.{eHTpanH3a­

TOpOM rpYllilhl Myt (R,9) (conp.sr:>KeHHe cJ· T ( · )CJ OCTa.BJl.sieT 

lpYllIIY Myt (R,9) Ha MecTe rro3neMeHTHO): 

(4.27) 

M.sI mo6hlX MaTpHU CJ E so (R,9), M~ (I, eyt) E Myt (R,9); 
4. Ypa.BHeHHe 

r.a;e ( 't ~ ) - cTon6eu Hanp.srxeHHH, HMeeT e.a;HHCTBeHHoe pemette:e 

(4.29) 

Tor.a;a: 1. Ypa.BHeHe:e 

(4.30) 

Ha3hlBaeTC.sI K6a3URUHeUHbLM ypa6HeHue.M .MexaHU'leCKOZO cocmo.Jt­

HU.Jl .JWKOJlbHO UJ.MeH.Jte.Mou cpedbl, nopoJK.deHHbLM zpynnou 

Myt (R,9). 
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2. K.rracc cpe.n, HMeIOmHx ypaimeHIDI MeXaHWieCKOfO COCTO.sI­

HIDl BH.na (4.30), Ha.3bIBaeTc.si M-1oiaccoM 3Kf/Uf/a.rteHmHocmu ( 6 Oa.rtb­

neuuieM - M-KnaCCOM) KoppeKmHblX Kf/a3UJlUHeUHblX cpeo, nopoJK­

oeHHblX zpynnou Myt (R,9). 
3. EcrrH w = Pyt - )J,aBJieHHe flacKaJI.sI, U = V, TO cpe.na Ha.3bI­

BaeTC.sI KOppeKmHOU Kf/a3UJlUHeUHOU (/Jl3KOU JKUOKOCmblO, a qffCJIOBbie 

cpyHIG.J;HH A~ (I 1 ' e yt ) H 3JieMeHTbl MaTpHI.J;bl M ~ ( /, e yt) - K03tjupu­

LfUenma.MU f/Jl.3Kocmu M-JKuoKocmu nep6020 u f/mopow munof/ cooT­

BeTcTBeHHO. 

4. ECJIH w = 0, U = Z, To cpe.na Ha.31>1BaeTc.s1 KoppeKmHbl.M Kf/a3U­

JlUHeUHbl.M ynpyzUM MamepUGJZOM, a qHCJIOBbie cpymaurn A~ (I 1 ' e yt ) H 

3JieMeHThI MaTPIID;bl M ~ (I, e yt ) - K03</J</Juij.Ue1t1na.MU JKeCmKocmu 

M-MamepUGJZa nep6ozo u 6mopozo muno6 coOTBeTCTBeHHo. 

5. qHCJIOBble cpyttKl.J;HH A~ U1. eyt) H 3JieMeHTbl MaTpHI.J;bl 

M~ (I, eyt) Ha3bIBaIOTC.sI peOJlOZU'leCKUMU K03</J</Ju11ue1tmaMu 

M-cpeobt nep6ozo u f/mopozo munof/ cooTBeTCTBeHHO. 

KoMMemapHH: I. BH.n CTOJI6UOB (w), Ay U1 'eyt) (4.24), 
(4.25) o6ecneqHBaeT He3aBHCHMOCTb cpopMbI 3aITHCH paBeHCTBa 

(4.30) H peorrornqecKHX K03cpcpHUHeHTOB A~ U1' eyt ), µ% (/, eyt) 

ypaimeHHH OT BbI6opa HHepUHaJibHOfO 6a.3HCa ( 4.5). 
2. Tpe6oBaHHe (4.27) 3KBirnarreHTHO Tpe6oBaHiuo He3ain1cHMO­

CTH peorrornqecKHX K03cpcpHUHeHTOB BToporo THITa OT Bb16opa HHep­

UHaJibHOfO 6a.3Hca. 

3. Tpe6oBattn:e (4.26) .siBJI.sieTC.sI Heo6xo,nn:MbIM WUI BbIITOJIHeHIDI 

ycnoBIDI (4.29), npH Ay U1 'eyt) = (0) 3TO ycrroBHe }IBJI.sieTC.sI H llO­

CTaToqHbIM. 

4. Onpe,neJI.sIIOIIlHM llJl.sI TepMHHa «KBa.3HJIHHeHHbie» B OTHome­

HHH paccMaTpirnaeMbIX ypaBHeHHH MeXaHWieCKOro COCTO.sIHIDl cpe­

llbl .s1BJI.sieTc.s1 BH.n <PYffKUHH F(.,.,.), BKJiroqaroIUHX B ce6.si B KaqecTBe 

BTOporo crraraeMOfO mmeH:H)'IO <PYffKl.J;HIO (no )J,OfOBOpeHHOCTH) JIH­

HeHHOfO apryMeHTa div 0u?1 H TpeTbero crraraeMoro - TOJibKO JIH­

HeH:Hbie KOM6HHauHH 3JieMeHTOB CTOJI6ua u ~ c K03cp<Pm.i:HeHTaMH, 

JaBHc.simHMH OT HHBapHaHTOB MaTPHUbI du~ / dy00, KOOpJJ.HHaT 

ToqKR y, napaMeTpa w H TeMITepaTypbI. Ilo 3TOH npH'IRHe m <PaxTa 

HCIIOJib30BaHIDl JIHHeHHbIX KOM6HHauaH 3JieMeHTOB CTOJI6Ua U~ He 

crreeyeT JIHHeliHOCTH cp)'HKUHH F(.,.,.). 
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5. TepMHH <<JIHHeii:Hble» B .I{aJihHeH:weM HCilOJib3yeTC.SI AIDI ypaB­

HeHHH MeXaHHqecKoro COCTO.SIHIDI cpe.I{bI, peoJIOIWieCKHe K03cpqm­

.QHeHTbl KoTopoii: He 3aBHC.SIT OT HHBapHaHTOB MaTpH.Qbl du~O / dy00, 
qTO npeBpaI.QaeT cpyHK.QHH F(.,.,.) ypaBHeHHH (4.23) B .I{elicTBHTeJib­

HO JIHHeHHbie. 

6. IIonblTKH noxo:xrnx npe.I{CTaBJieHHH ypaBHeHHH MexaHHtie­

CKoro COCTO&HIDI yxe .I{eJiaJIHCb, HallpHMep B [46]. IloCJie HCIIOJib30-

BaHIDI HHOTK)'J(a He CJieJzyIOmHX Tpe6oBaHHH CHMMeTpHH «TeH30-

pOB» Hanp.SIXeHHH H .I{ecpopMau:Hii (wrn HX CKOpocTeii) Bee npeHMY­

mecTBa paBeHCTB Hcqe3aIOT. IloCJieJzyIOll(He HH cpH3~eCKH, HH 

MaTeMaT~ecKH He o60CHOBaHHbie nepeo603HaqeHIDI He3aBHCHMbIX 

(no onpe.I{eJieHHIO) 3JieMeHTOB MaTpH.QbI (nma A iiii = 2µ + /.., 
A iikk = A) [38, 46] npeBpawaioT HX B 3aBHCHMbie (A iiii = 2/.. + A iikk) 

H KaK CJie]J;CTBHe c~ MaTpHUY - B oco6eH1JYIO, a ypaBHeHIDI - B 

HeKoppeKTHbie (CM. pa3.I{eJI 4. 7). 

4.3. YCJIOBIDI CIUIOIDHOCTH HEilPEPbIBHblX 
CPE)l: 

Onpe].leJieHHe 4.8. IlycTb: 1. Cpe.I{a &BJI.SieTcsi: )KH]J;KOCTbIO; 

2. YcnoBHe HHep.QHOHHoii: c6anattcHpoBaHHocTH cpe.I{bl B To~e 

y E Cy HMeeT mm (2.46), (2.68) 

(4.31) 

Tor]J;a paBeHCTBO (4.31) Ha3bIBaeTC.SI ycRosueM cnnoumocmu (He­

pa3pbt8Hocmu) JKUOKocmu. 

Ilpe].lJIOlKeHHe 4.32. IlycTb: 1. HenpepbIBHaSI cpe.I{a .SIBJI.SieTc.SI 

ynpymM MaTepHaJIOM (4.1); 
2. BeKTop cKopocTH vr> ynpyroro MaTepHana .SIBJISleTC.SI Henpe­

pbIBHoii cpyHKUHeii TQqKH y E Cy (4.2). 
Torna: 1. YcnoBue HHepUHOHHoii c6anattcHpoBaHHOCTH ynpyro­

ro MaTepuana B TOqKe y E Ey c yqeTOM (3.14) HMeeT BM 

Py + Pydiv0z~· = 0. (4.32) 

2. YprumeHHe (4.32) Ha3bIBaeTc.SI ypae11.euue.M cn.lloumocmu (ue­

pa3pbtBHocmu) ynpyzozo MamepuMa s mo'lKe y E E Y. 
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,[(oKa33TeJThCTBO. PaseHCTBO (dz~ f dyOO) · = dv~ f dyOO c yqe­

TOM (3.16) HMeeT BH.D: (dzfl / dyOO) • = dzf>· f dy00 HJIH B no3Jle­

MeHrHoH: l}lopMe 3aIIHCH zy = z j i. Cne,n.oBaTeJThHO, div 0zf>• = 
= az~i fayp + az~i fay~+ az~3 fay~ = ( az~1 fayp) · + (az~2 fay~)· + 
+(az~3 fay~)" =(div0sf>)·.o 

Ilpe,wioJKeHHe 4.33. IlYCTI> cpe,lla Hec:xrn:MaeMa 

Py = const. (4.33) 

Toma: 1. YcnoBHe CilJIOIIIHOcTH )l(HJJ:KOCTH coBna)laeT c yCJIOBH­

eM reoMeTPH<lecKOH HeC)KHMaeMOCTH cpe,llbl (3.112) H HMeeT BH,ll; 

(4.34) 

2. YcnoBHe cllJIOWHOCTH ynpyroro MaTep:uana HMeeT BHJl 

div 0z~ = const. (4.35) 

3. B ycnoeIDix (3.22) zfl (0) = 0 ~ div 0zfl (0) = 0 ~ )l1IlI mo-

6oro t 

(4.36) 

KoMMeHTapHii: 1. 3necb, KaK H npH <POPMYJIHPOBaHHH OCHOBa­

HHH TeopHH, onpe,llemnomyro po111> HrparoT npennonoxeHIDI (3.16). 
B CJI)"iae HeB1>mo11HeHIDI 3THX yCJIOBHH (aapyweaHe CilJIOWHocrn 

MaTepHana, apMHpOBaHHe MaTepHana, HaJIH<IHe H30JIHpOBaHHblX 

BKmoqeaHii, TPenum, CKOJIOB HT. n.) Bonpoc TPe6yeT OTAeJII>Horo 

HCCJie,llOBaHIDI. 

2. B paccMaTpHBaeMOM BapHaHTe MaTeMaTHqecKoro l}lopMaJIH3-

Ma MeXaHHKH ranHJieM IIOHjJTIDI «HenpepbIBHOCTb» H «CilJIOIIIHOCTb» 

cpe,llhl He 3KBHBaJieHTHbI: rrepBOe 03HaqaeT cymeCTBOBaHHe IlJIOTHO­

CTeU y Bcex CKaJijfpHbIX H BeKTOpHblX Mep MeXaHHKH OTHOCHTeJibHO 

Mepbl Jle6era, BTOpoe - HHBapHaHTHOCTb CKaJijfpHOH Mepbl HHep­

mrn (HHepU:HOHHOH MaCCbl) cpeJI.hl OTHOCKTeJlbHO BpeMemI (1mep~H­

OHHaM c6anattcHpOBaHHOCTI>) npH cymeCTBOBaHHH ee IlJIOTHOCTH. 

ECJIH cpe,lla B TOqKe reoMeTPH<leCKH HecXHMaeMa, TO OHa B 3TOH 

TO~e jJBJijfeTCM CilJIOWHOH, HO He Hao6opOT. B ,llaHHOH MOHOrpa<PHH 
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HenpepbIBHOCTb, 1mepu;HOHHasl c6ana.HCHpOBa.HHOCTb cpenLI H, crre­

,l{OBaTeJibHO, ee CIJJIOillHOCTb (nepa3pbIBHOCTb) (2.46) IlOCTyJIHpyroT­

CSI (aKCHOMbl D.2 H D.9). 
3. PaBeHCTBa (4.35) H (4.36) 51BJ151IOTC51 MaTeMaTIAeCKH H <lJH3H­

qeCKH conep:iKaTeJibHbIMH ycnOBHSIMH CIJJIOIIIHOCTH ynpyroro MaTe­

pHana, Hffqero o6mero He HMeIOIUHMH c paBeHCTBaMH CeH-BeHa.tta 

[38),npeTeH,l{YIOIUHMH Ha Ty xe ponL. Ha CaMOM .ne.rre 3TH paBeHCTBa, 

KaK H ycnosHSI Koum-re.rrLMron1>u;a, SIBJ151IOTCSI To:iK,necTBaMH, cBSI-

3LIBaIOIUHMH cpe.ntteapH<lJMeTHqeCKHe y ij = (z) + z/ )12 CHMMeT­

pffqHbIX 3JieMeHTOB MaTpRu;1>1 dz'f / dy00 c CaMHMH 3JieMeHTaMH npH 

ycnoBHH paBeHcTBa BTOpbIX cMema.HHbIX npoH3BOUHbIX z)k = zij. 

4.4. 3JIEMEHTLI )J;HHAMHKH JmEAJILHOii 
)Klf)lKOCTH 

4.4.1. YPABHEHWI MEXAHH'IECKOffi COCTOjffiJJJJ 
H ,!J;HHAMHKH H,!J;EAJibHOR: )Klf)l.KOCTH 

IlpewioJKeHHe 4.34. Ha TµeXMepHOM a<P<l>HHHO-BeKTopHoM rrpo­

CTµaHCTBe a<l><l>HHHaSI rpynna AG yt (R, 3) (0.2.4) SIBJ151eTcSI rrpoH3Be­

neHHeM rpynrrb1 naparrJieJibHbIX rrepeHocos IJJIOCKOCTH T yt (R, 3) H 

rpynilbI K-Ae<iJopMaTopoB GD~, (R, 3) (2.9). 
HaqffeM c BbISICHeHHS1.sonpoca B o6meM cnyqae o BHJJ.e rpynra1 spa­

memtii SO (R, 9) neB51THMepttoro seKTopHoro npoCTµaHCTBa cron6-

u;os (Tyo) H Vl (4.2), mmyu;HpOBaHHOH B 3TOM npoCTµaHCTBe spameHH­

eM cJ E SO (R, 3) B npoCTµa.HCTBe nsH:iKeHHSI )f(Jf,I(KOCTH V3 npR rre­

pexo)le K 6a3Hcy HOBOH HHepu;HaJibHOH CHCTeMbI KOOp.[(HHaT. 

flpeWJOJKeHHe 4.35. IlyCT.b: 1. VYO - (9 X 1)-CTOJI6eq, COCTaB­

JieHHbIH H3 (3 x 1)-CTOJI6u;oB v& =col { vi' v[' v[ } MaTpHllbl 

cKopocTeli .ue<iJopMaq:uH cpen1>1 dv~ / dy00 (4.2) B ToqKe y E Ey, 

r.n;e, KaK H pailblne, v~ = dv~i / dyJ: 

(4.37) 

2. [ef] - 6a'3HC npOH3BOJlbHOH HHepI.llia.lThHOH CHCTeMhI KOOpJJ.H­

HaT E f, cJ E SO(R, 3) - rrpocTelilllaSI MaTpHqa BpameHIDI R3 
()T)lll onpe.u.eneHHOCTH cJ = C3 (86 )), TaKaSI qTO [ef] = [eO ]cJ [10, 
11, 43], (5.6); 
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c3 (06) = E + s06 ( e~ ) + (1- c06) ( e~ )Z; (4.38) 

3. CJ3 - (9 x 9)-MaTpHUa nepexo.u:a K HOBOM)' fol3Hcy B R9 , 

HHeyUHpOBaHmUI BpameHHeM cJ E so (R, 3), TaKruI qTo 

Vl = CJ 3 vf. (4.39) 

Toma: 1. MaTpHUa CJ 3 HMeeT 6noqH}'IO CTpyKTypy 

k1 -kz 0 

CJ 3 = kz k1 0 , (4.40) 

0 0 cO 
f 

r.u:e k1, kz - TpeXMepHbie no.u:o6IDI kf k1 = c206E, kf kz = sZ0 6E 
[11]: 

(4.41) 

2. McnpHUa cJ3 E SQ3 (R, 3 x 3 x 3), T. e. npH MO'IHOH <l>opMe 
3amt:CH, .sm.rniercSJ: MaTpHUeH: spruuemm R 3 x 3 x 3 = R 3 x R 3 x R 3 . 

.LJ:oK838TeJILCTBO • .lloKa3bIBaeMblH pe3yJibTaT CJie.u:yeT H3 CTaH­
.u:aprnoH: ¢opMyJibI .!WI npeo6pa30BaHIDI MaTpHU npH nepexo.rce K 

HOBOMy 6a3Hcy dv$D I dy00 = C3 (06 )d~f I dy0f cj (06) c IIOCJie­

;zyromeH: rrposepKoii paseHCTB CJ 3 C~·3 = E, detCJ3 = 1. D 

KoMMeHTapuii. A.1rnnornqHo ,rcoKa31>1BaeTCjl, qTO ecJIH npocTeli­

WHe MaTpHUbI spameHIDI R3 HMeJOT BH,ll (5.6) 

cz (05 ) = E + s05 ( e~ ) + (1- c05 ) ( e~ )Z, (4.42) 

c1 (0 4 )=E+s04 (ep )+(1-c04 )(ep )Z, (4.43) 

TO COOTBeTCTBeHHO ,!WI CJz E SOZ (R, 3 X 3 X 3) H CJi E soi 
(R, 3 x 3 x 3) nonyqaeTCjl 

Pi 0 Pz 

CJz = 0 cJ 0 

-pz 0 Pi 
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cJ 0 0 

CJ1 = 0 di -dz 

o dz d1 

(4.44) 



IlpeAJI01KeHHe 4.36. flycTb: 1. (V~) = col { vrY, V~y, ... , 
v~Y} - (9 x 1)-CTOJI6eu cp}'HKQHH v?Y' i = 1, 2, ... , 9, 3aBHC.SIIIUIX 

OT TOqKH y E E y H BpeMeHH t E T; 
2. f H II 0 Te 3 a: ypasHeHH.SI MeXaHffqeCKOro COCTO.SIHH.SI cpe,D;bl 

( 4. 7) HMelOT BH,n; 

(4.45) 

3. MaTPHQa spameHH.SI CJ E SO (R, 3 x 3 x 3) = SOl (R, 3 x 
x 3 x 3) · S02 (R, 3 x 3 x 3)S03 (R, 3 x 3 x 3) HMeeT BH,I:{ 

Co_ co co co 
f - /1 /2 /3' 

Tor.n;a: 1. CTOrr6eu (v~) HMeeT BH.n; 

(v~) = - Pytcol { 1, 0, 0, 0, 1, 0, 0, 0, 1 }, 

r.n;e Pyt E Ri. 
2. Cpe,n;a HaJhrnaeTc.SI uoea.n&nou :>KU01Cocm&10 (I Krracc). 

(4.46) 

(4.47) 

3. qHcrrosasi cp}'HKQH.SI Koop,n;HHaT H speMeHH Pyt E R1 Ha31>IBa­

eTc.SI ,D;aB.IIeHHeM IlaCKaJUI. 

4. YpasHeHH.SI .n;BHXeHH.SI H,n;ean:baoii: :xrn.zucocTH HMeIOT BH.n; 

oo· - o ( ) d Py vy - Py8yt --, y, Y - gra o Pyt· (4.48) 

}lOKa33TeJILCTBO CBO,D;HTC.SI K rrposepKe rrpaBHJibHOCTH paseHcTBa 

CJ (Pyt) = (Pyt ). o (4.49) 

KoMMemapHH: 1 . .Ilrr.SI .n;ByMepHoii: H,I:{ean:1>Hoii: XH.n;KOCTH rpyrma 

BpameHHH so (R, 4) qeTbipeXMepHOro BeKTopiioro rrpOCTPaHCTBa 

CTOJI6UOB (Tl) HU~ (4.2), HH,D;yUHpOBaHHasI B 3TOM IIpOCTpaHCTBe 

BpameHHeM c ~ E so (R, 2) npocTpaHCTBa ,D;BHXeHH.SI )KH,D;KOCTH 

Y2 rrpH rrepexo,n;e K 6a3HCY HOBOH HHepUHaJibHOH CHCTeMbl KOOp,n;H­

HaT COCTOHT H3 MaTpHu BH,n;a 

(4.50) 

r.n;e k1, k2 - Te xe, qTO H B (4.41) WUI ,D;ByMepHoro crryqasi. 
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2. YpaimeHIDI MexaHHtiecKoro cocT05IHIDI WJ)'MepHOH H,D;eaJIL­

HOH )KH,ll;K.OCTH HMeIOT TOT xe BH,ll; (4.48) npH ycrrOBHH, qTo CTOrr6eu 

(v~) HMeeT 'leTLipe KOOPAHHaTLI 

(v~) = - (Pyt) = - Pytcol {l, 0, 0, 1 }, (4.51) 

me Pyt E R1 - AaBJieHHe IlaCKaJ151. 

4.4.2. YPABHEHIDI TEPMO,IUIHAMHKH 
lmEA.JThHOii XGl,ll;KOCTH 

IlpeA1J01KeHHe 4.37. ,llmp¢epeHUHaJILHOe ypaBHeHHe TepMOJ:(H­

HaMHKH (2.52) 1-KJiacca )KHJl:K.OCTeH HMeeT BHJJ: 

(4.52) 

rAe wy = Py I -y.n:errLHLm 061.eM XHAKOCTH, HHAeKc t JAeCL H AaJiee 

OnyilleH. 

,ll;oKalaTeJILCTBO. CornacHo (2.25) c )"IeTOM (4.55) H (4.51) HMeeM 

Pyuy =(Tyo)· VYO +div oq~ + PyCVy = 

= - (Py)· vyo + divoq~ + PyCVy = 
= -pydV~l I ayp- PydV~2 I 'dy~ - PydV~3 I dy~-divoq~+ PyCVy= 

= -pydiv0v~ + cliv 0q~ + PyCVy = PyPy1Pj + div0q~ + PyCVy = 
= -PyPy(Py1 )"+ divoq~ + Py<lly 4 Py(uj+ Py(Py1 )") = 

-di 0 - voqy + Py<lly. o 

KoMMemapuu: 1. .Iln<P<PepeHUHaJI nrroTHOCTH BffY'I'peHHeH: 

3HepmH OTHOCHTeJILHO MepLI m( dy) H,D;eaJILHOH a,n;Ha6aTffqeCKOH 

JKH,l(KOCTH (rrpH OTCyrCTBHH TenrronepeHOCa q~ = 0 H TeilJIOBLI,n:erre­

HIDI cp y = 0) paBeH ::meMeHTapHOH pa6oTe c:>KaTH51 3TOH :>KHAKOCTH 

,l(aBJieHHeM IlaCKaJI51 co 3HaKOM MHffYC: 

(4.53) 

2. IlrroTHOCTh BffY'I'PeHHeH 3HepmH OTHOCHTeJILHO MepLI m( dy) 
HeC:>KHMaeMOH H,D;eaJILHOH XHAKOCTH (dwy = 0) npH Tex :>Ke ycrrOBH­

.sIX IlOCT05IHHa: 

uy = const. (4.54) 
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4.5. 3JIEMEHTbl )l.HHAMllKH H-KJIACCA 
HEilPEPblBHhIX KBA31UIHHEHHLIX CPE)l 

4.5.1. YPABHEHIDl MEXAHIPIECKOrO COCTOJIHIDl 
0 YPABHEHIDI ,rurnAMDKD 

IlpeAJioJKem1e 4.38. IIycn.: 1. H (R, 9) - rpyrrrra roMOTemii R9 , 

h( µ) E H (R, 9) - (9 x 9)-Ma'rpHI(a I'OMOTerIDI, h( µ y (I, e yt ) ) = 
= µy (I, eyt )E; 

2. f H Il 0 Te 3 a: yprumeHIDI MeXaHH'leCKOI'O COCTOjJ:HIDJ cpe.l{:&I B 

TO'IKe y E E y HMeIOT BH.ll 

(Tyo)= - (w) + AY (11, eY,) + h(µY (I, eyt ))U~, (4.55) 

me (w) = wcol {l, 0, 0, 0, 1, 0, 0, 0, l},Ay(ll) = Aycol { 1, 0, 0, 

O,l,0,0,0,1 }, wER1, w>O, Ay =Ay(/l,eyt)ER1, 

A.Y (11 eY1 ) > o, µYu. eyt) E R1. µYu. eY1 ) > o, yCJioBIDI (4.5), 
(4.6), (4.27) BbfilOJIHeHbI, Ta.K Ka.K O'leBH)lHO CJ• Th(µy (I, 0yt )CJ = 
= h (µy u. ey1 )). 

Tor.l{a: 1. Krracc cpeA HaJ:&IBaeTCjJ: H-Kllacco.M, a npeACTaBHTeJIH 

KJiacca - 1u1a3wiuHeUHbl.MU H-cpeoa.Mu. 

2. YpasHeHHj{ MexaHH'lecKoro cocTmlHHjJ: KBaJHJIHHeiiHoii 
H-cpe.l{l>I (4.55) 3KBHBaJieHTH:&I KBa3HJIHHeHHOH 11acTH onpe.l{eJlj{IO­
IUHX COOTHOmeHHH (4.15): 

TYO = (-w + Ay U1. eyt ))E + µy (/, eyt )du~ I dy00. (4.56) 

Ilpewi:o1KeHHe 4.39. IlycT:&: 1. grad0w - rpaAHeHT cpymaum w 
B TO'IKe y E Eo B Eo; 

2. gradoAy U1. eyt ), gradoµy (/, eyt) - I"pa.l{HeHT:&I K03cpcpH­
n;HeHTOB Ay (/, 0yt) H µy (/, 0yt )ypaBHeHHj{ (4.55) B TO'IKe y E Ey B 

Eo; 
3. v2 u~ = Div 0 du~/ dy00 =col {div 0u~, div 0u~, div 0 

u~} - (1 x 3)-CTOJI6eu: mumacHaHOB KOOp.l{HHaT BeKTopa u~ 
(HJIH, 'ITO TO xe CaMoe, (1 x 3)-CTOJI6eu: ,l{HBepreHn;HH B Eo CTpOK 

u~, u~, u~ npOH3BOAHOH du~/ dyoo B T011Ke y E Ey B E0). 
Tor.l{a ypasHeHHe AHHaMHKH H-cpeA:&I HMeeT BH.ll 

Py v~· = Pyg~,h y, y)- grad0w + grad0'Ay (11 , eyt) + 

+du~/ dy00grad0 µy(/, 0yt)+ µy(/, 0yt}'\72u~. (4.57) 

123 



)J;OK333Te.TlbCI'BO )lOCTHraeTC51 IlO,IlCTaHOBKOH yprume:mill: MeXaHH­

qecKoro COCT051HIDI (4.55) B yprumeHIDI )lBIDICeHIDI cpe,IlbI (2.65). TaIC, 

HaIIpHMep, .wra nepBoro CKaJUipHoro yprumeHIDI B ( 4.57) nonyqaeM 

div 0 (T11. T2~ , Tf1 ) = ar11 / ayp + ar2~ / ay~ + ar3°1 / oy~ = 
= - aw/ ayp + aA.Y U1 ) I ayp + 

+ (u}, ul, uj )(dµy (l)j dyp, dµy (l)j dy~, aµy (/)/ dy~ )T + 

+ µy (/)(Uf 1 + uiz + U~3 ). O 

IlpeWI01KeHHe 4.40. II p e JI. n 0 JI 0 )J( HM, 'ITO peoJioIWleCKHH KO­

::it}>t}>m.i;HeHT nepBoro THila Ay U1' eyt) HMeeT npocTelimee npe.u­

CTaBJieHHe (/ 1 = div 0ur> ): 

Tor)la: 1. YpaBHeHHe MexaJillliecKoro cocTo51HIDI H-cpeJI.bI HMe-

eT BHJJ: 

(TYO) = - (w) + Wn (y, I, eyt )U~. (4.59) 

µ+A.000 A 0 0 0 A 

0 µ 0 0 0 0 0 0 0 

0 0 µ 0 0 0 0 0 0 

0 0 0 µ 0 0 0 0 0 

Wn(y, I, eyt) = A OOOµ+A.000 A 

0 0 0 0 0 µ 0 0 0 

0 0 0 0 0 0 µ 0 0 

0 0 0 0 0 0 0 µ 0 

'A 0 0 0 'A 000µ+/.. 

det W8 (y, I, eyt) = µ2 (µ + 3A) * 0. (4.60) 

2. MHO)J(eCTBO w ~R, 9) MaTPHU w H (y' I. e yt ) j{BJljleTCjl 

rpynnoii c o6paTHOH MaTPHUeii BHJI,a (4.59), TaICOH 'ITO 

c~· T Wjj1 (y, I, eyt )CJ = w,:[1 (y, I, eyt), r.ue Ha MecTax K03cpqm­

IJ;HeHTOB A H µ CT051T MOJI.YJIH a H f3. 
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3. Ecmi: cpena .SIBJUieTC.SI B.Sl3KOH XHJlKOCTbIO, TO 3JieMeHTbI 

a(y, I, eyt) H ~(y, I, eyt) MaTpHI.J;bl W1:i (y, I, eyt) Ha3blBaIOTC.SI 
Mooy.llJl.Mu B.R3Kocmu nepeozo u emopozo munoe cooTBeTCTBeHHO. 

4. EcnH cpena .aBJUieTC.SI yrrpyrnM MaTepHaJIOM, TO 3JieMeHTbI 

a(y, I, eyr) H ~(y, I, eyr) MaTpHu;b1 WJi1 (y, I, eyr) HaJbrnaroTc.a 
Mooy.llJl.Mu ynpyzocmu nepeozo u emopozo munoe cooTBeTCTBeHHO. 

Cl>)'HKI.J;HH a(y, I, eyt) H ~(y, I, eyt) Ha3blBaIOTC.SI peoJioIW:Ie­
CKHMH MO.ll)'JI.SIMH H-cpe,llbl nepsoro H BTOporo THIIOB. 

5. MonynH a(y, I, eyt) H ~(y, I, eyt) qepe3 K03cpcp:uu;HeHTbl A 
H µ Bbl'IHCJI.SIIOTC.SI 110 cpOpMYJiaM 

a(y, I, eyt) = - A./µ(µ+ 3/...), ~(y, I, eyt) = 1 / µ; (4.61) 

<a+~)=(µ+ 2A.) Iµ(µ+ 3A.). 

6. 3neMeHTbl Wl (/, 8yt) =ct+~' W2 (/, 8yt) =ct, W3 (/, 8yt) = 
= ~ o6paTHOH MaTpHI.J;bl WJil (I, eyt) Ha3blBaIOTC.SI K03</J</Julluemna.MU 
6JlUJl1tUJl Hanp.axeHHH ( 't ~) Ha 3JieMeHTbl CTOJI6u;a u ~ 

(4.62) 

7. AHanorn MOJlYJI.SI I0Hra, MO.ll)'JI.SI c.a;s:ura H K03cpcp:uu;:ueHTa Ily­
accoHa )];JI.SI w H -MaTepHana, CB.Sl3H HX c K03cpcpHI.J;HeHTaMH xeCTKO­
CTH H .a;pyr C .a;pyroM HMeIOT BH,ll 

E 3H (y, 1, eyr) = 1 / w1 = µ(µ + 3/...) / (µ + 2/...), 

G3H(y,I,eyt)=l/w3 =µ, 

v 3H (y, 1, eyt) = - w2 / w1 =A./(µ+ 2/...), (4.63) 

E3H = G3H (1 + V3H ). 

Ay (Syt) = V3HG3H I (l - 2v3H ), µy (I, eyt) = G3H. 

8. BeKTOpHoe ypasHeH:ue .l{HHaMHKH W H -cpe.a;bI HMeeT BR.a; 

Py vr>· = Pyg~1 (-, y, y) - grad0w + Ay (Syt) grad0 div0 uW + 

+div our>grado'Ay (Syt) + duri I dy00grado µy (I, eyt) + (4.64) 

+ µ (I, e yt ) v2 u~. 

IlpHMep. IlycTb µ = 2, A= 3, TOr.a;a ~ = 0.5, a= - 0.1364, 

~+a= 0.3636. 
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Ilpewi:o1KeHHe 4.41. )l)uI Toro qT06Lr ,uBe pa3HLie cpe,uL1 rrpHHaJI­

rrexan11 W H-KJiaccy, Heo6xo,nHMo H AOCTaToqHo, ~06b1 rrpH OAHHa­

KOBOM pacrrpe,uerreHHH B Heii Harrp.HXCeHHH 

(T~)+(w)=(T~)+(w) (4.65) 

CTOJI6.Qbl u ~a H u ~b 6LDIH JIHHeHHO CB.H3aHbI MaTpHneH: H3 rpyrrIIbl 
W H (R, 4) TaK, qTO 

U~a = WHab(y, I, eyt) U~b' 

(4.66) 

,ll.oKa3aTeJILCTBO. lf3 (4.62) rrpH ycrroBHH (4.65) rrorryqaeM 

W81 aU~a = W81bU~b' oncy;n;a u crre.rcyeT (4.66). o 

KoMMemapHH: 1. W H-cpeAa .UHHaMH'lecm He3KBHBaJieHTHa 
HHKaKHM cpe,uaM. 

2. ECJIH Ko3<P<PHnHeHTbI µ, A. norroxcRTerrbHbI (no orrpe,uerre­

HHIO ), TO MO,l{)'JIH a H f3 Moryr 6LITb OTPHnaTeJibHbIMH. 

3. EcrrH H-cpe,ua .UBYMepHa, TO COOTBeTCTBYIOillHe xapanepH­

CTHKH HMeIOT BH,ll; 

(Tyo)= - (w) + WH (I, 0yt )U~. 

µ+A. O O A. 

0 µ 0 0 

0 0 µ 0 

A. OOµ+A. 

det W H (I, 0 yt) = µ ( µ + 2A) -::t 0. 

(4.67) 

4. MHoxecTBo W H (R, 4) MaTPHn W H, HMeIOillHX CTPYKTYPY 
(4.67), .HBJUieTC.H rpynnoH:, IIpH'leM 

f3 =I/ µ(I, eY, ), a(I, eY,) = - A./µ(µ+ 2A.), 

a+ f3 =(µ+A.)/(µ+ 2A.). 

(4.68) 

5. oUBYMepHLie aHanom Mo.uyrreH: IOHI-a, CJtBHra H K03<l><PHnHeH­

Ta IlyaccoHa ,l{Jljf WH-rro.l{KJlacca cpe.u H3 H-KJiacca HMeIOT BH.n 
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E2H(y, /,0yr)=l/w1, G1H(y, /,0yr)=l/w3, V2H =-aE2H• 

E2H (y, 1, eyr) = µ (µ + 2A.) /(µ+A.), G2H (y, 1, eyr) = µ, (4.69) 

v2H (y, I, eyr) =A. I(µ+ A.). 

CBSI3b Me)K)zy )'KaJaHHbIMH BeJIWIHHaMH HMeeT BM.A 

E2H = G2H (1 + V2H ), (4.70) 

Ay (0yt) = G2Hv2H I (1- V2H ), µy (/, eyt) = G1H· 

6. EcrrH Ko3<P<PHu;HeHTbI µ H A. (B513KOCTH HJIH xeCTKOCTH) He 

3a.BHCSIT OT pa3MepHOCTH H-cpe]lbl (KoppeKTHbI), TO MOJlYITH a. H ~ 

(B513KOCTH HJIH ynpyroCTH) 3a.BHC5IT OT pa3MepHOCTH H-cpeJI.J>I H rro-

3TOM)' 5IBJISIIOTCSI HeKoppeKTHbIMH peOJIOI'H'ieCKHMH xapanepHCTH­

KaMH 3TOH cpe]lbI. 3TOT <i>aKT Heo6xo,nHMO y<IHTbIBaTb rrpH rrepexo.ne 

OT Hccrre.noBaHIDI JlB}'MepHo:H cpeJI.J>I K Hccrre]lOBaHHIO TPexMepHo:H 

cpeJlbI H o6paTHO. 

7. AHarrom MOJlYITSI IOHra E3H (/, eyt) H K03<i><PHIJ;HeHTa Ilyac­

COHa, a TaKXe HX CBSI3b c aHaJIOraMH K03<P<PHIJ;HeHTOB lliIM3 (4.63) 
He COBIIa]laIOT c aHaJIOI'H'iHbIMH xapanepHCTHKaMH JJ;B}'MepHbIX 

H-cpeJl (4.69). Crre]loBaTeJILHo, B crryqae <PopM)'rrHpOBKH 3a;:i;aq B 

TepMHHax aHaJIOfOB Moeyrre:H IOHra H K03<i><PHu;HeHTa IlyaccoHa .lVIlI 

JlB}'MepHbIX cpe.n HeJib3SI HCIIOJib30BaTb yce11eHHbtii: IIO O.l(HOH KOOp­

.l(HHaTe pa6oqH:H arrnapaT MexaHHKH TPeXMepHo:H cpe.nL1. Bee cKa-

3aHHoe B IIOJIHOU Mepe OTHOCHTC51 K O]lHOMepHbIM cpe.naM, KOTOpbie 

B MOHOrpa<PHH He paccMaTPHBaIOTC51. 

8. AHarror MOJlYITSI C.l(BHra ( COBIIa]laIOIIJ;HU c K03<i><PHIJ;HeHTOM 

BSI3KOCTH (xecTKOCTH) BTOporo THIIa), a TaK:lKe pa.BeHCTBO (4.70) 5IB­

JISIIOTCSI KoppeKTHblMH xapaKTepHCTHKaMH H-cpe.z:tLI. 

Ilpe,lVlo:JKeHHe 4.42. IlyCTL: 1. PeorroI'H'iecKHe Ko3<Pq>HIJ;HeHTbI 

cpe]lbl BTOporo THIIa He 3a.BHC5IT OT ToqKH H HHBapHaHTOB I MaTPHIJ;bl 

du~O / dy00; 
2. TeMIIepaTYPa cpeJlbl He 3a.BHCHT OT TO'IKH. 

Tor.na cpe.z:ta SIBJISieTC51 oJJ;HopoJJ;Hon, a ypaBHeHHSI MexaHWiecKo­

ro COCT05IHHSI 

(4.71) 

H ypa.BHeHHSI ]lHHaMHKH - JIHHeHHbIMH: 
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Py vr>· = Pyg~t h y, y)- grad0 w + 

+/..(0t)grad0 div0 ur> +µ(Ot)V2ur>. (4.72) 

3. r H l1 0 T e 3 a: HHKaICHX crrea;mUILHLIX (J:(orroJIHHTe.TILHLIX K 

HMeIOUl;HMC51 B ypaBHeHH51X MeXaHH'IeCKOfO COCT051HH51) «TeMITepa­

TYPHLIX» Hanp51xenHH H «TeMITepaTYPHLIX» ,z:i;ecpopMaa;Hii yrrpyroro 

MaTepm1.1Ia He cym;ecTByeT. Cym;ecTBYIOT 3aBHC51m;He .D:pyr OT .D:pyra 

,z:i;ecpopMaa;HH, CKOpOCTH ,z:i;ecpopMaIJ;HH H Hanp51XeHH51, JKa3aHHruI 3a­

BHCHMOCTL KOTOpLIX (B qacrnocrn:, KBa3HJIHHeHHruI (4.22)) onpe,z:i;e­

JI51eTC51 3aBHCHMOCTLIO OT TeMrrepaTYPLI peorrorWieCKHX K03cpcpHI.tH­

eHTOB MaTepHarra. B ycrrOBH51X OTCYTCTBH51 necpopMaa;HH ( cpHKCHpo­

BaHHruI cpopMa, cpHKCHpOBaHHLIH ofo,eM: VYO = 0) uanp51XeHH51 B HeM 

H3MeH51IOTC51 no 3aKOHY (4.59): 

(4.73) 

IlpewioJKeHHe 4.43. 11 pen n o JI ox HM, ~o: 1. .UBHXeHHe 

w H -cpe,ll;LI IlOTeHqHam.HO (3 .100): 

du~O / dy00 = (dur> / dyOO )T = [dur> / dy00 ]; (4.74) 

2. CMeilla.HHLie BTOpLie npOH3BO)l;HLie KOOp.n;HHaT BeKTOpa CKOpo­

CTH ur> ITO KoopmrnaTllM BeKTOpa yOO HenpepLIBHbl H, CJie,!J;OBaTeJILHO, 

paBHbl: 

U l _ ul u3 - u3 
12 - 21 ' .•. ' 23 - 32. (4.75) 

Tor.D:a yprumeHHe AHHaMHKH W8 -cpe.D:LI (4.72) c yqeTOM (4.75) 
MOXeT 6LITL rrpe,ncTaBJieHO B ,z:i;Byx 3KBHBaJieHTHLIX cpopMax: 

Py vr>· = Pyg~t(-, y, y)- grad0 w + div0 ur>grad0 Ay (11 , eyt) + 

+ (A.y (11 , Oyt) + µy (I, eyt ))V2ur>, (4.76) 

Py v~O· = Pyg~t (--, y, y) - grad0 w + div 0 ur> grad0 Ay (11 , Oyt) + 

+ (/..y (11 , eyt) + µy (I, eyt)) grad0 div 0 ur>. 

)J;oKa3aTe11LCTBo. 1. ,nrnr nepBoii crpoKH .Il-.z:i;ecpopMaTOpa norryqaeM 

Ty0l = ((-w + t..Y (11) + µ uf ), (µ /2)(ui + u[ ), (µ /2)(u~ + uf )). 
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BbI'IHCJIHM JJ:HBepreHUHIO :aToii CTPOKH c yqeTOM (4.75) 

div0 Tyol = (-w + /...Y (11 ))1 + µ uf1 +(µ/2)uh + ( µ / 2)u[2 + 

+ (µ / 2)u~3 + (µ / 2)u[3 = (-w + /...Y (11 ))1 + 

+ (µ / 2)(uf 1 + ui2 + uj3) + (µ / 2)(uf 1 + "f2 + "f3) == 

= (-w + Ay U1 ))1 + (µ / 2) Y'2 "~1 + (µ / 2)(u}1 + "~1 + ujl)::: 

= (-w)1 + (Ay (I 1))1 + (µ / 2) V'2 u~1 + (µ / 2)(div0 ur> )i = 

=(-w)1 +/...(div 0 ur>)1 +(µ/2)V'2 u~1 +(µ/2)(div 0 ur>)1 = 
+ (-w)1 + (/... + µ / 2)(div0 u_?> )1 + (µ / 2) v2 u~1 . 

Ilpo.11:e.rras aIIaJIOI"H'IHbie BbIKJiaAKH c OCTaJibHbIMH CTpOKaMH 

JJ:-JJ:e¢opMaTOpa H BOCilOJib30BaBUIHCb (2.65), nonyqaeM JJ:OKa3bIBae­

MbIH pe3yJibTaT. D 

IlpewiolKem1e 4.44. Ilpe.11:nonoxHM, 'ITO B ycnoBIDIX npe.11:i.1-

;zyutHx JJ:o~eHHH (4.76) WH-cpe.11:a HecxHMaeMruI (4.34), (4.36): 

di 00-0 Vo Uy - • (4.77) 

Tor.11:a ypaBHeHHe JJ:HHaMHKH noTeHIJ;HaJibHOro JJ:BHXeHIDI (Te­

'leHIDI, .n:e¢opMHpOBaHIDI) WH-cpeJJ:hI (4.76) JIHHeHHhI H COBml,Ila­

IOT c ypaBHeHIDIMH .D:BH:lKeHIDI H,n:eaJibHOH :lKH,n:KOCTH ( 4.48) 
(W H -KJiacc HeC:lKHMaeMLIX cpe.zt B ycJIOBIDIX 6ecuHpKymIUHOHHOro 

(noTeHUHaJibHOfO) JJ:BHXeHIDI JJ:HHaMH'leCKH 3KBHBaJieHTeH 

1-KJiaccy XH,n:KOCTeli): 

(4.78) 

IlpewiolKelDle 4.45. Ilpe.11:nonoxHM, 'ITO 

(4.79) 

Toma: 1. Koa¢¢HUHeHTL1 BSI3KOCTH (xeCTK:ocm:) nepsoro H BTO­

poro THilOB B npOTHBope'IHH c TPe6osaHIDIMH onpe.n:e.rreHIDI (0.47) cra­

HOBSITC51 3aBHCHMbIMH H HMeIOIIJ;HMH pa3Hbie 3HaKH, TaK 'ITO 

(4.80) 
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2. YpaimeH:l:ie MeXaHH'leCKOro COCTO.SIHIDI (4.59) 

(4.81) 

CTaHOBHTC.SI HeKoppeKTHLThC det w H = µ 2 ( µ + 31..) = µ 2 ( µ - µ) = 

= 0 (4.60) ~ W H f;iE W H (R, 9). 
3. Cpe.ua He HMeeT MO.ll)'Jlll B.SI3KOCTH (:xceCTKOCTH) rrepBoro THIIa 

(4.61) 

a(y, 1, eyt) = _ A.µ-1 (µ + 3>..)-1. 

4. YpaBHeHIDI .UHHaMHKH cpe,ur,1 (4.64) CTaHOB.SITC.SI HeKoppeKT­
HbIMH H rrpHHHMaIOT BH.ll 

Py v;io· = Pyg~t (-, y, y) - gradow -1I3µy (/, eyt) gradodivou~+ 

+(du~ /dy00-l/3div0 u~E)grad0 µY(l,8y1 )+ 

+ µy (/, Syt) V2 u~O. (4.82) 

)loKa3aTeJILCTBO. Orrpe.uemrow;He COOTHOIIIeHIDI (4.56) rrpH 
ycJIOBHH (4.58) HMelOT BH.ll 

TYO= (-w +A div0 u~ )E +µdu~/ dy00. (4.83) 

.IVuI crre.ua paBeHcTBa (4.83) rrorryqaeM 

OTKy.ua, rrocrre .uerreHIDI Ha 3 c yqeTOM npe.urrorro:xceHIDI (4.79), rrpH­
XO.UHM K (4.80) H (4.82). 0 

KoMMeHTapHH: 1. I-fa (4.82) CTaHOBHTC.SI .SICHLIM ypoBeHb rrpH-
6rrH:xceHH.SI (4.79): paBeHCTBO crrpaBe,WIHBO TOJibKO .llJlll HeB.SI3KHX H 

Heyrrpymx cpe.u JIH6o B crryqae div 0 u~ = 0. 

BH.ll 
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2. .nmi .UBYMepHOH cpe.Ubl COOTBeTCTByrow;He paBeHCTBa HMeIOT 

0.5(T1q + T2~) = - w, 

A.y =-0.5µy. 

(4.84) 

(4.85) 



4.S.2. YPABHEHIDI TEPMO)lHllAMllKH 

Onpe.l{eJieHHe 4.9. Ilycn,; 1. Cpe,lla - B513KruI XHJlKOcTh; 

2. Ay U1 'eyt) - CTOJ16eu K03¢c):mUHeHTOB B513KOCTH rrepsoro 

THIIa, µ y (I, 0 yt ) - K03<lJtPHUHeHT fill3KOCTH BTOporo THIIa H3 ypaB­

HeHHH MeXaHHtleCKOro COCT051HHj{ H-:>KH,llKOCTH (4.55); 

3. VYO - (9 X l)-CTOJ16eu, COCTaBJleHHblH H3 (3 X 1)-CTOJIOUOB 

MaTPHUhI dvf1 / dy00 (4.2). 

Tor.ua: 1. CKaJlj{pHoe rrpoH3Be.ueHHe (aHarrorHtIHO (2.49)) 

Ha3bmaeTc51 duccunamuBHOU </JYHK'/.#ueu nepBozo muna IDI3Kou 

H-XH.llKOCTH B TO'iKe y. 

2. CKaJlj!pHblH KBa.ApaT BeKTopa vyo c "IHCJIOBbIM K03tPtPHUHeH­

TOM µy (/, 0yt) 

(4.87) 

Ha3bIBaeTC51 duccunamuBHOU </JyHKijueu Bmopozo muna IDI3KOH 

H-XH.llKOCTH B TO'iKe y. 

IlpeWI01KeHHe 4.46. IlyCTb: 1. <l>~ (/1, 0yt ), <l>~ (/, 0yt )- .IJ;HC­

CHIIaTHBHLie tPYHKUHH nepsoro H BToporo THIIOB (4.86), (4.87); 

2. Pyt w;, - CKOpOCTb BbmOJllleffHj! 3JleMeHTapHOH pa60Tbl .uawre­

HHeM IlacKaJlj! (wy = py-1 -)'.lleJILHbtii ofu.eM )KH)l;KOCTH) B TO'iKe y; 
3. u;, (0yt) - IIJIOTHOCTb CKOpOCTH H3MeHeHHj{ seyrpeHHeH 

3HepmH XH,llKOCTH B TO'iKe y OTHOCHTeJlbHO MepLI m( dy ). 
Toma ypasHeHHe repMO.llHHaMHKH IDI3KOH H-)KH)l;KOCTH HMeeT Bff.ll 

(4.88) 

J(OK333TeJibCTBO CBO.IJ;HTC51 K IlO.IJ;CTaHOBKe ypaBHeHHH MeXaHH­

qecKoro COCT05J:HHj{ :>KH,llKOCTH (4.55) B ycrrOBHe 3HepreTHtieCKOH 

c6arraHcHpoBaHHOCTH BcerreHHOH MeXaHHKH farrHJ1e51 c yqeToM 

onpe.uerremu1 (2.51) H .llOKa3aTeITLCTBa paBeHCTBa (2.52). 0 
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KoMMemapuu: 1. )llUI HecxHMaeMoii IDI3KOH H-XH.lUCOCTH 
(div0 v§>D = 0) ,o;HCCHil~IDI Terurnso:H 3HepmH nepsoro THna (4.86) 

OTcyrcrnyeT' H yprumeHIDI TepMO,ll;HHaMHK.H npHHHMaIOT BH,ll; 

PyUy (0yt) = <t>~ (/, eyt) + divo q~ + cpy. 

2. ECJIH BepHO npe.o;norroxeHHe ( 4.58), TO ,ll;HCCH.IlaTHBHasI cpytt­

KIJ;IDI nepsoro THIIa HMeeT BH,ll; 

(4.89) 

3. H-KJiacc TPeXMepHbIX IDI3KHX XH.o;KOCTeii TepMO.O:HHaMINe­

cKH He 3KBHBaJieHTeH HH O,ll;HOMY H3 pattee paCCMOTpeHHblX KJiaCCOB 
XH.Il:KOCTeii. Crre.o;osaTerrbHO, Jlilll norryqellliSI TeopeTH.qecKHx pe3yrrh­

TaToB, a,u;eKBaTHbIX 3KCnepHMeHTY, B CHCTeM)' pemaeMbIX ypaBHeHHH 

Heo6xo.o;HMO BKJIIO'IeHHe ypaeHeHIDI TepMO,ll;HHaMHKH (4.88). 

Onpe,o;eJieHBe 4.10. fiyCTb: 1. Cpe.o;a - ynpym:H H-Marepnarr 
(u: z); 

2. Ay U1' eyt) - CTOJI6eu K03cpcpHIJ;HeHTOB xeCTKOCTH nepeo­
ro THna, µ y (I, 0 yt ) - K03cpcpHIJ;HeHT xecTKOCTH BTOporo THna; 

3. Z_?> - (9 X 1}-CTOJI6eu;, COCTaWieHHbIH H3 (3 X 1)-CTOJI6IJ;OB 

MaTPHU:bI dz_?>/ dy00 (3.18) (.ll;ecpopM~Hii cpe.o;br npH ycrroe1rn 
(3.16)). 

Tor.o;a: 1. CKa.JISipHoe npoH3Be.o;eHHe (attarromqHo (4.86)) 

<t>~ (11, eY,) = Ay (11, eyt )- z~· = A.Y (11, eyt) div 0 zr1· (4.90) 

Ha3bIBaeTcg MomH0Cmb10 .M0£'4HOcmu Hanp.J1.JKeHuu nepeozo muna Ha 

oe</Jop.MalfURX d(dzr1 I dy00) = d6.'f (3.23) ynpyroro H-MaTepH.ana 
B TO'!Ke y OTHOCHTeJibHO Mepbl m(dy). 

2. CKarrgpHoe npOH3Be.o;eHHe CTOJI6u;a M ~ (I, e 66 )z~O Ha CTOJI6eu: 

cKopocre:H ,o;ecpopM~ (MeMeHToB MaTPHU (dzy / dyoo )" = 6.'f· 
(3.17)) 

(4.91) 

Ha3bIBaeTC5l MomH0Cmb10 .MO£l4Hocmu oonpRJKenuu emopozo muna 

Ha oe<}Jop.Ma£/.URX d(dz~O I dy00) = d6.'f (3.23) ynpyroro H-MaTepH­
arra B TO'!Ke y OTHOCHTeJibHO Mepbl m( dy ). 
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IlpeAJIO}KeHHe 4.47. IlyCTJ>: 1. <l>~ (/, 8yt ), <l>~ (/, 8yt )- cpymc­

UHH H3 npe.n;1>myw;ero onpe.n:e.n:eHIDI (4.90), (4.91); 
2. Uy ( 8 yt ) - IlJIOTHOCTb CKOpOCTH H3MeHeHIDI BttyTpeHHeH 

3HepmH H-MaTepmUia B TOqKe y OTHOCHTeJlbHO MepbI m( dy ). 
Tor.n:a ypaBHeHHe TepMO.ll:HHaMHKH ynpyroro H-MaTepHana HMeeT 

BH.n; 

,I(oKa3aTeJlbCTBO CBO)l;HTC.sI K llO)l;CTaHOBKe ypaBHeHHH Mexa­

HH'leCKOro COCTO.sIHIDI MaTepHana (4.55) B yCJIOBHe TepMO.n;HHa­

MH'leCKOH c6aJiaHCHpOBaHHOCTH Bce.n:eHHOH MeXaHHKH raJIRJie.sI c 

yqeTOM onpe.n;eJieHHH (4.90) (4.91) H )l;0Ka3aTeJibCTBa paBeHCTBa 

(2.52). D 

KoMMemap1111: 1 . .[LJuI ynpyroro MaTepHana HanpIDKeHIDI .n:ecpop­

MHpOBaHIDI He 3aBHC.sIT OT CKOpoCTe:H. Ilo3TOMY HX MOIUHOCTH (pa60ThI 

Ha .n:ecpopMaUIDIX B e.n:mnnzy BpeMeHH) He npHBO.n;.sIT K .n;HCCHIIauHH 

3HepmH. Pa60Ta TaKHX Hanp.SDICeHH:H H cooTBeTCTByrow;ee mMeHeHHe 

BttyrpeHHe:H 3HepmH MaTepmma 06paTHM1>1. 

2. ,U.rni HecXHMaeMoro H-MaTepHana div 0 z_r1' = 0 ( 4.32) H3MeHe­

HHe aeyrpeHHeii 3HepmH nepBoro THIIa ( 4.90) OTcyrcrnyeT e: ypaaHe­

HIDI TepMO.n;HHaMHKH npHHHMaIOT BH.n; 

(4.93) 

3. H-KJiacc ynpymx MaTepHanOB TepMo.n;HHaMe:qecKH He u­

ae:saneHTeH HH OAHOMY H3 pattee paccMOTpeHHl>IX KJiaccoa MaTe­

pHanoa. Crre.n;oBaTerr1>Ho, .n:rr.si norryqeHIDI TeopeTe:qecKHX pe3yrr1>­

TaTOB, a.n;eKBaTHbIX 3Kcnepe:MeHTy, B CHCTeMy pemaeMJ>IX ypaBHe­

HHH Heo6xo.n;HMO BKJIIoqeHHe ypaBHeHIDI TepMO)l;HHaMHKH (4.92). 
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4.6. 3JIEMEHTLI )lHHAMHKH P-KJIACCOB 
KBA3HJIHHEitHLIX HEDPEPLIBHLIX CPE,ll. 

4.6.1. f'PYIIIlA MATPHIJ; PEOJIOI1fllECKHX 
KO~<l><l>HIJ;HEHTOB-P-CPE,IJ;bl BTOPOrO THilA 

IlpeWI01KeHHe 4.48. IlycTb: 1. P(R, 9) - MHoxecTBo rrepcHM­
MeTpWieCKHX Heoco6eHHbIX (9 x 9)-MaTpHQ BH,I{a 

P1 0 0 0 P2 0 0 0 P2 
0 P3 0 0 0 0 0 0 0 

0 0 P3 0 0 0 0 0 0 

0 0 0 P3 0 0 0 0 0 
P= (4.94) 

P2 0 0 0 P1 0 0 0 P2 
0 0 0 0 0 P3 0 0 0 

......... 
P2 0 0 0 P2 0 0 0 P1 

det P = p~ ·(Pf - 3P1P2 + 2pi) :;t:O, P3 :;t:O, (4.95) 

r.ue BepXHHe HH)leKCbl 5IBJISIIOTC51 IIOKa.3aTemIMH CTeIIeHH ; 
2. Ha :meMeHTbI MaTpHQ HarroxeHbI CB513H BH,I{a 

P1 - P2 - P3 = 0. (4.96) 

Tor.na: 1. P(R, 9) - rpynna, MaTpHl.la, o6paTHa51 K MaTpHQe P, 
HMeeT aHanornqH)'IO CTPYKTYPY c cooTBeTCTByromHMH :meMeHTaMH 
BH,I{a 

W1 =(pr - Pi )(pr - 3P1Pi + 2pv-1• 

W2 == P2 (P2 - P1 )(Pf - 3P1Pi + 2pj )-l, 

W -p-1 3 - 3 . 

(4.97) 

(4.98) 

(4.99) 

2. I'pyrrna P(R, 9) QeHTpHpyeMa rpyrrrroH: SO(R, 9) BpameHHH: 
R9 (4.46), T. e . .!lIDI nro6bIX MaTpHQ CJ E SO(R, 9) HP E P(R, 9): 

C~· T PCJ == P. (4.100) 
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3. fpyrrna P(R, 9) aBJUieTca o6ne,uHHeHHeM Tpex rro,llrpyrrrr: 

P(R, 9) = Pi2 U P13 U P23 , 

Pi2 = {Pt P3 =Pi - P2 }, 

P13 ::::: {PYO: P2 ::::: P1 - P3 }, 

P23 ::::: {PYO: Pi = P2 + P3 }. 

(4.101) 

(4.102) 

(4.103) 

(4.104) 

KoMMeHTapuii. lh rrpe,lli.mymero rrpe.wioxeHH.sI cne.uyeT, 'ITO 

MaTpHUbI KIDK)J:OH H3 yKaJaHHbIX rronrpyrrn Moryr BbIIlOnH.sITb poni. 

MaTpHU peonoIWieCKHX Koa<f>qmuHeHTOB BToporo THIIa KBaJHJIH­

HeHHbIX HenpepbIBHbIX cpe,ll. 

4.6.2. P 12 -KJIACC KBA3HJIHHEillILIX HEIIPEPLIBHblX CPE,ll 

IlpeNJOlKeHHe 4.49. IlycTi.: 1. P12 - rpyrrrra BH,I{a (4.102); 
2. f H II 0 T e 3 a: yprumeHH.sI MeXaHH'leCKOI'O COCTO.sIHH.sI Cpe,llbI 

HMeIOT BH,ll 

(Tyo)= - (w) + Ay U1, eyt) + Pj1 (I, eyt )U~' (4.105) 

rne Ay U1' eyt) H3 (4.55), Pj1 (I, eyt) E P12. 
Torna: 1. Knacc KBaJHJIHHeliHi.rx cpe.IJ; HaJ1>rnaeTc.SI P12 -KJlac­

co.M, a ero aneMeHTbI - P12 -cpeoa.Mu. 

2. Orrpe,lleJI.SIIOIJUle COOTHOllleHH.sI ( 4.15) WI.sI P1z-Cpe,ll He C)'llle­

CTByIOT. 

3. MaTpH'IHOe npe,llCTaBJieHHe .wia .ll-.lle<f>opMaTOpa TYO cpellbr He 

C)'llleCTByeT. 

4. P-cpe,llbI HMeroT TpH He3asHCHMbIX peonornqecKHx Koa<f><PH­

UHeHTa. 

5. YpasHeHH.sI ,l(HHaMHKH P12-cpe.llbI HMeroT BH.ll 

Pyv~i =-(w)i +pyg~(ty,y)+aA.y(l1 ,ey1 )/ayp + 

+ (dpzlayp, o, o, ap3 fay~, 'dp2 fay~ ,o, op3 /oy~, o, op2 /oyp) u? + 

+ P2 (y, I, Syt )(uii + uji - u}2- u~3) + 

+ p1 (y, I, eyt) V 2 u~i; (4.106) 
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Py v~2 = - (w)i + Py8P2 (-, y, y) + OAy Ui. eyt) joy~ + 

+(op2 joy~, op3 joyp, o, o, opi joy~, o, o, op3 joy~, op2 joy~ )U~+ 

P2 (y, /, Syt )(ufi + uj2 - Ufi - ui3 ) +Pi (y, /, Syt )V2u~2 ; (4.107) 

Py v~3 = - (w}J + Pygp3 (-, y, y) + oA.y Ui. eyt) joy~+ 

+ (op2 joy~, o, op3 joyp, o, op2 joy~, op3 joy~, o, o, opi joy~) U$+ 

+ P2 (y, /, Syt )(uh+ ui3 - Ufi - ui2) + 

+Pi (y, /, eyt )V2u~3; (4.108) 

(4.109) 

Ilpe,w10lKeHHe 4.50. IlpeAIIOrroxo1M, qTO: 1. CMelllaIIHhie 

BTop1>1e IIpOH3BOAHhie OT KoopAHHaT BeKTopa u~O Pi2 -cpeAhI IIO Ko­

opAHHaTaM BeKTOpa yOO HeIIpepbIBHhl B TQqKe y H, CJie,L\OBaTeJihHO, 

paBHhl (4.75); 
2. cf, ci, c~ - Ko3<PqmuHeHThI UHPKYmIUHH BeKTopa u~ 

P12 -cpeAhI B TO~e y (3.93). 
TorAa ypaBHeHIDI AHHaMHKH Pi2 -cpeAJ>I HMeIOT BRA 

Pyv~i =-(w)i +pyg~(,y,y)+oA.yUi,ey,)joyp + 

+ (opifoyp, o, o, op3 joy~, op2 joy~, o, op3 /oy~, o, op2 joyp )U$ + 

+ p2 (y,1,ey,)[~c~ joy~ -oci joy~]+ 

(4.110) 

Py v~2 = - (w)i + Py8P2 (I y, y) + OAy Ui' eyt) joy~ + 

+(op2 joy~, op3jayp, o, o, opifoy~, o, o, op3 joy~, op2 joy~) U$+ 

+ P2 (y, /, Syt )[ocf joy~- oc~ joyf] + 

+ p1 (y, I, Syt )V2u~2 ; (4.111) 
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Py v~3 = - (wh + Py8?3 (--, y, y) + oAy Ui. eyt) I oy~oy~ + 

+(op2 joy~, o, op3 /oyp, o, op2 joy~, op3 joy~, o, o, op1 joy~) u? + 

+ p2 (y,1, eyt )[oci /oyp- ocj /oy~] + 

+ Pi (y, I, Syt )V2u~3 . (4.112) 

JJ:oKa3aTeJILCTBO. Ami ypairneHIDI (4.106), HanpHMep, no.rryqaeM 

uii + uji - ui2 - u13 = "ii - uh + ujl - u13 = 

= "f2 - ui2 + Uf3 - u13 = 0 (u[ - ui) I oy~ + 
+ 0 (u[ - u1) I oy~ = oc~ I oy~ - oci joy~. D (4.113) 

KoMMemapHii. YCJIOBHe (4.75) He BLmonHeHo npH apMHpoBa­

HHH MaTepHana, npH HanHqHH B MaTepHane H30RHpOBaHHLIX HHO­

pO,llHLIX BKmoqeHHH, pa3pLIBOB CilnOlllHOCTH, 1'pelllHH, CKOROB H 

T. Il. 

IlpewiolKeHHe 4.51. II p e .ll non ox HM, ~o npH ycnoBHH ( 4. 7 5) 
peonoI'H'leCKHH K03<l><l>HQHeHT nepBoro THna Ay (Ii , e yt ) HMeeT 

npoCTeH:111ee npe,llCTaBneHHe 

Tor,lla: 1. YpaBHeHIDI MexaHe:qecKoro cocT011HIDI P12 -cpenLI, 

OCTaBWICL KBa3HnHHeHHLIMH no npHqHHe 3aBHCHMOCTH peonorn­

qecKHX K03<l><l>HQHeHTOB xeCTKOCTH BTOporo THna OT [, HMeIOT 

BH,ll 

(4.115) 

rne Ma1'pHQa Wi2 (y, /, eyt) E w 12 (R, 9) HMeeT CTPYKTYPY· aHano­

I'H'lffYIO (4.94) c 3neMeHTaMH 

Vi = Pi + A, V2 = P2 + A, V3 = P1 - P2. 

2. 06paTHWI MaTpHQa W12i (y, /, eyt) E w 12 (R, 9) HMeeT aHa­

ROI'H'lffYIO CTPYKTYPY c 3neMeHTaMH (Ko3<l><l>HQHeHTaMH BJIIDIHIDI) 
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wi(y,I,eyr)=l3i +o:, w2(y,I,eyr)=l32 +o:, 

w3 (y, 1, eY,) = 13i - 132. (4.116) 

3. PeoJIOnf'leCKHe MOJlYJIH cpe)];bl nepBOI'O THrra 0: H BTOporo TH­

rra 13i, 132 HMeIOT BHJl 

aY (I, eyt) = - 2'A(p2 - Pi) f h, 

13yrU. eY,) =<Pr - Pi) f h. 
l32y u. eyr) = <P2 - Pi )(P2 + 31..) f h, 

h = 31..(pi - P2 )2 +(pf - 3PiP~ + 2pj_ ). 

4. YprumeHIDI .IlHHaMHKH Wi2 -cpe,n;bI HMe10T BHA 

P O· -
Y vyi -

(4.117) 

= Pygp1 (-, y, y)+ 'Ay (Sy) a div 0u~ fayf + a'Ay (9yt )fayp div0u~+ 
+ c ap1 f ayp, o, o, ap3 fay~, ap2 fay~, o, ap3 fay~, o, ap2 f ayp) U$ + 

+ p2 (y, I, 9)[ac~ fay~ - ac~ fay~]+ Pi (y, I, eyt )V2uy1; (4.118) 

p vO· = y y2 

= Pyg~2 (-, y, y)+ J..y (9yt) a div0ufl fay~+ dAY (9yt )foy~ div0ufl+ 

+ (dP2 fay~, ap3 foyp, 0, 0, api fay~' 0, 0, ap3 fay~, ap2 fay~) U$+ 

+ p2 (y, /, eyt)[dc{ foy~ - oc~foyf] +Pi (y, I, eyt )V2u~2 ; (4.119) 

Pyv~3 = 

= Py8P3 (-, y, y)+ Ay (9yl) a divoufl fay~+ aJ..y (9yi )fayp divoufl+ 

+ (op2 fayg, o, ap3 jayp, o, ap2 jay~, ap3 jay~, o, o, ap1 /ay~ )U~+ 

+ p2(y, I, Byi)[acifayf- oc{ fay~]+ P1 (y, I, ey 1 )V2u~3 . (4.120) 

IlpHMep. IIycTb Pi =I, p2 = 2, A= 4, TOr.n;a 131 = - 0.1765, 
132 = 0.8235, 133 = 131 - 132 = -1, a= - 0.4706. 3rreMeHTbI MaTPH­

UbI Will HMeIOT BH)];: Wi = J3i + 0: = - 0.6471, W2 = 132 + 0: = 
= 0.3529, W3 = 133 = - 1. 

KoMMemapHH: 1. )J.JuI .n;ByMepHOH cpe,n:LI cooTBeTCTBYJOIUHe xa­

paKTepHCTHKR HMeIOT BH,ll 
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Pi+ A 0 0 P2 +A. 

0 0 Pi - P2 0 
W12 (y, I, eyt) = ' (4.121) 

0 0 0 Pi - P2 

P2 +A 0 0 Pi+ A 

Pi - P2 :;t: O; 

a(y,I,eyt)=l/2(pi -p2)/[(Pi +A)2 -(P2 +A)2 ]. 

131(y,1, eyt) = 1I2(P1 - P2 )-i, 

132 (y, 1, eyt) = -1 I 2(Pi - p2 )-i, (4.122) 

13i -132 = 1 I <Pi -:- P2 ); 

wi(y,/,8y1)=l3i +a, w2(y,/,8y1)=l32 +a, 

w3 (y,1,ey1 )=l3i -132 . (4.123) 

IlpHMep. Pi = 3, p 2 = 2, A.= 3, ~a= 0.045, 131 = 0.5, 
132 = - 0.5. 

A1rnnorn Moeyneii lOHra, c,n;BHra H K03cpcpHUHeHTa IlyaccoHa 

WU! .D;B}'MepHblX H TpexMepHbIX cpe.n; no cpopMe 3aIIHCH COBna,n;aroT H 

HMeIOT BH,n; 

£ 12 (y, I, eyt) = 1 / wi = 1 / <13i +a), (4.124) 

G12 (y,1,ey1)=1/w3 =1/(131 -132) =(p1 -p2 ),(4.125) 

V12 (y, I, eyt) = - W2 I Wi = - <132 +a) I <131 +a). (4.126) 

2. YpaBHeHIDI .n;HHaMHKH .D;B}'MepHOH W12 -cpe,n;bI B TepMHHax 

peorrornqecKHX K03cpcpHUHeHTOB .SIBJUIIOTC.SI yceqeHHbIMH no TpeTbeH 

Koop.n;HHaTe ypaBHeHH.SI .n;HHaMHKH TpeXMepHoii W12 -cpe.n;bI c TeMH 

)Ke K03cpcpHUHeHTaMH. 3To CBH,n;eTeJibCTByeT 0 TOM, qTo 3TH K03cp­

cpm.i;HeHTbl He 3aBHC.SIT OT pa3MepHOCTH cpe,n;bl H B 3TOM CMbICJie JIB­

JIJIIOTCH KOppeKTHbIMH xapax:TepHCTHKaMH cpe,llbI. 

3. PeoJiof'H'leCKHe MO.IzyJIH H K03cpcpHUHeHTbI BJlH.SIHIDI .n;B}'MepHOH 

H TpeXMepHoli W12 -cpe.D;bI npmuuunrn.rlbHO pa3JIHllHbI, H3 qero cneeyeT, 

~o npe,n;CTaBJieHHe 3.TleMeHTOB MaTpHUbI du~O / dy00 (CTorr6ua U~) B 

BH,n;e KBa3HJIHHeiiHhIX KOM6HHauHli Hanp.SI)KemIB Tyo: 
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(4.127) 

WU! ,AB)'MepHbIX H TpeXMepHblX W12 -cpe,l{ COBna,IlaIOT no <)JopMe, HO 

npHHQHIIHaJlbHO pa3lIH'lllbl no CO.l{epxaHHIO. 3TO )'IGl3bIBaeT Ha TO, 

qTO peoJIOIWieCKHe MO,l{)'JIH H KO::i<jJ<jJHQHeHTbl BJIIDIHIDI B )'Ka.3aHHOM 

CMI>rcne HBmIIOTc.s: uexoppeKTHI>IMH xapaKTepHcTHKaMH W12 -cpe,n;. 

4. PeonoIWiecKHe MO.l{)'JIH cpe.llbI ( 4.117) co,n;epxaT pa.3HOCTH 

peOJIOIWieCKHX Ko::i<jJ<jJHQHeHTOB H HX KBa,IlpaTOB, qTo CBH,l{eTeJibCT­

B)'eT o TOM, qTO W12 -cpe.l{a npH Pf (HJI)H p~ Be.l{eT ce6.s: npHHQHnH­

aJibHO no-pa3HOM)', T. e. ToqKH p 1 = ± p 2 (4.96) MHoroo6pa.3IDI peo­

JIOIWieCKHX KO::i<jJ<jJHQHeHTOB .SIBJI.llIOTC.ll CBOeo6pa.3HbIMH TO~aMH 

611<jJypKaQHH W12 -cpe.l{br. 

5. EcJIH peoJiomqecKHe KO::i<jJ<jJHQHeHTbl BToporo THna He 3aBH­

C}IT OT I, TO ypaBHeHIDI MeXaHHqeCKOro COCTO}IHIDI (4.115), HaIIpjJ­

)KeHHOfO COCTO}IHIDI 

<Tl)= - (w) + W12 (y, eyt )Uy, 

u~ =Wii1<Y.ey,)(-r~). 

(4.128) 

(4.129) 

a TaK)Ke ypaBHeHIDI .l{HHaMHKH H CTaTHKH W12 -cpe.l{hI JIHHeHHbI. 

IlpeWJOlKeHHe 4.52. Ilpe.l{nonoxHM, ~o: 1. CMemaHHI>Ie 

BTOpbie npOH380,l{Hbie OT KOOp.D;HHaT BeKTOpa u~ no KOOp,n:HHaTaM 

BeKTopa uOO HerrpepbIBHbl B ToqKe y H, CJie,n:osaTeJibHO, paBHbl 

(4.75); 
2 . .D:BHXeHHe (.n:e<)JopMHposaHHe) W12 -cpe.l{bI 6ecQHPKYIDIQHOH­

HO (nOTeHQHaJlbHO) (3.96), (3.100): 

du~O / dy00 = (du~O / dy00 )T, (4.130) 

Cy - cY - Cy - O· 1-2-3-· 

3. L, (I, eyt) - MaTPHQa BH,l{a 

L(l, 0yt) = 
op1 / ayp, o, o, op3 J ayg, op2 J ayg, o, op3 Jay~, o, op2 J ayp 

= op2 / oy~, op3 / ayp ,o, o, op1 / ay~ ,o,o,ap3 / ay~, op2 / ay~ 

op2 / ay~, o, op3 / ayp, o, op2 / ay~, op3 Joy~, o, o, op1 / ay~ 
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TorAa ypairneHIDI ARHa.MHKH (4.118), (4.119), (4.120) W12 -cpe­

AbI B TOqKe y E E y RMelOT BR.Il 

Py v$0· = - grad0w + Py8$rh y, y) +Ly (I, eyt )U$ + 

+ div0u$°grad0A.Y (0yt) + (A.y (0yt) + 

(4.131) 

Py v_?J· = - grad0w + Py8~t (-, y, y) +Ly (I, eyt )U~ + 

+ div0u_?Jgrad0 A.Y (0y1 ) + 

+ (A.y (9yt) +Pi (y, /, eyt ))\12u_?l. (4.132) 

,Ll;oKalaTeJlbCTBO OCHOBaHO Ha RCilOITb30BaHRR paeeHCTBa 

\72 u_?J = grado div 0 ur> B ycrrOBIDIX Il. 1 li Il. 2 rrpeMOXeHIDI. 0 

Ilpewio1KeHHe 4.53. IlycTb a ycrroeIDix rrpeAbl.ll)mero npeMoxe­
HIDI peorromqecKHe K03cpcpm~HeHTbI R TeMrrepaTYPa W12 -cpeAbI He 
3aBRC51T OT Toqm li /. 

Ton:i;a ITRHeHm,1e ypaeHeHIDI OAHOPOAHOH IIOTeHI.lliaJibHO AecpopMR­

pyeMOH W12 -cpeAbI RMeroT BR.Il (c yqeroM grad0 div 0 u_?J = V2u_?l) 

Py v_?J· = - grad0w + Py8$1 (-, y, y) + (A.(et) + 

+ p1(01 )) grad0div 0ur>, 
Pyv_?J· =-grad0 w+pyg~1 (-,y,y)+ 

+(A.(9 1 )+ p1 (0t))V2 u~0 . (4.133) 

. Ilpewio1KeHHe 4.54. TI p e A II 0 JI 0 )I( li M, qTQ B ycrrOBIDIX rrpeAbl­

Ayw:ero rrpeMOXeHIDI W12-cpeAa HecxRMaeMa (div0 u_?J = 0). 
TorAa W12 -cpeAa ARHa.MaqecKR UBRBaJieHTHa H-cpeAe (4.78) R 

R.IleaJibHOH Xli,IlKOCTR ( 4.48): 

(4.134) 

KoMMeHTapuii. YKa3aHHbm cpmcT 51BIT51eTc51 OAHOii R3 rrpaqRH 

Toro, 'ITO rrpR TeopeTaqecKOM li3)"1eHHH IIOTeHURaJibHOro ABRXeHIDI 

HeC)KHMaeMbIX M3KHX XR.IlKOCTeii c 11cnorrb30BaHHeM ypaeHeHIDI AR­

Ha.MRKR R,IleaJibHOH )KR.IlKOCTR, KaK npaeRITO, AOCTRraeTC51 rrpReMJie-
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Moe COBIIaJleHHe pe3yJILTaTOB MO.l{eJIHpOBaIIIDI c pe3yJILTaTaMH 3KC­

rrepHMeHTOB. 

IlpeWJOJKeHHe 4.55. nrra TOro tJT06LI .l{Be pa3Hble cpe.l{bl IIpHHaJl­

Jie:iKarrH W12 -KJiaccy (a11arroIW1HO (4.65)), Heo6xo.l{HMO H .l{OCTaTotJ­

HO, tJT06bI IIpH O.l{HHaKOBOM pacrrpe.l{erreHHH B HHX HaIIp5I:iKeHHH 

..-0 - ,..O 
•ya - • yb (4.135) 

CTOJI6:Qbl U$a H u~b (.IlecpopMa:u;HH B crryqae (u = z)) 6LIJIH JIHHeliHo 

CB.H3allbl MaTpHueii H3 rpyrrIIbl w 12 (R, 9) TaK, "ITO 

(4.136) 

.lJ:oKa3aTem.CTBo. 1-fa ( 4.128) rrpH ycrroBHH ( 4.135) rrorryqaeM 

W12aU$a = W12bU~b' OTKY.Ila H crreeyeT (4.136). D 

IlpewioJKeHHe 4.56. YpaBHeHIDI TepMOJlHHaMHKH P12 -cpe.IlLI B 

BeKTopHoli 3aIIHCH HMeIOT BH.Il (w = Pyt IDIH w = 0) 

(4.137) 

(4.139) 

KoMMeHTapuii. lf3 cpaKTa JlHHaMHtJecKoii 3KBHBarreHTHOCTH 

P12 -cpe.Il .IlPYrHM KJiaccaM MaTepHarroB npH onpe.l{erreHHLIX .l{O­

rrym;eHH5IX He CJie.l{yeT COBIIaJJ:eHH51 .l{BH:iKeHmI 3THX cpe.l{. IlpHtIH­

Ha B TOM, tITO P12 -KJiacc cpe.u; TepMOJlHHaMHtJecKH He 3KBHBarreH­

TeH HH O.IlHOMY H3 paHee paccMoTpeHHLIX KJiaccoB cpe.Il. PemeHHe 

3aJJ:atJ JlHHaMHKH H CTaTHKH P12 -cpe.Il 6e3 yqeTa ypaBHeHHil TepMo­

JlHHaMHKH MO:iKeT rrpHBeCTH K cpH3HtJeCKH HeaneKBaTHbIM pe3yJIL­

TaTaM. 
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4.6.3. P13 -KJIACC KBA3HJIHHE9HLIX HEIIPEPLIBHbIX CPEJJ: 

IIpe.IVIOlKeHHe 4.57. IlyCTL: 1. P13 (R, 3)-rpyrrrra s:e,n;a (4.103); 
2. f H II 0 Te 3 a: ypasHeHIDI MeXaHHlleCKOfO COCTO.SIHIDI Cpe.Z:U,I 

HMelOT BH,D; 

rne Ay U1. ayt) H3 (4.105), PP (I, ay) E P13· 
Torna: 1. Krracc KBa3HJIHHeHHbIX cpen HaJbmaeTCSI P13 ·K.JtaccoM, 

a ero 3JieMeHTbI - P13 -cpeoaMu. 
2. OnpeneJISIIOID;He COOTHOIIIeHHSI AJISI P-cpenbI He cyw;ecT­

sywT. 

3. MaTpHllHoe npencTaBJieHHe JI)llI n-ne<PopMaTOpa Tyo cpenbI He 
cyw;ecTByeT. 

4. YpasHeHIDI AHHaMHKH P13 -cpe.z:u,1 B ToqKe y E ey E ~~ HMeIOT 
Blf.I{ 

Py v~i == - (w)1 + Pygg c-, y, y) + oi..Y (11 , aY,) I oyp + 

+(op1 /oyp, o, o, op3 /oyf. op2 /oyf, o, op3 /oy~, o, 

op2 foyf )U~ + P2 (y, I, 0yt )(uh + u~3 - u~1 - uj1 ) + 

+ P1 (y, /, eyt) a divo u~ I oyp; (4.141) 

Py v~i == - Cwh + Pygp2 c-, y, y) + oi..Y (11 , aY) / oyf + 

+ op2 /oyf. op3 /oyp, o, o, op1 /oyf, o, o, op3 /op~. op2 /oy~ )U~ + 

+ P2 (y, /, 0yt )( Ufl + U~3 - ufi - uj2) + 

+ P1(y,I,ay,)odiv0 u~ joy~; (4.142) 

Py v~3 :::: - (wh + Py8?3 (-, y, y) + oi..y U1. ayt) I oy~ + 

+(op2 Joy~, o, op3 /oyp, o, op2 /op3 , op3 /oy~, o, o, op1 /oy~ )U~+ 

+ P2 (y, I, ayt )(ufl + ui2 - uh - u~3) + 

+ P1(y,l,0yt)odiv0 u~ joy~; (4.143) 
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P2 (y, I, eyt) =Pi (y, I, eyt) - P3 (y, I, eyt ). (4.144) 

,U:OKa33TeJILCTBO .n;ocnrraeTC51 110,Il;CTaIIOBKOH ypaBHeHHH Mexa­

HH'leCKOro COCTOJIHIDI (4.140) P13-cpe.n;LI B ypaBHeHIDI .n;BIDKeHIDI 
(2.65). 0 

Ilpe,!VloJKelBle 4.58. IIpe.n;110Jio:xcHM, tfl'O: 1. CMewamn.1e sro­

pb1e 11pOH3BO.n;Hble KOOp.n;HHaT BeKTopa u'f cpe.IU>I 110 KOOp.n;HHaTaM 

seKTopayOO HerrpepbmHbI B TO"IKe y H, CJie.n;osarem.Ho, pasHbI (4.75); 

2. ci, ci, c~ - K03cj:>c):>HUHeHTbI UHPK)'JISIUHH BeKTopa u'f 
P13 -cpe.n;bI B TO'IKe y (3.93). 

Tor.n;a ypasHeHIDI .n;HHaMHKH P13 -cpe.n;bI HMeIOT B~ 

Pyv~i =-(w)i +pyg~1 (-,y,y)+oA.yUi.ey )/oyf + 

+ (iJpi I oyp, o, o, iJp3 I ay~, iJp2 I ay~, o, iJp3 I ayg, 
o, iJp2 / ayp) U'f + p2(y,1, eyt )[oci / ay~ - ac~ / ay~] + 

+Pi (y, I, eyt )CJ divo u'f I iJyf; (4.145) 

Py V~i =-:- (w)z + Pyg?2 (-, y, y) + ()J..y U1, eyt ) I iJy~ + 

+(iJp2 fay~, op3/ayp, o,o, op1 fay~. o, o, op3 fay~. op2 fay~) U'f + 

+ p2 (y, I, 0y1 )[iJc~ /iJyf- iJc{ /ayg]+ 

(4.146) 

Py v~3 = - (w}J + Pyg?3 (-, y, y) + aA.y Ui. eyt) I ay~ + 

+(CJp2 /ay~,o.ap3 /ayp,o,ap2 /oy~.ap3 /ay~,o,o,api/ay~)u'f+ 

+p2 (y,1,ey1 )[oci /oy~ -oci /ayf1+ 
+ Pi(y,l,8y1 )odivo u'f joy~. (4.147) 

.lJ:OKa33rellbCTBO aHaJIOIWlliO ,llOKa3aTe11bCTBY ( 4.106H 4.108). 0 

Ilpe,!VIOJKelUle 4.59. IIpe.n;11orro:xcHM, 'ITO B .n;o11orrHeHHe K 

yCJIOBIDIM rrpe.n;Lr,uymero rrpe.uno:lKeHIDI peorrorn'lec1adi Ko3c):>cj:>HI.(H­

eHT A. y U i , e yt ) HMeeT npocTelimee 11pe.n;cTaBJieHHe 
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Toma: 1. KBa3.HJIHHeliH1>1e ypru1HeHIDI MexaHW1ecKoro cocTo.SI­

HIDI P13 -cpe,u;1>1 HMeIOT Blf.ll 

(4.149) 

r,u;e MaTpHI{a W13 (y, /, eyt) HMeeT CTp}'KTYPY (4.94) c :meMeHTaMH 

vi (y, I, eY,) = Pi +A., vz (y, I, eY,) =Pi - P3 + A.; 

(4.150) 

W13 (y, /, eyt) E W13 (R, 9). 

2. 06paTHaSI MaTpHI{a Wii (y, I, eyt) E W13 (R, 9) HMeeT TY 
xe CTpyx:zypy, COOTBeTCTB)'IOIUHMH arreMeHTaMH KOTOpoH: SIBJUllOTCSI 

K03cpqnmHeHTbI BJIHSIHHSI 

(4.151) 

3. PeorrornqecKHe MO.IzyJIH nepBOI'O a H BTOporo THIIOB 131. 133' 
BbNHCJISllOTC11 110 cpOpMyJiaM 

a(y, I, eyt) = 2p3A I h, (4.152) 

h = (P1 + A.)3 - 3(p1 + A.)(P1 - P3 + A.)2 + 2(P1 - P3 + A.) 3. 

4. ,I:tJul ,D;B}'MepHOH P13 -cpe,u;1>1 COOTBeTCTB)'IOII(He xapaKTepHCTH­

KH HMeIOT BH.ll 

P1 + A. 0 0 P1 - P3 + A. 

W13 (y, I, eyt) == 
0 P3 0 0 
0 0 p3 0 

P1 - P3 +A. 0 0 P1 +A. 
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a(y, I, eyt) =!..I [(Pi + 1..)2 - <Pi - P3 + }..)2 J, 

13(y, I, Sy)= Pi /[(Pi + }..)2 - (Pi - P3 + A.)2 J, (4.153) 

132 (y,I,ey)=I I p 3, 

l3i -l32 =-(Pi -p3 +21..)/[(Pi +1..)2 -(Pi -p3 +A.)2 ], 

wi(y,I,eyt)=l3i +a, w2 (y,I,eyt>=l3i -132 +a, 

(4.154) 

5. AHaJiorn Mo;zyneii I0Hra, C.ItBHra H Ko:aipqmUHeHTa IIyaccoHa 

.Zlilll .ItBYMepHOH H TpeXMepHOH cpe.o;1>1 HMeIOT BH.o; 

£ 13 (y,1, eyt) = 1 / wi; 

G13 (y,I,eyt)=l/w3 =1/132 =p3, (4.155) 

IlpewiolKeHHe 4.60. IIycT1>: 1. II p e .o; non ox HM, ti:To B .o;onon­

HeHHe K ycnoBIDIM npe.o;1>J,Izy1Itero npe.z:tnoxeHIDI, .o;eq>opMHpOBaHHe 
Wi3 -cpe.o;LI noTeHIJ;HaJILHo (6eCUHPKYJUIIJ;HOHHo) (3.96), (3.100) 

2. MaTpHIJ;a Ly (I, e yt ) HMeeT BH.o; 

Ly (I, ey) = 

(4.156) 

opi / oyf, o, o, op3 / ay~, op2 / oy~, o, op3 / oy~, o, op2 / oyf 
= op2 / oyf, op3 / oyf ,o,o,api / oyf, o,o,ap3 / ay~ ,op2 / oyf 

op2 / ay~, o, op3 / ayp, o, op2 / oy~, op3 / oyf, o, o, opi / oy~ 

Tor.o;a ypaimeHIDI .o;HHaMHKH W13 -cpe.o;1>1 B TOti:Ke y E ey E ~~ 
HMeIOT O.D;HH H3 3KBHBaJieHTHLIX BH.o;OB 
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Py v_?J· = Pyg$t h y, y) +Ly (I, eyt )U~ + div0 u~ grad0 A.y (0yt) -

- grad0w + (A.y (0yt) + p1 (y, I, eyt )) grad0 div 0u~; (4.157) 

Pyv~· =Py g~t(-,y,y)+Ly(I,eyt)U$ + 

+ div0 u~ grad0 A.Y (0yt )- grad0 w + 

+ (Ay (0yt) + p1 (y, I, eyt )) V2u$0. (4.158) 

)loKa3aTeJILCTBO OCHOBaHO Ha HCilOJIL30BaHHH paBeHCTBa 
V2u~ = grad0 div0 u,?J rrpH yCJIOBIDIX (4.75) H (4.156). D 

Ilpe)tllOlKeHHe 4.61. IlycTL B ycrroBIDIX rrpe.nLmymero rrpe.nrroxe­

HIDI peOJIOI"JReCKHe K03¢qmuHeHTLI H TeMrreparypa W13 -cpe,!lLI He 
3aBHCfl OT TO'IKH H /. 

Tor.na W13 -cpe.na O,llHopo,u;Ha, a ypasHeHIDI .llHHaMHKH cpe.ztLI JIH­

HeHHLI: 

Py v~· = Pyg$t (-, y, y) - grad0 w + 

+(A.(Sr)+ p1 (0t))grad0 div0 u$°. 

Py v~O· = Pyg~t (-, y, y) - grad0 w + 

+ (A(St) + P1 (0t)) '\72 u$0. (4.159) 

OTKYJla crre.z:tYeT, 'ITO o.nHopo.rtHLie JIHHeHHLie rroTeHIJ;HaJILHO ,u;e¢op­
MHpyeMLie W1r H W13 -cpe.ztLI .ztHHaMfftleCKH 3KBHBarreHTHLI (4.133), 
(4.159). 

Ilpe.zt11olKeHHe 4.62. IT p e .ll rr on o .xc HM, llTO B yCJioBIDIX rrpe­

.llLmymero rrpe.nrroxeHIDI W13 -MaTepHarr HecxHMaeM (div 0u~O = 0). 
Toma W1rcpe.rta AHHaMfftlecm 3KBHBarreHTHa H-cpe.rte (4.78), 

W12 -cpe.rte (4.134) H /-cpe.rte (4.48): 

(4.160) 
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IlpeWJo:m.eHHe 4.63. ,UrnI Toro 'IT06Lr ,n;Be pa:mi.re cpe.n;i.r npH­

Ha,nrrexrurn W13 -KJiaccy (a.HaJIOIWIHO (4.135)), Heo6xo,n;HMO :u .n;ocTa­

ToqHo, qT06LI np:u O,ll;HHaKOBOM pacnpe.n;eneH:UH B HeM Hanp.s:xeH:UH 

'to ='to (4.161) ya yb 

CTOJI6ULI U$a H u~b (CTOJI6ULI .n;ecpopMaue:li npe: YCJIOBHH (4.161)) 
61.urn JIHHeHHO CB.SJ:3a.HLI MaTP:UUeH H3 rpynnLI w 13 (R, 9) TaK, qTO 

U$a =W13ab(y,l,0y1 )U~b; (4.162) 

Wnab (y, I, eyt) E W13 (R, 9), W13ab (y, I, eyt) = W13~ Wnb· 

noK333TeJibCTBO. H3 (4.149) npe: YCJIOB:UH (4.161) nonyqaeM 

W13aU$a == W13bU~b' OTKy.n;a H cneeyeT (4.162). D 

IlpeWJo:m.eHHe 4.64. YpaBHeHH.SJ: TepMO,ll;HHaMHKH P13 -cpe.n;i.r 

HMeIOT BH,ll; ( W = p yt HJIH W = 0) 

Py (u). (Syt) + w(p:yl )') = 

= <t>~ (I, eyt) + <t>~ (I, eyt) + ciiv 0 q~ + Py<Py. (4.163) 

4.6.4. P23 -KJIACC KBA3HJIHHEitHLIX HEilPEPLIBHLIX CPE.IJ: 

IlpeWJo:m.eHHe 4.65. IlycTL: 1. P 23 (R, 9) - rpynna BH,D;a 

(4.104); 
2. f H Il 0 Te 3 a: ypaBHeHH.SJ: MeXa.HffqeCKOro COCTO.SJ:HH.SJ: cpe,D;LI 

HMeIOT BH,ll; 

(Ty0 ) = - (w) + Ay U1. eyt) + PJ3 (/, eyt )U$' (4.164) 

r.n;e Ay Uu 'eyt) 113 (4.140), PJ3 (I, eyt) E P23 (R, 9). 
3. Ly(/, eyt) - (3 x 9) - MaTPHUa BH,ll;a 

Ly= 

dpl I ayp' 0, 0, dp3 I ayg 'dP2 I ayg '0, dp3 I ay~ '0, dP2 I ayg 

= ap2 / ayg ,ap3/ ayp ,o,o, ap1 / ayg ,o,o,ap3/ ay~, ap2 / ayg 

ap2 I ay~. o, ap3 I ayp, o, ap2 / ay~, ap3 / ayg. o, o, ap1 / oy~ 
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Toma: 1. KBaJIDIHHeliHruI cpe.u;a HaJI>maeTC.SI P23 -cpe.u;oli. 

2. Onpe.u;eJUIIOillHe COOTHOWeHIDI (4.15) WUl P23-cpe.u;I>1 He cy­

mecTByIDT. 

3. MaTpwrnoe npeACTaB.lleHHe WUI .u;-.u;ecpopMaTOpa TYO cpe.u;I>I He 

cymecTByeT. 

4. Ypaimemra .u;HHaMHKH P2rcpe,aI>I ey E ~~ nMeIOT BH.u; 

Py vr>· = - grad0 w + Pyg~t (-, y, y) + grad0 A.y (11 , eyt) + 

+Ly(/, Oyt )U~ + p 2 (y, I, Oyt )grad0 div0 ur> + 

(4.165) 

,!J;OK333TeJILCTBO ):lOCTHraeTC51 IlO):lCTaHOBKOH ypasHeHHli Mexa­

HH'ieCKOro COCT051HIDI ( 4.164) P23 -cpe.u;I>I B ypaBHeHIDI ,I:{BH)l(eHIDI 

(2.65). 0 

Ilpe.zvm:>KeHHe 4.66. IlpennorroxHM, qTO: 1. PeorroIWie­

cKHli K03cpcpHI{HeHT A y (I 1 ' a yt ) HMeeT npocTelimee rrpe,ncTaBJie­

HHe: 

Tor.u;a: 1. YpasHeHIDI MeXaHH'iecKoro cocTo51HIDI P23 -cpeAI>I 

HMeIOT BH.u; 

(4.167) 

r.ne MaTPHIW W23 (y, /, eyt) HMeeT CTPYKTYPY (4.94) c COOTBeTCTBY­
IOIUHMH srreMeHTaMH Bn.u;a 

v1(y,1, eyt) = v2 + v3 = P2 + P3 +A., 

v2 (y,I,ey,)=p2 +A., v3 (y,1,ey1 )=p3 , (4.168) 

W23 (y, I, eyt) E W23 (R, 9). 

2. 06paTHrul MaTpHI{a W231 (y, /, eyt) E W23 (R, 9) ecTecTBeH­

HO HMeeT aHaJIOrH'iHYfO CTPYKTYPY c srreMeHTaMH B Bn.u;e Koscpcpuuu-

eHTOB BOCCTaHoBJiemra 
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W1 (y, I, eyt) = W2 + W3 = 132 + 133 +a, 

w2 (y,I,ey,)=132 +a, w3(y,I,Oy,)=133. (4.169) 

3. PeonoIW1ec1rne Mo.zzyirn: rrepBoro Tlma a, H BToporo THna 132 , 

~ 3 Bbl'IHCJI.SUOTCj{ no <iJopMYJiaM 

a(y, I, eY,) = 2p3AJi-1, 

132 (y, I, eyt) = - P3 (P2 + 3/...)h-1, 133 (y, I, eyt) = p31, (4.170) 

h = (P2 + P3 + A.) 3 - 3(P2 + P3 + A.)(P2 + .A.)2 + 2(p2 + A.) 3 · 

4. YpaBHeHffj{ .IlMHaMHKH P23 -cpe,n;bl HMeJOT BH.n; 

(4.171) 

Ilp11Mep. IlyCTb p2 = 2, p 3 = 3, A.= 4. Toma 132 = - 0.2222, 
~3 = 0.3333, U = 0.1270, Wl = 0.2381, W2 = - 0.0952, W3 = 0.3333. 

IlpeAJIOlKeHHe 4.67. Ilpe.n;rronoxHM, qTO: 1. Ae<iJopMHpo­

BaHHe cpe,ll;bl 6ecwrpK)'mI!lHOHHO (IIOTeHI:.t;HaJibHO) 

(4.172) 

2. CMemaHHbie BTopbie rrpoH3BO.IlHLie oT ICoop.aenaT BeKTopa 

u~O IIO KOOp.n;HHaTaM BeKTOpa yOO HerrpepLIBHbl B TOqKe y H, cne,ll;O­

BaTeJibHO, paBHbl (4.75). 
Toma ypaBHeHIDI ,llHHaMHKH P23 -cpe.IlbI B TOqICe y E EY E ~~ 

HMeIOT ,n;ae 3KBHBaJieHTHbIX qiopMbI 3aIIHCH 
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+Ly (I, eyt) u~ + (Ay (Oyt) +Pi (y, I, eyt) + 

+ p 3 (y,I,ey,))grad0 div0 u_?l; (4.173) 



Pyvr>· =Py8~r(-,y,y)-grad0 w+div0 ur> grad0 A.y(ey,)+ 

+ Ly (I, e yt ) u ~ + (A y ( e yt ) + Pi (y, I' 0 yt ) + 

(4.174) 

)lOK333TeJlbCTBO OCHOBaIIO Ha HCilORb30BaIIHH paBeHCTBa 

V2 u_r> = grado diVo u,r> npH ycnoBWIX (4.75) H (4.172). 0 

Ilpe)VlolKeHHe 4.68. IlyCTL peonoJWiecme Kos<t><t>HUHeHTLI 

cpeJJ,bI 3aBHC5IT TORbKO OT TeMnepaTYPLI, He 3aBHC.SIIUeH OT TO"IKH. 

Tor.na P23 -cpe.na OJJ.HOpOJJ.Ha, ypaBHeHWI JJ.HHaMHKH (4.173), 
(4.174) nHHeHHbI: 

Py v_?>· = Py8~t (-, y, y) - grad0 w + (A.(0,) + 

+ p( et ) ) grado div 0 uj><>, 

Pyv~· =Pyg~,(-,y,y)-grad0 w+ 

+ (A.(0,) + p(0, )) v2 u,r>' (4.175) 

IlpeAJiolKeHHe 4.69. IlpeJJ.nono:JKHM, 'ITO B ycnoBWix npe­

JJ.Ll.IlYIUero npe,nnoxeHWI W23 -cpeJJ.a Hec:JKHMaeMa (div 0 u~O = 
= const.) .. 

Tor.na W23 -cpeJJ.a JJ.HHaMH'lecm 3KBHBaJieHTHa /-cpeJJ.e (4.48), 
H-cpeJJ.e (4.78), W12 -cpeJJ.e (4.134) H W13 -cpeJJ,e (4.160): 

(4.176) 

IlpeAJIOlKeHHe 4.70. ,llmI Toro 'IT06L1 .UBe pa3HLie cpe.ULI npH­

Ha,n,n:exanH W23 -Knaccy (a11anorn'!HO (4.161)), Heo6xoJJ.HMO H .uo­

cTaTO'IHO, 'IT06bl npH OJJ.HHaKOBOM pacnpeueneHHH B HeH Hanp51-

xeHHH 

(4.177) 
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CTOJI6m.1 u $a H u ~b 6bIJIH JlHHeiiHo CB513aHbl MaTpHu;eli H3 rpynm1 

W 23 (R, 9) TaIC, 'ITO 

U$0 = W23 ab (y, I, eyt )U2b; (4.178) 

W23ab(y, I, eyt) E W23 (R, 9), W23ab(y, I, eyt) = W2-iaW23b· 

)lOK83aTem.CTBO. H3 (4.167) npH ycnoBHH (4.177) nonyqaeM 

W23 0 U$0 = W23bU~b' oTxy,na H CJie.nyeT (4.178). D 

IlpeAJIOlKeHHe 4.71. YpaBHeHIDI TepMO.IlHHaMHKH P23 -cpe.IlbI 

HMeIOT BH.Il (w = Pyt HJIH w = 0) 

Py (uj (Syt) + w(Py-1) ·) = 

= <I>i (I, eY,) +<I>~ (I, eY,) +div 0 q$ + Py<Py. (4.179) 

4.7. 3JIEMEHTLI ,llHHAMBKH 
HABLE-CTOKCA-.IDIM3-KJIACCOB 
KBA3llJIHHEHHLIX HEIIPEPLIBHLIX CllJI 

4.7.1. YPABHEHWI MEXAHlfllECKOro COCTORHIDI 
H .lUIBAMHKH NSL-CPE.!1: 

c TO'IKH 3peHHSI H3JlaraeMOH B ,llaHHOH MOHOrpacpHH TeOpHH Ha­

Bbe-CTOKCa-.1TuM:3-cpe,llbl [16, 38, 46] .sIBJUIIOTC.sI «He06WIHbIMH», 

«HeYKJia,llLIBaIOII(HMHC.sI» B o6uzyro TeopHIO. 

Onpe~e.neHHe 4.11. IlepcHMMCTPWiecxa.si MaTpHu;a BH,lla 

2µ 0 0 0 0 0 0 0 0 

0 µ 0 µ 0 0 0 0 0 

0 0 µ 0 0 0 µ 0 0 

0 µ 0 µ 0 0 0 0 0 
(4.180) MNSL = 0 0 0 0 2µ 0 0 0 0 

0 0 0 0 0 µ 0 µ 0 
... ... ... ......... 

0 0 0 0 0 0 0 0 2µ 

Ha3bIBaeTc.si Mampu1-1eu Hae&e-Cm01cca-JIJl.M3 (NSL). 
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Ilpe.wioJKeHBe 4.72. MSL-MaT}JHna .si:BJUieTcx oco6eHHOH 

det MNSL = 0. 

,lJ;oKalaTem.CTBo. det M NSL = 8 µ ~ (1 - 1) = 0.D 

(4.181) 

KoMMeHTapuii. l-fa rrpe.zn,mymero yrnep)K,IJ.eHH.SI crre.uyeT, 'ITO 

MHO:lKeCTBO Mal'pHll Hain.e-CTOKca-.TI.SIM3 He .SIBJUieTC.SI rpyrmoH: H 

II03TOMY OHH Moryr BXO,Il;HTb TOJibKO B HeKoppeKTHble ypaBHeHH.SI 

MeXaHH'leCKOrO COCTO.SIHH.SI HenpepbIBHbIX cpe.u;, eCJIH TaKOBLie cy­

m;ecTByroT. 

Ilpe.wiolKeHBe 4.73. MHoxeCTBO NSL-MaT}JHU u;eHTpHpyeMo 

rpyrrnoii. Bpam;eHHH so (R, 9) (4.46): 

CO,TM co -M f NSL f - NSL· (4.182) 

,lJ;OK333TeJibCTBO .u;ocnrraeTC.SI aHaJIHTH'leCKOH HJIH qffcJieHHOH 

(HanpHMep, B cpe.u;e MATilAE) npoBepKoii paBeHcTBa 

CJ·T MNSL CJ = MNSL, CJ E SO (R, 9) (4.46).D 

KoMMeHTapuii. Ffa paaeHCTBa (4.182) crre.uyeT, tiTo NSL-Mal'pH­

u:a MOJKeT 6bITb npHH.SITa B KaqeCTBe MaTpH!lbl peoJIOrH'!eCKHX K0-

3cpcpHa;HeHTOB BTOporo THna B HeKoppeKTHblX ypaBHeHH.SIX MeXaHH­

qecKoro COCTO.SIHH.SI KBa3HJIHHeHHOH HenpepbIBHOH cpe.n;bl (4.23). 

Ilpe.!lJIOlKeHBe 4.74. IlyCTb: 1. M~SL (/, ayt) - Mal'pHUa Ha­

Bbe-CTOKCa-JlRM3 (4.180); 
2. [du~/ dyOO] - cHMMeT}JH'lecKoe crraraeMoe B TO)K,IJ.ecT­

Be (3.6): 

[du~ /dy00J=0.5{du~ /dyOO +(dur1 /dy00)T};(4.183) 

3. r H n 0 Te 3 a: HeKoppeKTHbie ypaBHeHH.SI MeXaHH'leCKOro co­

CTO.SIHH.SI KBa3HJIHHeHHOH cpe.n;LI (4.30) HMeIOT BH,II; 

(Tyo)= - (w) + Ay (11 , ayt) + M~sL (I, ayt )U~, (4.184) 

me Ay (11,eyt) = A.y(I1 ,ayt)col{l, o, o, 0, 1, 0, 0, 0, 1}, A.y (11, ayt) -
peorrorH'leCKHH K03cpcpHllHeHT cpe.zn,1 nepBoro THna, 
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M &sL (I, e yt ) - MaTpHUa peonolWleCKHX K03<iJ<PHUHeHTOB BTOpo­

ro nma w = Pyt (cpe.Ila - )Klf.WCOCTb) HJIH w = 0 (cpe.Ila - ynpy­

rnli MaTepHan). 

Tor.ua: 1. Knacc KBaJHJIHHeiiHbIX HeKoppeKTHbIX HerrpepLIBHLrx 

cpe.u, HMeIOIUHX CBOHM ypaBHeHHeM MeXaHH'IeCKOro COCTO.SIHIDI pa­

BeHCTBO (4.184), HaJLIBaeTc.sr K.llaccoM K6a3UJlUHeUHblX Ha-
6be-CmoKca-Jl.Jl.M3-cpeo (NSL-cpeo) (Ha6be-CmoKca-XHJI.KO­
cTeli H Jl.RM.3-ynpyrnx MaTepHanoB) .. 

2. <l>yttKUHH A y U 1 ' e yt ), µ y U 1 ' a yt ) TO'IKH, HHBapHaHTOB 

MaTpHUbI duf> I dy00 H TeMIIepaTYPbI a yt HaJbIBaIOTC.SI peOJWZUlte­
CKUMU 1emH/H/Ju1JueHmaMu NSL-cpeow nepBozo u Bmopozo munoB. 

3. HeKoppeKTHbie ypaBHeHIDI MeXaHH'IecKoro cocTO.srHH.SI 

NSL-cpe,n:Lr (4.184) 3KBHBaneHTHLI JIHHeiiHoH: qacTH onpe.IleJI.SIIO­

IUHX NSL-coornomeHHH (4.15) 

TYO = (- (w) + Ay U1' eyt ))E + 2µy (/, eyt )[dur> I dy00 ]. (4.185) 

4. HeKoppeKTHLie ypaimeHH.SI .IlHHaMHKH NSL-cpe,n;bI HMeIOT BH.Il 

Py v~· = Py8R (-, y, y)- (w)1 + ol..y U1, eyt) I oyp + 

+c2aµy /oyp, oµy/oy~. aµy/ay~. aµy/ay~. o, o, aµy/ay~. o, O)U$+ 

+ µy (I, 0y1 )(uft + u[2 + u[3 ) + µy (I, eyt )V2u~1 ; (4.186) 

Pyv~· =Pygp2c-,y,y)-(w)i +ol..y(l1 ,ey1 )/ay~ + 

+co, aµy /oyp, o. aµy/ayp, 2aµy/ay~. aµy/ay~. o, aµy/ay~, O)U$+ 

+ µy (/, eyt )(u~l + ui2 + ui3) + µy (I, eyt) v2 u~2; (4.187) 

Py v~· = Py8p3 (-, y, y)- (w)3 + at..y U1' eyt) I dy~ + 

+co. o, aµy/ayp, o, o, aµy/ay~. aµy/ayp, aµy/ay~. 2aµy/ay~ )U$+ 

+ µy (1, eyt )(u11 + u~2 + uj3 ) + µy (I, eyt )V2u~3 . (4.188) 

KoMMemapua: 1. ECJIH MaTpHUa aarrp.SixeHHli HecHMMeTpwrna 

(o6paTHoe HHOTK)'.Ila He cneeyeT), TO CHCTeMa ypaBHeHHH (4.184) 
IIpH Ay U1. eyt) = Ay (0yt) HCpa3pemHMa OTHOCHTeJibHO 3JieMeH­

TOB HecHMMeTpH'IHoli MaTpHUbI du$° / dy00. B yCJioBH.SIX rrpe.IlII0-

154 



JIO)f(eHIDI 0 CHMMeTpWIHOCTH MaTpHUbl TYO )7Ka.3aHHa51 CHCTeMa ypaB­

HeHHH HMeeT 6ecKOHe'IHO MHOro pemeHHH. IlpH ,UOilOJIHHTeJibHOM 

npe.n:nonoxeHHH 0 6eCUHPKYIDIUHOHHOCTH ,UBHXeHIDI cpe,Ubl ypaB­

HeHIDI (4.184) pa3peIIIHMbl OTHOCHTeJibHO HeH3BeCTHbIX U$. HO 

o6paTHa51 K ( 4.180) MaTpHUa HMeer .l(pyryIO CTp)'KTypy, H, CJie,n:oBa­

TeJibHO, ypaBHeHIDI (4.184) OCTaIOTC.Sl HeKoppeKTHbIMH. 

2. PeonorWieCKHe Ko3il>il>HUHCHThI B ypaBHeHIDix Jl:B)IMepHoii H 

rpexMepHoii NSL-cpe.n: OAHHaKOBhI. 3To 03Ha'laer, tiTO )7Ka.3aHHbie 

<lJH3HlieCIGfe xapaxTepHcTHKH NSL-cpe.n: ue 3aBHcn or pa3MepHo­

CTH cpe,Uhl H B 3TOM CMbICJie .HBIDIIOTC.Sl KOppeKTHbIMH. 

IlpeMolK.eHHe 4.75. Ilpe.n:nonoxHM, 'ITo: 1. B AOITOJIHeHHe 

K ycnoBIDIM npe,uh~ero npe.n:noxeHIDI BTOph1e cMeIIIaHHLie npom­

so.uu1>1e Koop.n:1mar BeKropa NSL-cpe.n:b1.rro noneBbIM Koop.n:HHaTaM 

HenpepLIBHbI H, CJie,l(OBaTeJibHO, paBHbl (4.75): 

U1 _ ul ul - ul u2 - u2 
12 - 21 ' 13 - 31 ' 12 - 21' 

U2 _ u2 u3 - u3 u3 - u3 . 
12 - 21' 13 - 31' 23 - 32' 

Ly= 

(4.189) 

2aµy jayp, aµy jayg, oµy joy~, oµ y joyg, o, o, aµ y joy~, o, o 
= o, aµy/ayp. o, aµyjayp, 2aµy/oyf. aµy/ay~, o, aµy/ay~, o 

o, o. oµy jayp. o, o, aµy jayg, aµy jayp, aµy joyf, 2aµy joy~ 

(4.190) 

Tor.n:a ypaBHeHIDI ,UHHaMHKH NSL-cpeAI>I HMeror BH.n: 

Py v$' = Pyg$t (-,y, y)- grad0w + grad0A.y (11 , eyt) + 

+Ly (I, 0yt )U~ + µy (I, eyt )grad0 div0 u~ + 

(4.191) 

KoMMemap1m: 1. He cymeCTByer rpynnbI, nopo)KJ:{aiomeli 

NSL-cpe,ru,1. 3ro o3uaqaer, 'ITO HJIH 3TH cpe.l(bI 3a.HHMaIOT oco6oe Mec­

ro cpe.n:H KBaJHJIHHeliHhix uenpepbmHI>IX cpe.u, HJIH oHH Boo6me He cy­
IUeCTBYIOT B peaJII>HOM <lJH3H<IecKOM MHpe, WIIDICb HeKoppeKTHbIM 
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np1d5nmKeHHeM paHee paccMcrrpeHHI>IX cpe.n;. Hx nmmJieHHe o6.SI3aHO 

npe.n;cra.BJieHHIO o Ma'rpHI.J;e [duf> / dy00] Ka:K o Ma'rpHI.J;e .n;e<J?opM~ 
(AJuI ynpyroro MaTep:mma npH yCJIOBHH (3.22)) HJIH cKopocreH: .n;e<J?op­

M~. Ha CaMOM .n;eJie 3Ta Ma'rpHI.J;a .SIBJISieTC.SI CHMMe'rpH'lecKoli qa­

CThIO TO)l{,!leCTBemmro pa3.1IoxeHH.SI Ma'rpIDU>I duf> / dy 00 , 3JleMelITb1 

KOTopoH: HJIH cKopoCTH .n;e<J?opM~ (duf> / dy00 = dvf> / dy00), 
HJIH caMH .n;e<J?opM~ ( eCJIH pe'll> :u,ner 06 ynpyroM MaTepHaJie npH 

onpe.n;e.rreHHbIX yCJIOBIDIX (3.22) (duf> / dy00 = dz~O / dyOO)). 
2. y CJIOBHe (3 .16) .SIBJI.SleTC.SI onpe.n;eJI.SIIOIUHM ,ll;JI.SI nonyqeHH.SI 

ypaBHeHHH ,ll;HHaMHKH ( 4.185)-( 4.186) H Bcex HHXeCJie.nyIDIUHX 

ypaBHeHHH: .n;HHaMHKH NSL-cpe.n. 

3TH yCJIOBH.SI HapywawTc.SI npH apMHpoBaHHH cpe,D;bI, HaJIH'IHH B 

cpe.ne H30JIHpOBaHHbIX HHOpO,D;HbIX BKJIIO'leHHH, pa3pbIBOB CilJIOIII­

HOCTH, CKOJIOB, 'rpell{HH H T. II., oncy.na CJie.nyeT, 'ITO HH ypaBHe­

HH.SI (4.184), HH Bee HHXeCJie.nywIUHe ypaBHeHH.SI ,ll;HHaMHKH ,ll;JI.SI 

H3yqeHH.SI .ne<J?opMHpOBaHH.SI NSL-cpe.n rrpH HaJIH'IHH BbIIIIeyKa3aH­

HbIX .SIBJieHHH HCIIOJib30BaTbC.SI Henocpe.ncTBeHHO (6e3 Ka:KHX-JIH6o 

,ll;OIIOJIHHTeJibHblX rrpe.nnoJIO)KeHHH) He MOryr. 

3. NSL-cpe.na.D:HHaMH'lecKH 3KBHBaJieHTHa (4.165) npH p2 = p 3. 

4. Ilpe,D;bI.nyll{ee yTBep)K,ll;eHHe, B03MO)KHO, 06'.b.SICH.SleT 'laCTO 

BCTPe'laIOIUHec.SI pa3HomacH.SI Me)J(,ll;y pe3yJibTaTaMH HHTerpHpoBa­

HH.SI NSL-ypaBHeHHH H pe3yJibTaTaMH 3KcnepHMeHTa: HHTerpHpyIDT­

C.SI Bcema o.nHH H Te xe NSL-ypaBHeHH.SI, a 3KcnepHMeHTaJibHhle 

cpe.nb1 Moryr 6bITb pa3Hb1e. ECJIH pea.JibHa.SI (<J?H3H'leCKa.SI) cpe.na 

.SIBJI.SieTc.SI NSL-cpe.noH: ( 4.184 ), TO coBna.zi;eHH.SI TeoperH'leCKHX H 

3KcrrepHMeHTaJibHbIX pe3yJibTaTOB ox:u,naTb Tpy.nHo no npH'IHHe ee 

HeKoppeKTHOCTH. ECJIH pea.JibHa.SI cpe.na OKa3a.Jiacb KoppeKTHOH 

cpe.noli, ,D;HHaMH'lecm 3KBHBaJieHTHOH NSL-cpe.ne, TO coBna,zi;eHHe 

TeopeTH'leCKHX H 3KcnepHMeHTaJibHblX pe3yJibTaTOB MO::lKeT 6bITb 

y.noBJieTBopHTeJibHbIM. 

IlpewiolK.eHHe 4. 76. I1 p e .n n 0 JI 0 ::lK HM, 'ITO B ,ll;OIIOJIHeHHe K 

yCJIOBH.SIM npe.D:bI.nyll{HX npe.wrnxeHHH peonornqecKHli Ko3<J?<J?mlH­

eHT nepBoro THila Ay U1 'eyt) NSL-cpe,D;bl HMeeT npocTelimee JIH­

HeHHOe rrpe,D;CTaBJieHHe 

(4.192) 
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Tor.u;a: 1. PaaeHcTBa 

(4.193) 

r.u:e MaTpHQa HMeeT CTPYKTYPY (4.180) c HOBI>IMH K03<j:><j:>HQHeHTaMH 

V11=V55=V99=2µ+1.., V15 =V19 =V51 =V15 =v91 =v99 =A 

H OCTaJibHbIMH npe:xrnHMH, .SIBJISIIOTC.SI HeKoppeKTHbIMH KBa3IDIHHeii­

HbIMH ypaaHeHH.SIMH Mexatt~ecKoro cocTo.SIHH.SI WNSL -KJiacca 

NSL-cpe.u; (det WNSL (y, /, eyt) = 0). 
2. WNSL -cpe.u;a He HMeeT MaTpHQbI, o6paTHOH K MaTpm:i:e 

WNSL (y, /, eyt ), H, cne.u;osaTeJibHO, He HMeeT HH peorrornqecKHX 

Moeyrreii, HH K03<j:><j:>HQHeHTOB BJIH.SIHH.SI (3JieMeHTOB HecymecTByro­

ll.leii o6paTHOH MaTpHQbI w N§L (y' I' e yt ) H norryqaeMbIX c HX HC­
IIOJib30BaHHeM Moeyneii IDHra, CABHra H K03<j:><j:>HQHeHTa IlyaccoHa). 

3. PaaeHCTBa 

ryo = (-w + t..Y(l1, ey1 )div0 ur)E + 

+ 2µy u. ey1 )[dur 1 dyoo] (4.194) 

.SIBJISIIOTC.SI HeKoppeKTHbIMH onpe.u;err.SIIOil.lHMH COOTHOIIIeHH.SIMH KBa-

3IDIHHeHHOH w NSL -cpe.u;1>1. 

4. HeKoppeKTHI>Ie ypaaHeHH.SI ,llHHaMHKH WNSL -KJiacca cpe.ll 

HMeIOT BH,Zl; 

Py vr· = Pyg~t (--iy, y)- grad0w + cliv0 urgrad0 'Ay (9yt) + 

+Ly (I, eyt )U~ + (A.Y (Syt) + µY (I, eyt )) grad0 div0ur + 

(4.195) 

Ilpe,IVI01KeHHe 4.77. Ilpe,llnono)l(HM, 'ITO B ycnoBH.SIX npe­

AI>IAYil.lHX npeMoxeHHii ,lle<j:>opMHpOBaHHe NSL-cpeADI 6ecQHpKy­

JI.SIQHOHHO (noTeHQHaJibHO) (3.96), (3.100): 

dur 1 dyoo = (dur 1 dyoo )T = [dur 1 dyoo1. (4.196) 

Tor,lla: 1. YpaaHeHH.SI ,llHHaMHKH WNSL -cpe,llbI HMeIOT .u;Be 3KBH­

BaJieHTHble <j:>opMbl 3allHCH (no np~HHe gradodiVoUr = V2ur 
llpH (4.75)): 
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+ Ay (0yt )) grad0 div0 u~. (4.197) 

2. '.3JieMeHTbI cHMMeTpwi:HoH: MaTpHU:bI du00 / dy00, a Ta.IOKe 

paBHOH eH: B JlaHHOM crryqae MaTpHIJ;bl [du~ /dy00], MOryT 6bITb 

rrpe]lCTaBJ"IeHbl B TpeX 3KBHBaJieHTHbIX <PopMaX 3aIIHCH, B TOM qHCJie 

B BH,D;e (3.103): 

du~/ dy00 =[du~/ dy00], (4.198) 

ui. = u! = I/ 2(ui. + u! ) = y .. / 2 = Y .. / 2 
} I } I I} }I ' 

(4.199) 

Crre]lOBaTe.ribHO, JlJUI 3TOH <PopMbl . 3aIIHCH HMeeM 

3. KBa3HJIHHeHHble ypasHeHIDI MexaHwi:ecKoro cocTO.SIHIDI 

NSL-cpeJlbI rrpHHHMaIOT ¢opMy, cosrra,o;aiouzyro c (4.59): 

(TYO)= - (w) + WNSL (y, I, 0yt )Uy' (4.201) 

2µ+ /.. 0 0 0 /.. 0 0 0 /.. 

0 µ 0 0 0 0 0 0 0 

0 0 µ 0 0 0 0 0 0 

WNSL (y,/,8yt) = 
0 0 0 µ 0 0 0 0 0 

/.. 0 0 0 2µ+ /.. O 0 0 /.. 

0 0 0 0 0 µ 0 0 0 
......... . ........ 

/.. 0 0 0 /.. 0 O O 2µ + /.. 

det WNSL (y, I, 0yt) = 4µ8 (2µ + 3/..) ':/: 0. (4.202) 

4. MHOXecTBO Heoco6eHHbIX MaTpHIJ; WNSL (y, I, eyl) rro-rrpex­

HeMy He 51BJISieTCSI IpyrrIIOH (rrpOH3Be]leHHe MaTpHIJ; BH]la (4.201) He .SIB-
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JUieTC.SI Ma-rpm:i:eii Toro )Ke BH.lla), HO no npH'OOle ( 4.202) 3TH MalpHUI>I 

HMeIOT o6paTHDie MalpHl{LI c COOTBeTCTB}'IOI.IUIMH K03¢¢HI:J:HeJITaMH 

BJIIDIHIDI w1(y,1, eY1 ), w2 (y,1, eyt) H w3 (y, 1, eY1 ). 

5. Ilo npH'illHe cymecrnoBaHH.SI o6pamoli MaT{JHULI B cnyq:ae 6ec­

I:(l{pKymu~HoHHoro (noTeHI:(l{am.Horo) ,I(e¢opMHpoBaHH.SI NSL-cpe.zu,r 

HMeIOT peOJIOI'H'lecKHe MOJzyJIH rrepBoro H BTOporo THilOB, COBrra.o;aro­

ll{lie c K03¢¢HI:J:HeJITaMH BJIIDIHIDI W2 H W3: 

a(y, 1, eyt) = w2 (y, I, eyt) = - /... / 2µ(2µ + 3/...), 

~(y, 1, eY1 ) = w3 (y,1, eY1 ) = 1 / µ, (4.203) 

a K03¢¢m.i;HeHT BJIH.SIHH.SI W1 He COBna.o;aeT c Bblpa)KeHHeM 2~ + a, 
KaK MO)KHO 6bIJIO 6bI O)KH,I(aTb (4.201), a BbNHCIDieTC.SI no ¢opM}'Jie 

w1 (y,1, ey1 ) = (µ + t..) / µ(2µ + 3/...). (4.204) 

6. Ilo npH'llille cymeCTBOBaHH.SI o6paTHOH MaT{JHULI B cnyq:ae 6ec­

I:(l{l'Kymlr(l{OHHoro (noTeHI:(l{am.Horo) ,ZJ;e¢opMHpOBaHH.SI NSL-cpe.zu,1 

HMeIOT MOJzyJib IOHra, MOJzyJib C,I(BHra H K03¢¢HI:J:HeJIT IlyaccoHa (HH­

,ZJ;eKC NSL onyw;eH): 

E 3 (y, 1, eyt) = 1 / w1 = µ(2µ + 3/...) / (µ + t..), (4.205) 

G3 (y,1, ey1 ) = 1 / w3 = µ, (4.206) 

v3 (y, 1, eyt) = - w2 / w1 =A./ 2(µ +A.), (4.207) 

CB.SI3aHHbie .D;pyr c .z:tpyroM COOTHOIIIeHH.SIMH 

(4.209) 

.ll:oKa3aTeJILCTBO. YprumeHH.SI (4.197) H (4.201) norryqa10Tc.SI 

no.n;cTaHOBKOH ycrroBHH (4.196) B (4.193). CnpaBe,w:IHBOCTb ocTarrb-: 

HblX paBeHCTB npoBep.SieTC.SI npoCTbIMH Bbl'IHCJieHH.SIMH. D 

KoMMeHTapHH: 1. IlpH HerroTeHIJ;HaJibHOM .ZJ;BH)KeHHH peonorn­

qecKHe MO.llYJlH nepBoro H BToporo THilOB, a TaK)Ke MOJ:{)'JIH IOHra, 
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cwmra M Koo¢¢imMeHT IlyaccoHa NSL-cpeJJ.1>1 oTcyrcmyroT. HcnoJIL-

30BaHMe YKaJaHHbIX xapaKTepHCTMK B )J;aHHOM CJl)"lae npHBO.n;MT K 

OIIIM6KaM, nop.SI,UOK KOTOpbIX orrpe.n;emreTcg BeJrnqMHOH pa3HOCTM 

pa3HOMH.n;eKCHbIX 3JieMeHTOB MaTPMI.{bl M MX IIOJIYCYMM ( cpe.n;HMX 

3HaqeHMH CMMMeTPM:qHbIX 3JieMeHTOB), T. e. pa3HOCTM 3JieMeHTOB 
1 

MaTpHQbI - (dur> / dy00 - (dur1 / dy00 )T ). YKaJaHHag pa3HOCTh 
2 

paBHa H)'JllO TOJibKO B CJl)"lae IIOTeH!lMaJibHOI'O .n;BmKeHM:g cpe.n;bl 

(4.196). 
2. IlpH rroTeHilMaJibHOM .n;e¢opMHpOBaHMM NSL-cpe.n;a ocTaeTcg 

HeKoppeKTHoii (He cyw;ecTByeT rropox.n;aromeii ee rpynilb1), HO MaT­

PMila peonomqecKMx K03tPtPMilMeHTOB MMeeT o6paTHyro, qTo II03BO­

ngeT orrpe.n;enMTb ~ Hee peonorwiecKMe MOJzyJIH H, cne.n;oBaTenb­

Ho, MOJzyJib lOHra, CABHra M K03tPtPMilHeHT IlyaccoHa. 

3. Heo6xo.n;MMO noHHMaTh, 'ITO B o61T(eM CJI)"lae dur1 / dy00 * 
* (du~O / dyOO )T, no.n;CTaHOBKa paBeHcm (4.205H4.207) B ypaBHe­

~ (4.197) IIpHBO)J;MT K ypaBHeffHgM )J;HHaMHKH OTHOCMTeJibHO «CTa­

pbIX» rrepeMeHHblX c K03tP¢imMeHTaMM, 3aBMCHIIlMMH OT BeJIHtrnH 

E 3 (I' e yt ), G 3 (I' e yt ), v 3 (I' e yt ), rronyqeHHbIX c MCIIOJib30BaHMeM 

ypaBHeHHii MeXaHHqecKOro COCTO~ (4.201) OTHOCMTeJibHO «HOBbIX» 

rrepeMeHHbIX U 1 (4.200). B TepMHHax «CTapbIX» rrepeMeHHbIX BeJIH­

'lliHbI E 3 (/, e yt ), G 3 (/' e yt ), v 3 (/' e yt ) B0061T(e He cyw;ecmyroT. 

4. )lmI ABYMepHbIX NSL-cpe.n; cooTBeTCTByrolllHe xapaKTepHCTH­

KM HMelOT BM)]; 
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MNSL = 

2µ 0 0 0 

0 µ µ 0 

0 µ µ 0 

0 0 0 2µ 

det MNSL = 4µ2 (µ2 - µ2) = 0; 

WNSL (y, I, 0yt) = 

2µ +A. O O A. 
0 µ µ 0 

0 µ µ 0 
A. O O 2µ +A. 

det WNSL = 4µ(µ + A)(µ2 - µ2) = O; 

(4.210) 

(4.211) 



2µ + /... 0 O /... 

0 µ 0 0 

0 0 µ 0 
(4.212) 

/... 0 O 2µ + /... 

det WNSL (y, I, Oyt) = 4µ3 (µ + /...)-:;: 0. 

06paTH~ MaTpHua HMeeT aHaJIOIWIH)'IO CTPYKTYPY c K03¢qm­

UHeHTaMH BOCCTaHOBJieHIDI BH)la 

wi (I, eyt) = (2µ + /...)/ 4µ(µ + /...), wi (I, eyt) = - /.../ 4µ(1:1 + /...), 

w~(l.ey,)=I/µ; 

aY (I, eY,) = wi (I, ey,) = - )../ 4µ(µ + /...), 

13y (/, eyt) = w~ (/, eyt) =I Iµ. 

(4.213) 

(4.214) 

MO.IzyJib IOHra, MO.IzyJib C,llBHra H K03<i><PHUHeHT IlyaccoHa CB.SI3a­

Hbl c peoJIOIWleCKHMH K03<i><i>HUHeHTaMH H .llpyr c .llpyroM ipopMy­

JiaMH 

Ei (I, eyt) = 4µ (µ + /...)/ (2µ +A), Gi (/, eyt) = µ, 

vi (I, eyt) = /.../ (2µ + /...), 

Ei = 2Gi (1 + vi ). 

(4.215) 

CB.SI3b peo1101WiecK.Hx K03<i><i>HUHeHTOB c BeJIH'IHHaMH Ei, Gi 
H vi HMeeT BH.Il 

)..Y (11 , ey,) = 2Gi vi/ (1 - vi), µY (I, eY,) = Gi. (4.216) 

5. Mo,ll)'Jll> I0Hra Er (I' e yt ), K03<i><PHUHeHT IlyaccoHa v~ (I' e yt ) 
H K03<i><PHUHeHT Jl.SIM3 (A y ), a TaIOKe HX CB.SI3H He COBIIa,r{aIOT c aHaJIO­

I'H'IHI>IMH xapaKTepHCTHKaMH ,llB)'MepHbIX NSL-MaTepHaJIOB (4.215), 
(4.216). 

C11e,lloBaTeJibHO, B CJiyqae ¢opMy11HpoBKH rrpHKJia.D;HbIX 3a,i:i;aq B 

TepMHHax MO,ll)'JleH IOHra H K03<i><i>HUHeHTa IlyaccoHa ,llJl.SI ,llB)'Mep-
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HhIX NSL-cpe.n HeJih351 HCilOJih30BaTb yce'leHHhtii no o.nHoii Koop.l{H­
HaTe pa6o<:1Hli annapaT Mexamnrn 1'peXMepHbIX cpe.n. Bee CKa3aH­

Hoe B IlOJIHOH Mepe OTHOCHTC51 K 0.l{HOMepHblM MaTepHaJiaM, KOTO­

pble B MOHOrpa!l>HH He paccMa1'pHBaIOTC51. 
6. AHanor MO.l{yIDI C.l{BHra ( COBila,I{aIOJiniH c peOJIOIWieCKHM K0-

3il>!l>HUHeHTOM BTOporo mna), a TaIOKe paBeHCTBO ( 4.209) 5IBJUIIOTC51 
KoppeKTHhIMH xapaK.TepHCTHKaMH NSL-cpe.l{b1. 

7. ToT !l>aKT, 'ITO NSL-cpe.l{bI He nopox.naioTc51 KaKOH-JIH6o 

rpynnoii, MO:XCeT CBH,D;eTeJibCTBOBaTh JIH60 0 TOM, 'ITO 3TH cpe.l{bI 3a­
HHMaIOT oco6oe MeCTO cpe.nH KBa3HJIHHeHHLIX HenpepLIBHbIX cpe.I{, 
JIH6o 0 TOM, 'ITO OHH Boo6me B peanbHOM MHpe He cymecTByioT, 5IB­
lliUICb HeKoppeKTHLIMH npH6JIH:XCeHH5IMH BblWepaccMOTpeHHbIX 

cpe.n. 

Ilpe.z:u10Ee1me 4. 78. II p e .n non o :xc H M, 'ITO cpe){HeapH!l>MeTH'le­
cKoe ::ineMeHTOB DlaBHOH .l{HaroHaJIH n-.neit>opMaTOpa paBHO Hy.1IIO: 

(4.217) 

Tor.na: I. PeonomqecKHe Ko3qiqi~eHTLI NSL-cpen1>1 nepsoro 
H BToporo THilOB, B HapyweHHe TPe60BaHH51 onpe.neJieHH51 (0.4.7), 
CTaliOB5ITC51 3aBHCHMhIMH, a O.l{HH H3 HHX OTPHUaTeJihHLIM, npH'IeM 

(4.218) 

H2. YpasHeHH51 MeXaHH'leCKOro COCT05IHH51 '(4.184) H 3KBHBa­

JieHThie HM onpe.neJI5IIOillHe coornoweHH51 NSL-cpe,n1>1 npo.non:xcaioT 

OCTaBaTbC51 HeKoppeKTHblMH (det WNSL = 0). 
3. HeKoppeKTHLie ypasHeHH51 .l{HHaMHKH NSL-cpe.nbl (4.195) 

HMeIOT BR.I{ 

Py v_r>· = - grad0 (w) + Pygf (--,y, y) + div0u_r> grad0A.Y (0yt) + 

+Ly(l,eyt)U~ +1/3µY(l,0yt)grad0div0u_r> + 

(4.219) 

KoMMeHTapaa: 1. Ilpe.nnono:xceHHe (4.218) npomBope'IHT Tpe-

60Bm1110 He3aBHCHMOCTH peOJIOrH'leCKHX K03!l>q1HUHeHTOB B513K0-
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CTH (no orrpeae.n:eHHIO (0.4.7)) H MOXeT 6b1Tb npHIDITO JlHIIlb KaK 

rrp~.n;nonoxeHHe. 0Ho 3KBHBa.n:eHTHO .n;onymeHHIO o npette6peXH­

Moii MaJIOCTH cnaraeMblX B.S:3KOro HJIH ynpyroro npoHCXO)KJJ.eHffjJ B 

,ziHaroHaJII>HbIX :meMeHTax .zi-,ziecpopMaTopa TYO. 

2. MaTeMaTH11ecKa.sI pea.n:H3auffjl BbimeyKa3aHHoro npe.n;nono­

xeHffjJ npHBO):{HT K OTpHI.{aTeJibHOM)' peOJIOIWleCKOM)' K03cpcpHI.{H­

eHT)' nepBoro THna H KaK cne,n;CTBHe K HCKYCCTBeHHOM)' 3aHHXeHHIO 

BJlffjJHffjJ B.S:3KOCTH HJIH ynpyrocTH Ha necpopMHpOBaHHe cpe,n;bI 

(/I 3µ <(A + µ )). 

Ilpe.D;JIOlKeHHe 4.79. Ilpe.n;noJIOXHM, 11TO B .D;OIIOJIHeHHe K 

ycnoBffjJM npe,ziI>l,!l}'llUfX npe.llJloxeHHii (4.75), (4.192), (4.196) 
NSL-cpena HecXHMaeMa (div 0u_?l = 0). 

Tor.n;a NSL-cpena )lHHaMH11ecKH 3KBHBa.n:eHTHa cpenaM (4.78), 
(4.134), (4.160), (4.176): 

(4.220) 

Ilpe.D;JIOlKeHHe 4.80. IlycTb peOJIOfWleCKHH K03cpcpHI~HeHT BTO­

poro THna WNSL -cpe)lbl He 3aBHCHT OT HHBapHaHTa I MaTpHI.{hl 

du~ I dyoo. 
Toma: 1. YpaBHeHHjJ MexattH11ecxoro cocTO.S:HffjJ H .IlHHaMHKH 

w NSL -cpe)lbl JIHHeHHbl 

(Tl)= - (w) + WNSL (y, Syt )U$. (4.221) 

Py v~O· = - grad0w +Py gp (-,y, y) + div0 u_?lgrad0 Ay (Syt) + 

+LY (Syt) U$ +(A (Syt) + µY (Syt)) grad0div0u_?l + 

+ µy(8y1)V2u_?l. (4.222) 

2. EcnH Bee peonomqecKHe K03cpcpHI.{HeHTI>I WNSL -cpe,n;bI 3a­

BHC.S:T TOJibKO OT He3aBHC.S:IUeii OT T011KH TeMUepaTYPbI, TO ypaBHe­

HffjJ Harrpa:xceHHOro COCTOBHffjJ H .ZUIHaMHKH JIHHeiiHLI H O.IlHOPO'Affbl: 

(Tyo)= - (w) + WNSL (81 )U~, (4.223) 

Pyv$°' =Py8~,(..,y,y)-grad0w+(A.(81 )+ 
+ µ(8t))grad0div0u_?l + µ(81 )V2u~. (4.224) 
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4.7.2. YPABHEHIDI TEPMO.ZJ;HHAMHKH 

Onpe,nen:eHHe 4.12. IlyCTL: 1. Ay (/, eyt), M~SL (/, eyt) -

CTOJI6eu H MaT1mua peoJIOilf'leCKHX K03cpcpHUHeHTOB rrepBoro H 
BToporo THIIOB NSL-cpe,11;1>1 (4.184); 

2. U$ - (9x1)-cTOJI6eu, COCTaBJieHHLIH H3 (3x1)-CTOJI6UOB 

MaTPHULI du~O / dyoo. 

Tor.n;a: 1. CKaJI.SipHoe rrpoH3Be.n;eHHe 

<I>~ (11 , eyt) = Ay (11 , eyt) · vyo = t..,y (11 , eyt) div0 v?1 (4.225) 

aHaJIOilf'IHO (4.86) Ha3LIBaeTC.S: n.nomHOCmblO .MOUf.HOCmu nanp.Jt»<.e­

HUU nepeozo muna omnocumeJlbHO .Mep'bl. B TO'IKe y. 
2. CKaJI.SipHoe rrpoH3Be.n;eHHe (6HJIHHeiiHa.s: cpopMa c MaTPHUeii 

M~SL (/, eyt )) BH,lla 

(4.226) 

Ha3LIBaeTc.s: n.nomnocmb10 .MOUf.Hocmu nanp.Jt»<.enuu emopozo muna 

omnocumeRbHO .Mep'bl. B ToqKe y. 

IlpeJVIOlKeHHe 4.81. IlycTL: 1. <l>~ (/, 0yt), <l>~ (/, 0yt) -

ci>YHKUHH H3 rrpe.n;LUl)'IUero orrpe.n;eneHH.SJ: (4.225), (4.226); 

2. u_y (0yt) - IIJIOTHOCTL CKOpOCTH H3MeHeHH.SJ: BttyTPeHHeii 
3HepmH NSL-cpe.n;LI B ToqKe y OTHOCHTeJILHO MepLI m(dy). 

Tor.n;a ypaBttem1e TepMO,IJ;HHaMHKH HeKoppeKTHOH KBa3HJIHHeli­

noii NSL-cpe,11;1>1 HMeeT BHJl (w = Pyt HJIH w = 0) 

Py (uy (0yt + w(py1 )·) = 
=<I>~ (I, eyt) +<I>~ (I, eyt) + div0q$ + Py<py. (4.227) 

.l(OKl133Te1ILCTBO CBO,IJ;HTC.S: K IIO,IJ;CTaHOBKe ypaBHeHHH MeXaHHqe­
CKOro coCTo.SJ:HH.SJ: NSL-cpe.n;LI ( 4.184) B yCJIOBH.SJ: TepMO,IJ;HHaMHqecKoii 

c6anancHpoBaHHOCTH BceneHHoii MexaHHKH famme.s: c yqeToM orrpe­
.u;eneHHii (4.225), (4.226) H ,IJ;OKa3aTeJILCTBa paBeHCTBa (2.52). D 

KoMMemaplUI: 1. lliMeHeHHe BnyTpeHHeli snepmH rrepBoro TH­
rra (2.225) IIpOHCXO,IJ;HT IIpH ,IJ;HJiaTaUHOHHOM .u;ecpopMHpOBaHHH (3.42) 
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H rrpH ABIDKemrn HeC)l(HMaeMoii NSL-cpe.lll>I OTcyrcrayer. Ypa.BHeHHe 
TepMO.WfHa.MHKH NSL-cpe.w>I, a.HaJIOIWIHO ( 4.88), npHHHMaer BH.A 

Py (uy (Syt) + w(py-1 )·)=<I>~(/, Syt) + divoq~ + Py<py. (4.228) 

2. Knacc NSL-cpe.Il TepMO.IlHHaMIRecKH He ::>KBHBaJieHTeH HM 

O.IlHOMY H3 BbIIIIepaccMOTPeHHbIX KJiaccoB cpe,!l. PeIIIeHHe 3a,n;aq .IlH­

HaMHKH NSL-cpe.Il 6e3 yqeTa ypa.BHeHHH TepMO.IlHHaMHKH MoxeT 

rrpHBeCTH K cpH3IReCKH Hea,n;eKBaTHbIM pe3yJibTaTaM. 

4.8. 3JIEMEHTLI )lHHAMHKB R-KJIACCA 
)lBYMEPHLIX KBA3HJIHHEHHLIX 
HEilPEPLIBHLIX CPE)l 

4.8.1. YPABHEHIDI MEXAHJfllECKOro COCTOBHIDI 

IIpeJVIOlKeHHe 4.82. IlycTb: 1. GO yt (R, 2) - rpyrrna .IlBYMep­
HbIX IIO.Il06HH [ 11); 

2. M '{, M?, E GO yt (R, 2) - ( 2 x 2 )-MaTpHUbI rro,!lo6IDIBH.Aa 

µ y _ µY µY _ µY 
My = 1 2 My = 3 4 (4.229) 

1 y y' 2 y y' 
µ2 µ1 µ4 µ3 

TaKHe ~o 

(M'{ )TM'{ = (µi 2 + µ~2 )E,(M?_ )TM?_ = (µ~2 + µ~2 )£;(4.230) 

3. GRyt (R, 4) - rpyrrrra Ha R4 , ::irreMeHTaMH KOTopoii .sIBIDIIOT­
c.s.1 6rroqHbie ( 4 x 4 )-MaTPHUbl c (2 x 2)-MaTplRHbIMH 6JIOKaMH B BH­

,!le .IlBYMepHbIX IIO.Il06Hii H3 GOyt (R, 2) (4.229) BH,Aa 

My - My 
M (I) = 1 2 · (4.231) y My y , 

2 Ml 

4. SO (R, 4) - rpyrrrra MaTpHU (4.50) .sIBIDieTc.sI rro.u;rpyrrrroii 

rpyrrrrb1 BpameHHH BeKTopHoro rrpoCTPa.HCTBa R4 . 

Tor,!la: 1. fpyrrrra GRyt (R, 4) .sIBIDieTC.sI ueHTpaJIH3aTOpoM 
CBOeii IIO.Ilrpyrrrrbl BpameHHH so (R, 4), T. e . .IlJl.sI JII06bIX MaTpHU 

My(l) E GRyt(R,4) H CJ eSO (R, 4) (4.50) 

M-lCOM =co 
y f y f' (4.232) 
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2. fpynrra Bpamemrn SO (R, 4) .srB.TJJieTcB uelITpoM rpyrrm.1 GRyt 
(R, 4), T. e . .IJ.IDI mo6bIX MaTpHU My(l)EGRy1 (R,4) :u 
CJ e SO(R,4) 

C~·TMyCJ =My, SO(R,4)c::GRyt (R,4). (4.233) 

,ZloKaJarem.cmo CJie.IzyeT H3 cpaicra KOMM)'I'aTHBHOCTH rpynrr 
(2x 2)-rro1{o6Hil (4.229) HaR2 rrpHyCJIOBHHSO(R, 4) c:: GRyt (R, 4).0 

KoMMeHTapuu: 1. YcrroBIDI (4.232), (4.233) 3KBHBaJieHTHI>I Tpe-
6oBaHHIO paBeHCTBa ttymo KOMMYTaHTa MaTpHU CJ H MY: 

(4.234) 

2. BrroqHWJ: ( 4 x 4 )-MaTpHI.\a ( 4.231) c 6rroKaMH ( 4.229) He BB­
JIBeTCB rroJ{o6HeM (MaTpHI.{a Ml My - He roMoTeTHH). 

IlpHMep. IlyCTI> B TepMHHax MATLAB My = [1-2-3 4; 
2 1-4-3; 3-4 1-2; 4 3 2 l], roma M~My = [30 0 0-4; 
0 30 4 O; 0 4 30 O; - 4 0 0 30], inv (My) = [0.052 0.0543 0.0928 
0.1403; -0.0543 0.052 -0.1403 0.0928; -0.0928 -0.1403 0.052 
0.0543; 0.1403 -0.0928 -0.0543 0.052], det(M y) = 884. 

3. lfa J{OKa3aHHbIX cpaKTOB CJie.zzyeT, qro MaTpHI.{bI rpyrrrrbl GRyt 
(R, 4), rrpeJ{CTaBJieHHI>Ie B rro:meMeHTHOH ( 4 x 4 )-cpopMe, 6y.zzyqH 
HHBapHaHTaMH Bb16opa HHepQHaJibHOfO 6a3HCa (4.233), MOJ:YI' 6I>ITb 
HCIIOJib30BaHbI AJUI cpopMHpOBaHIDI TpeTbero crraraeMoro B KoppeKT­
HbIX ypaBHeHIDIX MeXaHH:qeCKoro COCTOBHH.sI ABYMepHOH KBa:m.JIH­
HeHHOH HerrpepLIBHOH cpeJ{bl. 

Onpe,!leJleHHe 4.13. IlyCTI>: 1. v~ H A~ U1 'eyt) 
( 4 x l)-crorr6QI>1 BHAa (4.51) 

v~ =- (w) = - wcol {1, 0, 0, l}, (4.235) 

A~ (11, eyt) = Ay (11, eyt )col{ 1, o, o, 1 }; (4.236) 

2. M$U.eyt)- (4x4)-MaTpHua H3 rpyrrrrb1 GRyt (R, 4) 
(4.231); 

3. HerrHHeHHbie ypaBHeHIDI 

M~ (I, eyt )U~ +A~ U1. eyt) = (Ty0 ) + (w) = ('t~) (4.237) 
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HMeIOT e,l{HHCTBeHHOe pemeHHe OTHOCHTe.JibHO HeH3BeCTHOI'O CTOJI6-

ua U?. 
Tor,l{a: 1. PaBeHcTBa BH,Ila 

(Tyo)== - (w) +A~ (11 , eyt) + M~ (I, eyt) u~ (4.238) 

Ha31>1BaroTC.SI ypa6HeHUJLMU MexaHu1.tecKozo cocmoJtHUJl R-K.nacca 
06y.MepHblX KOppeKmHblX K6Q3UJlUHeimblX Henpepbl6HblX cpeo (Re­

semblanse - no,D;o6He). 

2. 3neMeHThI CTOJI6ua A~ U1, eyt) H MaTpHilbl M~ (I, eyt) Ha3bl­

Ba.IOTC.Sl peoJWzu1.tecKU.Mu K03<jJ</Jut1ueHma.Mu R-cpeobl nepuozo u <Jmopozo 
muno<J COOTBefCTBeHHO. 

Ilpewm1Ke1D1e 4.83. Ilycn,: 1. I duf' / dy 00 I-MaTpHUa BH,Ita 

-ul ul 

I du00 / dyoo I == 2 1 ; 
Y -u2 u2 

2 1 

(4.239) 

2. M{ (!, eyt ), Mi (I, eyt) - MaTPuu1>1 HJ (4.229). 
Tor,D;a A-AecpopMaTOp Tl HMeeT cneJlYIOmyio MaTPwrnyro JanHc1>: 

Tl == h (~ w + t..Y (11 , eyt )) + M{ (I, eyt) du~/ dyoo + 

+Mi (I, eyt) I du~O I dy00 I· (4.240) 

KoMMemapHH: 1. 1-h npe)lfloJKeHH.SI (4.240) CJie.nyer, '<ITO R-KJiacc 

,D;B)'MepHbIX cpe,D; HMeeT rum, He3aBHCHMbIX peOJioIWieCKHX K03cpcpHUH­

eHTOB. 3To o6hsi:cH.SierC.SI TeM, '<ITO Tpe6oBaHHe HHBapHa.HTHOCTH MaTpH­

UbI peonollftleCKHX K03cpcpHUHeHTOB cpe,llbI BTOporo THna OTHOCHTe.Jib­

HO ,D;B)'MepHOH rpyrIIIbI Bpaw;eHHH: ( CO,D;epxaw;e:H TOJibKO MaTpHilbI npo­

CTelimHx Bpaw;eHHH: (4.38), (4.42), (4.43)) ropa3,Ilo CJia6ee 

aHaJIOIWIHbIX Tpe6oBaHHH )lJ1.Sl TpeXMepHOH rpymu.r Bpaw;emlli ( COCTO­

.SllUHX m Tpex npocrelimHx coMHoJKHTene:H). 

2. Onpe.lleJI.SIIOIIlHe coomomeHH.SI (4.15) .wm R-KJiacca cpeA He cy­

IUeCTByroT no rrpH'llllle npHcyrCTBH.SI B npaBOH 'laCTH paBeHCTBa (4.240) 
MaTpH'IHOI'O (HO He 'IHCJIOBOI'O) COMHOJKHTeJI.Sl M{ (/, 8yt) IIpH IIpOH3-

BO,l{HOH duf> I dy 00 H CJiaraeMOfO Mi (I' e yt )I duf' I dy00 I· PaBeHCT­

BO (4.240) .SIBJI.SlefC.Sl He MaTpH'IHOH cpyttKUHeH: MaTpH'IHOfO apyYMeH­

Ta (4.15), a MaTpHtIHOH 3aIIHCbIO 3aBHCHMOCTH ::meMeHTOB ,l{-,llecpOpMa­

TOpa OT 3JleMeHTOB MaTpHilbI duf' / dyoo, T. e. MaTpHtIHOH 3arrHCbIO 

ypaBHemlli MeXaHWleCKOI'O COCTO.SIHH.Sl (4.238). 
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3. H3 paBeHCTBa (4.240) cneA)'eT, 'ITO npoH3BOJUiruI dur1 j dy00 
H .l{-Ae<t>opMaTOp TYO R-cpe]lbl B o6IQeM CJI)"lae He MOryr 6LITb O]lHO­

BpeMeHHO CRMMeTPlfl:leCKHMH MaTPRIUlMH. Ilo nplfl:IHHe KOCOCHM­

MeTPli'IHOCTli MaTpHD; Mi (I, eyt) H Mi(/, eyt) A-Ae¢opMaTOp TYO 
npHHI.J;HilHaJibHO He MO:XCeT 6LITb CRMMeTplfl:leCKOH MaTpHn;eH:. 

Ilpe,wioJKeHHe 4.84. IIycTL: 1. grad0 w - rpa.AHeHT ¢}'HICI.J;HH w 
B T011Ke y E E y B £ 0; 

2. gradoAy U1, eyt) - rpa.AHeHT peOJIOrH'ieCKOro Ko::i¢¢HI.J;H­

eHTa Ay U1, eyt) B T011Ke y E Ey B Eo; 
3.· Div0 du~ j dyOO = col{div0up , div0u~Y} - (1 x 2)-cToJI-

6eQ AHBepreHQHH B £ 0 CTPOK ufy, ufy npOH3BOAHOH du~ j dy00 B 
To11Ke y E Ey B £ 0: 

Div 0du~ j dy00 = V2u~; (4.241) 

4. CMewaHHLie BTOpL1e npoH3BOAHLie KoopAHHaT BeKTopa u~ no 
. 1 - '.l2 o j '.l o'.l o 1 -IlOJieBbIM KOOpAHHaTaM B T011Ke y E E y "12 = u uly uyl uy2, "21 = 

= o2u0 j;:k;O;:k.0 u2 =o2u0 joyOoyO u2 - o2u0 /oyOoyO cy-- ly vy2 vyl ' 12 - 2y 1 2' 21 - 2y 2 1 
IQeCTB)'IOT H 

N~ (I, eyt) = col{ui1 - ui1, ul2 - ui1 }; 

5. lloM?_ j oy~I - aM?_ j oyfll - (2 x 4 }=MaTpHn;a BHAa 

II oM?_ j oy~I - oMi j oyf 11 = 

(4.242) 

oµ~ joy~ -aµ~jay~ -aµ~ joyp aµ~jayp = ; (4.243) 
oµ ~joy~ oµ ~jay~ -oµ ~ joyp -oµ ~ joyp 
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6. lloM{' j oyfloM{' j oy~ll- (2 x 4)-MaTPHI.J;a BH,lla 

lloMi j oyfl oMi j ay~ll = 



7. Ly ( /, a yt ) - ( 2 x 4 )-MaTpHua, .SIBIDIIOIIJ;asIC51 C)'MMOH MaTPHU 

Ly (I, ayt) = 

= lloMi / oyp + oMi / oy~ I oMi / oy~ - oMi / oypll, (4.245) 

Tor.n:a cTOrr6eu H3 yprurneHHH JJ:BHXeHH51 JJ:B}'MepHoii R-cpe­

AhI (2.65) HMeeT BHA 

Div0Tyo = - grad0w + grad0 A.y (11, ayt) +Mi (I, ayt )V2u~ + 

+Mi(/, ayt )N~ (I, ayt) +Ly (I, ayt) u~. (4.246) 

,ll;OK838TeJlbCTBO JJ:OCTHraeTC51 npOCTblMH npeo6pa30BaHH51MH 

CTOrr6ua DivoTl c yqeTOM paBeHCTBa (4.240). D 

KoMMemapHii. H3 (4.240) 11 (4.246) cneeyeT, qTO peorromqe­

CKHe K03cpcpHUHeHTbl R-cpe.D;bl MaTPHUbl Mi (I, ayt) onpe,o;eruIIOT 

BKJiaJ{ B .l{BHJKeHHe cpe.l{bl JiaIUiaCHaHOB '\72 KOOp.l{HHaT BeKTOpa U~, 

a peorromqecKHe K03cpcpHUHeHTbl R-cpe.11:1>1 MaTPHll;bl Mi (I, ayt) 
onpe.n:emi:IOT BKJia.D; B ABIDKeHHe cpe,o;LI 3cpcpeKTOB, CB513aHHbIX c OT­

cyrCTBHeM HenpepbIBHOCTH H, CJieAOBaTeJibHO, paBeHCTBa BTOpbIX 

CMeIIIaHHbIX npOH3BO,I(HblX (N~ (I)= 0 B npOTHBHOM CJl}"lae). 

4.8.2. YPABHEHIDI llHHAMHKH 

Ilpe;v:m.lKe1me 4.85. 1. KoppeKTH1>1e JJ:HHaMffqecme ypaBHeHHSI 

MexaHHqecKOro cocro.sIHIDI R-KJiacca JJ;B)'Mepmix cpe.n: ( 4.18) HMeIOT mm 

Pyv~· =pyg?1(1)1,y)+Div0Tyo• (4.247) 

(Tyo)= - (w) +A~ U1. ayt) + M? (I, ayt )U?; (4.248) 

2. YpaBHeHH51 JJ:HHaMHKH R-KJiacca JJ:B}'MepHLIX KBa3HJIHHeiiH1>1x 

HenpepbIBHbIX cpe,Il HMeIOT BRA 

Pyv~· = Pygf (-iy, y)-grad0w + grad0 1..y(l1, 0y1 ) + 

+Ly(l,ayt)U? +MiU.ayt)V2u? +MiU.ayt)N?. (4.249) 
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JJ:oKa38TeJILCTBO ,ll;OeTHraeTe.sI IlO,ll;CTaIIOBKOH paBeHeTBa (4.246) 
B ypaBHeHHe (4.247).D 

KoMMemapuu: 1. B ypaeHeHIDIX Bee peorrorw1eeme Ko3<P<l>H­

QHeHTl>I R-epe,ll;bl .sIBJI.sIIOTe.sI <l>YHKllIDIMH KOOp,ll;HHaT TO'IKH y EE y' 

HHBapHa11ToB I = (I 1 , I 2 , I 3 ) MaTPHllbI dur / dy oo H TeMnepaTypbI. 

2. CrraraeMoe lloMi I oyp + oMi I oy~I oM{ I oy~ -
- oMi I oypll u~ y<IHTbIBaeT 3aBHeHMOeTb peorrorw1eemx K03<l><l>H­

QHeHTOB BTOporo THila OT KOOp,ll;HHaT TO'IKH y E E y' HHBapHaHTOB 

MaTPHllbI I MaTPHllbI dur / dyoo H TeMnepaTypbI. 

3. CrraraeMOe Mi (I,0yt)N~(l) yqHTbIBaeT B03Mmm:oe OTeyrCT­

BHe HenpepbIBHOCTH BTOpbIX npOH3BO,ll;HblX o2u01 I oypoy~ = ufi' 
:\2 o I"'.} o:\ o = 1 :\2 o I"'.} O:\ o = 2 :\2 Yo I"'.} O:\ o = 2 u "yl uy2 uyl - "21 • u "y2 uyl uy2 - "12' u uy2 cJY2 uyl - "21 
(HanpHMep, B 3a,n;aqax eBepX3B)'KOBOH 33pOra30.IJ,HHaMHKH, HaJIH'IIDI He-

0,ll;HOpO,ll;HbIX BKJIIO'lemlli, apMHpOBaHIDI epe,ll;bI, pa3pbIBOB enrrOIIIHO­

CTH, eKOJIOB, TPeIQHH HT. n.). 

4. R-KJiaee epe,1.1; BKJIIO'laeT B ee6.si H-KJiaee cpe,1.1; B Ka'leeTBe 'la­

emoro erryqrui: (µ 1 = µ, µ 2 = µ 3 = µ4 = 0). 
5. YpaeHeHIDI (4.249) B paMKax npHH.sITbIX mnoTe3 H onpe,1.1;erre­

HHH (4.238) .siBJI.sIIOTe.sI TO'IHbIMH. Bee npHBe,ll;eHHbie HH:xce ypaBHe­

HIDI norryqeHbI H3 TO'IHblX ynpomeHH.sIMH, e<PopM)'IIHpOBaIIHblMH B 

BH,ll;e npe,1.1;norro:xceHHH: ( onpe,1.1;erreHHbIX BO BBe,1.1;eHHH KaK HeBepHbie 

yrBep)l(,ll;eHIDI, npHHHMaeMbie no ,1.1;oroBopeHHOCTH). Ka)l(,ll;rui: nocrre­

;zyromrui: <l>opMa ypaeHeHHH norryqeHa ynpomeHHeM npe,1.1;bl,lzyIIleH: B 

nop.sI,ll;Ke, KOTOpblH IlOKa3aJie51 HaM JIOIWIHblM. 

Ilpe.wio11teHHe 4.86. II p e ,1.1; no rr o :xc HM, 'ITo: 1. Peorrorw1e­

eme K03<l><l>HQHeHTbl BTOporo THna µ r (/, 0 yt ) He 3aBHe.sIT OT HHBa­

pHaHTOB I, TO'IKH y H TeMnepaTypa - OT TO'IKH y: 

(4.250) 

2. Peorrorw1ecmH: K03<l><l>HllHeHT nepBOro THna Ay U1' eyt) 

(aHarrorw1Ho (4.58)) HMeeT npoeTeii:mee npe,1.1;eTaBJieHHe BH,ll;a 

(4.251) 
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3. CMemaHH1>1e BTOpble rrpOH3BO).{Hble 

1 1 2 2 
Ul2 ' U21 ' Ul2 ' U21 (4.252) 

Koop,rcHHaT u~l' u~2 BeKTOpa uf> cpe.rci.1 B TO'IKe y E € y HerrpepbIBHbl 
H, crre.rcoBaTeJibHO, paBHbl (aHaJIOIWIHO (4.75)): 

ufi = ui1, ur2 = ui1 ~ N$ (I)= 0. (4.253) 

Tor.rca: 1. YpaBHeHIDI MexattH'lecKoro cocTO&HH.SI, .rc-.rceq>0pMa­

TOp H mmeHHble ypaBHeHIDI ,l.{HHaMHKH w rKJiacca 0,rcHOpo,rcHblX 
cpe.u. HMeIOT BH)J. 

(4.254) 

TYO = h (- w +/..(St) div0 uf>) + M1 (St) duf> / dyOO + 

+ M 2 (St )j duf> / dyOO j, 

Py vf>· = Pyg~t (--, y, y) - grad0w +/..(St) grad0div0 uf> + 

+ M1 (S, )V2uf>; 

2. MaTPHIJ;a w R (st ) &BJI&eTC& :arreMeHTOM rpyrrrri.1 w R (R, 4) H 
HMeeT BH)J. 

µ1 + /... µ2 -µ3 µ4 + /... 

WR(S,)= 
µ2 µ1 -µ4 -µ3 

(4.255) ; 
µ3 -µ4 µ1 -µ2 

µ4 +/... µ3 µ2 µ1 + /... 

3. MaTPHIJ;a w R (st ) co.u.epxHT II&Tb peorrorH'leCKHX KO:acpq>H­
IJ;HeHTOB (O.U.HH - rrepsoro H 11eT1>1pe- BTOporo THIIOB), H II03TOM}' 

w R-cpe.u.a B ycrroBIDIX rrpHH&TblX Bblllie .u.orrymeHHH HMeeT II&Tb peo­
JIOrH'leCKHX Mo.u.yrreii H II&Tb KO:acpcpHIJ;HeHTOB BJIH.SIHIDI (0.4.7). 

KoMMemapHH: 1. B paccMaTPHBaeMoM crry'lae ypaBHeHIDI Me­
XaHH'lecKoro COCTO&HIDI H BblpaxeHHe )J.JI& .u.-.rcecpopMaTOpa co.u.ep­
xaT 11eT1>1pe peOJIOrH'leCKHX KO:acpcpHIJ;HeHTa BTOporo THIIa ( 3a C'leT 

crraraeMbIX, co.u.epxamHx MaTPmzy M 2 ), a ypaBHeHIDI .U.BHXeHIDI -
Torri.Ko .u.sa (3a c11eT N~ = 0). 
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2. IIpe.n:noJioxeHHe (4.253) H cBgJaHHI>Ie c HMM ynpomeH~ 

yprumeH~ AHHaMHKH cpeAbI MOryr OKaJaTbcg IIpHHQHITHaJibHO He­

npueMJieMbIMH npH HaJIIBIHH B cpeAe liHOpOAHbIX BKmoqeHHH, pa3-

pb1BOB CIUIOIDHOCTH, CKaqKOB yn:JIOTHeH~ npH CBepX3B}'KOBbIX Teqe­

H~X. TpemHH, CKOJIOB HT. n. 

3. OnpeAe.miromue cooTHomeHug (4.15) ~ WrcpeAI>I H B 

ycnoBugx npeAnonoxeHHif (4.251), (4.253) He cymecTByroT. 

IlpeAJI01KeHHe 4.87. ,Um! Toro qT061>1 ABe pa3Hble JIHHeHHI>Ie OA­

HOPOAHl>Ie cpeAI>I (WR-cpeAI>I) npHHaAJieXaJIH WR-KJiaccy (aHaJio­

IWIHO ( 4.66)), Heo6XOAHMO H AOCTaTOqHO, qT06bI npu OAHHa.KOBOM 

pacnpeAeJieHHH B HeH Hanpg:xceHHH CTOJI6Ql>I U~a H U~b 6bDIH JIH­

HeHHO CM3aHbl MaTPHQeH HJ rpynn1>1 w R (R, 4) Ta.K, qTQ 

U~a = WRab(0t)U~b' 

WRab(0t) E WR(R, 4), WRab (0t) = WRdWRb· (4.256) 

,!(oKa3aTeJibCTBO. lfa (4.254) npH ycnoBHH (4.65) nonyqaeM 

WRau~a = WRbu~b' OTK}'Aa H CJie.I:{yeT (4.256).D 

IlpeAJI01KeHHe 4.88. II p e Ano JI ox HM, ~o nepeKpecTHoe 

BJI~HHe nannacHaHOB V2u~1 , V2u~2 Ha .I:{BHXeHHe WR-cpe.I:{I>I no 

BTOpOH H nepBOH KOOpAHHaTaM COOTBeTCTBeHHO OTCYTCTByeT: 

Toma: 1. YprumeHIDI Mex~ecKoro coCTo~. AUHaMHqecKHif 

.I:{ecpopMaTOp H ypaBHeHIDI AUHaMHKH w R-KJiacca cpe.I:{ HMeIOT BUA (IIO,I:{­

KJiaccbI H- H WR-XHAKOCTeH AUHaMHqeCKH 3KBHBaJieHTHbI (4.72)): 
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(4.258) 

Tyo = h (- w + A.(0,) div0 u~) + µ1 (0,) du~/ dy00 + 

+ M 2 (0 t) I dur' / dy00 j, 

Py v~· = Pyg~, (--, y, y) - grad0w + J..(0,) grad0 div 0 u~ + 

+ µ1 (0t )V'2ur>. 



2. Ma'I'pima WR (91 ) HMeeT BH.D: WR (91 ) = [µ 1 +A 0 - µ 3 µ 4 + 
+'A; 0 µ1 -µ4 -µ3; µ3 -µ4 µ1 0; µ4 +A µ3 0 µ1 +A]. 

KoMMeHTapnu: 1. B ycnoBIDIX npHHSIThIX npe,llnorro:it<:eHHii 

ypaaHeHIDI ,llHHaMHKH WR-cpe,ll coBrnmaroT c ypaaHeHIDIMH ,llHHaMH­

KH w H -cpe,ll (yKCl3aHHbie cpe,llbl ,llHHaMW!:eCKH 3KBHBaJieHTHbI), XOT51 

CaMH K.l}aCCbl yKa3aHHbIX cpe,ll OCTaIOTC51 pa3HbIMH no npHtIHHe pa3-

HbIX onpe,lleIDIIOil(HX HX ypaBHeHHH MeXaHH'IeCKOro COCT051-

HIDI (4.59), (4.254) H OTCYTCTBIDI TepMO,llHHaMHtleCKOH 3KBHBaJieHT­

HOCTH. IlpH'IHHa 3TOI'O 5IBJieHIDI COCTOHT B TOM, 'ITO ypaBHeHIDI Me­

xaHHtleCKOI'O COCT05IHIDI CO,llepxaT HanpgxeHIDI B cpe,lle, a 

ypaBHeHIDI ,llHHaMHKH - CYMMbl qacTHblX npOH3BO,llHbIX OT 3THX Ha­

npgxeHHH, ypaBHeHIDI TepMO,llHHaMHKH )KH,llKOCTeii CO,llepxaT pa3-

Hbie MaTPHU:hI peorroIWieCKHX KoacpcpHu:HeHTOB. YKa3aHHhIH cpaKT 

MOXeT CJIYXHTb OCHOBaHHeM K cpopMHpOBaHHIO JIO)KffblX npe,llCTaB­

JieHHH o ABHXeHHH pearrhHOii R-cpe,llhI, ecnH aTo ABHXeHHe HJyqaeT­

cx 6e3 yqeTa yKa3aHHbIX cpaKTOpOB. 

2. IlpH rr106b1X AaJihHeiiurnx npe,llnorroxeHIDIX cnaraeMoe 

M 2 (Sr) I dur> / dy00 I B npaao:H qacTH paaeHCTBa (4.240) OCTaHeTcg 

6e3 H3MeHeHIDI. 3TOT cpaKT yKa3bIBaeT Ha ,llBa BaxHhIX o6cT051TeJib­

CTBa: 

2.1. IlpH JII06hIX npe,llrIOJIO:lK:eHIDIX OTHOCHTeJibHO CBOHCTB peo­

JIOIWieCKHX K03cpcpHU:HeHTOB onpe,lleIDIIOil(He COOTHOIIIeHIDI ( 4.15) 
AJii! WR-cpeAhI He cyw:ecTBywT (no npHtIHHe HaJIH'IIDI cnaraeMoro 

M2 (8 1 )ldur> / dy 00 I B npaBoii qacTH paBeHcTBa (4.240)); 
2.2. HH ypaBHeHIDI MeXaHH'IeCKOI'O COCTO.SIHIDI ( 4.238), HH MaT­

pHqHoe npe,llCTaBJieHHe AHHaMHtleCKOI'O ,llecpopMaTOpa (4.240), npH 

JII06bIX npe,llilOJIO:lK:eHIDIX, HaqHHai! c rIOCJie,llHHX (4.251), (4.253), He 

onpe,lleIDIIOT cpOpMY ypaBHeHHH AHHaMHKH WR-cpe,llbl: ypaBHeHIDI 

MeXaHHtleCKOI'O COCT05IHIDI (4.258) H MaTPHqHoe npe,llCTaBJieHHe AH­

HaMHtleCKOI'O AecpopMaTOpa (4.240) co,llepxaT cnaraeMb1e, 3aBHcx­

W:He OT peoJIOIWleCKHX K03cpcpHUHeHTOB µ 3 H µ 4 H onpe,lleIDIIOil(He 

BKJia,IJ; B ypaBHeHIDI ,llBH:lKeHIDI HYJieBhlX crraraeMbIX, CO,llep:XCaiu:HX 

cTorr6u:hl H N~ = 0 H LyU~ = 0. I1HhIMH CJIOBaMH, pacnpe,llerreHHe 

HanpgxeHHii B cpeAe 3aBHCHT OT µ 3 H µ 4 Bcer,lla, a pacnpe,llerreHHe 

AHBepreHu:HH CTpOK MaTpHU:bl Hanpg:xceHHli ( 4.246) npH HeKOTOpbIX 

ycnoBIDIX OT HHX He 3aBHCHT. 
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fipeWIOJKeHHe 4.89. fl p e ){II 0 JI 0 X HM, qTQ: 1. ,lJ;BHXeHHe 
WR-cpe.1{1>1 6ecn;11pKyrum;110HHO (rroTeHIJ;HaJILHO) (4.74); 

2. BTOpLie CMeIIIaIIHLie rrpOH3BO.l{HLie OT BeKTOpa u~ ITO IIOJie­
BLIM KOOp.l{HHaTaM HerrpepLIBHLI H paBHLI (4.75); 

3. Cpe.l{a HecxHMaeMa (4.77): 

.(4.259) 

Tor.l{a JIHHeliH1>1e ypaBHeHIDI .l{HHaMHKH (4.249) AB)'MepHoH JIH­
HeHHoli 0.l{HOpO.l{HOH Wrcpe.l{LI (aIIaJIOfHqHO (4.78)) COBIIa,IJ;aIOT c 

ypaBHeHIDIMH H)leaJILHOH XH)lKOCTH (4.48): 

(4.260) 

,ll;oKalaTe.JILCTBO paBeHCTB (4.260) cneeyeT H3 (4.246) H (4.249) 
HJIH H3 (4.254) H (4.258) rrpH ycnoBIDIX (4.74), (4.75).D 

4.8.3. YPABHEHIDI TEPMO~llKH 

Onpe.z.e.JieHHe 4.14. IlycTL: 1. Ay U1. eyt ), My(/, eyt) -
CTOJI6eu: H MaTpHu;a peonomqecKHX K03cpcpHU:HeHTOB rrepBoro H BTO­
poro THIIOB R-XH)lKOCTH (4.238); 

2. Vj - ( 4x1)-CTOJI6eu:, COCTaB.JieHHLIH H3 (2 x 1)-cTOJI6U:OB 
MaTpHQLI du~/ dy00 (4.238). 

Tor.l{a: 1. CKamipHoe rrpoH3Be.l{eHHe 

aIIarromqHo (4.86) Ha3LIBaeTcg ouccunamueHou <jJyHKl.lueu nepeozo 
muna R-X<:H.UKOCTH B TO'IKe y. 

2. CKamipHoe rrpoH3Be.l{eHHe (6HJIHHeliHag cpopMa c MaTpHU:eli 

My (I, eyt )) BH)la (4.87) 

(4.262) 

Ha3LIBaeTcg ouccunamueHou <jJyHKijueu emopozo muna R-XH.UKOCTH 

B TO'IKe y. 
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Ilpewio1KeHHe 4.90. Ilycn.: 1. cf>r (11, eY, ), <I>~ (I, eY,) -
,D;HCCHilaTHBHl>Ie cpyttKD:HH nepBoro H BTOporo THilOB (4.261), 
(4.262); 

2. w;, - CKOpOCTb BbillOJIHeHIDI 3JieMeHTapHOH pa6oTJ>I cpyttK­

UHH w (wy = py-1 - )'AeJibHbIB 061.eM :xrn,zucoCTH) B TO'IKe y; 
3. u;, (0yt) - IlJIOTHOCTb CKOpOCTH H3MeHellllSI BttyTpeHHeH 

3HepmH :xrn,zucoCTH B TO'IKe y OTHOCHTeJibHO Mepbl m( dy ). 
Toma ypaBHeHHe TepMOAHHaMHKH .l(BYMepttoH: R-:xcH,nKocTH HMe­

eT BH,l( 

(4.263) 

)lOKa38TeJILCTBO CBO)l:HTC}I K IlO)l:CTaHOBKe ypaBHeHHH MeXaHH­

qecKoro COCTO}lllllSI cpe;i;1>1 (4.238) B ycrrOBHe TepMOAHHaMH'leCKOH 

c6arrattcHpOBaHHOCTH BceJieHHOH MeXaHHKH rarrHJieg c yqeTOM 

onpe,neJieHHH ( 4.261 ), ( 4.262) H AOKa3aTeJil>CTBa paBeHCTBa (2.52).D 

KoMMeHTapuu: 1. .UnccHnaUH}I BttyTpeHHeH: 3Hepnm nepBoro 

THila rrpoHCXO)l:HT npH ,n;HJiaTauHOHHOM ;i;ecpopMHpOBaHHH. (3.28) H 

rrpH ,nBH:x<:eHHH HecXCHMaeMoii R-:xrn,zucocTH oTcyrCTByeT. YpaBHeHHe 

TepMOAHHaMHKH R-:x<:H.nKOCTH, aHaJIOrH'IHO (4.228), rrpHHHMaeT BH.n 

(4.264) 

2. ECJIH BepHO ypaBHeHHe MeXaHH'leCKOI'O COCTO}lllllSI (4.254), 
To .nHccHnaTHBHM cpyttKD:IDI R-XCH.l(KOCTH nepBoro THna npHHHMaeT 

BH,l( 

(4.265) 



5. l\IBXAHllKA AJ>COJIIOTHO TBEP)J:Oro TEJIA 

5.1. A6COJllOTHO TBEP,IJ:OE TFJIO 

~eJieHHe 5.1. IIycn>: 1. GM;1(R,3) =Ty1(R,3)S0;1(R,J)c 
c GA;1 (R,3) - qen.ipexnapaMerpH'leCICaSI rpynna ]lBIDKeHHii Ha A~ 
(K.3) (2.12), me CHMBOJI M B a66peBHaTYPe rpynm,1 nopox,neH repMH­

HOM «move», so;t (R, 3) c GD;t (R, 3) - qeTLipexnapaMerpH'le­
CKrul rpyrma Bpaw;emm V3 (2.9); 

2. rHnOTe3a: CymecTByeT orpauH11eHHrul, 3aMKffYT3.SI MeXaHH­

qecKasi: CHCTeMa E y = B, TaKasI qTo .n;eiiCTByrolllee Ha Heii E-a<PlflHH­
HOe npeo6pa30BaHHe (0.2.4) gBJUieTcg ,!J;BH:XCeHHeM. 

Toma MexaHH11ecKasi: cHcTeMa E Y = B Ha31>maeTcx a6coJt10mHo 

maepow.t meJto.M.. 

KoMMemapHH. 1. HHLIMH CJIOBaMH, a6comoTHO TBepp;oe Te­
no - 3TO 3aMKHYf3.SI MexaHH'leCKrul CHCTeMa (JIOKaJILHO JIHHeHHO 

H3MeHSieMrui HenpepbIBHruI cpe.lla) (2.11), rpynna ,llelflopMaTOpoB Ko­
Topoii (2.9) B mo6oii ee TOUe B mo6oii MOMeHT BpeMeHH COBna,naeT 

c rpynnoii Bpaw;effHj{: 

Gn;, (R, 3) =so;, (R, 3). (5.1) 

2. TpeXMepHrul rpynna Bpaw;eHHii: so;, (R, 3) TBep,n;oro Tena 
HeKOMMYfaTHBHa [ 11]. 

3. A6cOJIIOTHo rnep.n;oe Teno j{8Jlj{e'fCj{ 3.JieMeHTOM CHrMa-anre6pLI 

'~, HO MHOJKecrBO TBepALIX Te.JI He JIBJUleTCB CHfMa-anre6poii (HanpH­
Mep, AOilOJIHeHHe mo6oro TBep.n;oro Tena He millleTCj{ TBepALIM TenOM). 

4. H3 onpe.n;eneffHj{ (0.5.1) He CJie;zyeT lflaKTa cymecTBOBaHffj{ 

a6COJIIOTHO TBep,n;LIX Ten [33]. 

Ilpe.ItJIOlKeHHe 5.1. .Ll1UI Toro qT06LI MeXaHH'leCKrul CHCTeMa 

B E '~ 6L1J1a a6COJIIOTHO TBep,D;bIM TenOM, Heo6xo,n;HMO H AOCTa-
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TOqHo, qT06bI B JieBOCTOpOHHeM (3.83) H IlpaBOCTopoHHeM (3.69) 
IlOJUIPHbIX pa.3JIO:lKeHIDIX K-,n;ecpopMaTOpa cpe.D;bI Di CHMMeTpHqe­

CKHe COMHO:lKHTeJIH (,n;HJiaTaTOpbI B KaHOHH'leCKHX 6a:mcax) 6&IJIH 

TO)K,!leCTBeHHbIMH e..n;HHHIUlMH rpym1b1 .n;ecpopMaTOpOB GD~1 (R, 3) 
( e.JJ;HHHqHbIMH MaTPHUaMH). 

,lloKa3aTem.CTBO yTBep)K,!leHHSI npaKTffqeCKH oqeBH,!lHO: B o60HX 

cicyqas1x ycnoBH.SI s~c = E H s~ = E npHBOJJ;SIT K paBeHCTBY 

D~ = c~O' KOTOpoe H SIB.IDieTCX onpe,n;eJieHHeM a6cOJIIOTHO TBep.n;o­

ro TeJia. D 

KoMMeHTapHH: 1. IlpHBe.n;eHHruI Bblllle cpopMaJIH3auIDI sonpoca 

He e.D;HHCTBeHHa. Jlro6oe H3 BbllileccpopMYJIHpOBaHHblX IlOJIOJKemtii 

MO:lKeT 6&ITb IlpHIDITO B KaqecTBe onpe.n;e.rreHH.SI a6cOJIIOTHO TBep.n;o­

ro Te.rra, Tor.n;a .n;pyroe - B KaqeCTBe Heo6xo,n;HMbIX H .n;ocraTO'lHbIX 

ycnoBHii ero c~eCTBOBaHH.SI. 

2. B [33] IlOKa3aHO, qTO a6COJIIOTHO TBep.D;ble TeJia B peaJI&HOM 

cpH3ffqeCKOM MHpe He ~eCTByIOT. Ilo:3TOMY nocne.nyroIUHe npe.n;­

JIO:lKeHHSI OTHOCHTeJILHO a6coJIIOTHO TBep.D;bIX Te.JI 6y.nyr HaqHHaTbC51 

c npe.nnonoxeHH.SI o TOM, qTo paccMaTPHBaeMasI MeXaHffqeCKasI CHC­

TeMa XB.IDieTC51 TaKOBOH. 

IlpeNIOlKCHHe 5.2. IlyCTh: 1. Ilpe.n;nono:lKHM, qTO BE~~ -
a6cOJIIOTHO TBep.noe Te.JIO (TBep.n;oe TeJIO H1IH TeJIO - B .JJ;aJibHeihneM), 

Eb - CBSI3aHHasI c HHM CHCTeMa Koop.D;HHaT; 

2. cJ1° - MaTPHUa spameHH.SI TBep.n:oro Te.rra, [eb] = [eO]cg<1 
(3.65); 

3. ( w g ) 0 - KOCOCHMMeTpHqeCKasI MaTpHua, nopo)K)leHHasI 

BeKTopoM yrJIOBOH CKOpOCTH Terra wgo. 
Tor.na MaTPffqHOe ypaBHeHHe KHHeMaTHKH cpe.D;bl (3.1), T. e. a6-

COJIIOTHO TBep.n:oro TeJia, HMeeT BH,n: [18, 19, 33] 

cg<>· = (wg)ocgo. (5.2) 

.L(oKa3aTem.CTBO cne.n:yeT H3 ypaBHeHHH KHHeMaTHKH Ha rpyn­
nax (3.80) H (3.89) Ha OCHOBaHHH npe.n:L~ero yTBep)K)leHH51.D 

KoMMeHTapllii. Heo6xo,n:HMo noHHMan, qTO noKam.Ho JIHHeiiHo 

H3MeH51eMasI cpe.n;a (0.2.4) He 51B.IDleTCX TBep.D;bIM Te.JIOM, Ha KOTOpOM 
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.neH:cTByeT He 3aBHC.SIIIlJIH OT BpameHH.SI .nmiaTaTop. HHbIMH CJioBa­

MH, JIOKaJibHO JIHHeHHO H3MeH.SieMa.SI cpe.na He .SIBJI.SleTC.SI o6o6meHH­

eM a6COJIIOTHO TBep.noro Tena, KaIC 3TO rrpHH.SITO cqHTaTb co BpeMeH 

3H:nepa 6e3 KaKHX-JIH6o Ha TO MaTeMaTffqeCKHX H <IJH3ffqeCKHX 

OCHOBaHHH. Ha CaMOM .nene BepHO o6paTHOe: a6COJIIOTHO TBep,r(Oe 

TeJIO .SIBJI.SleTC}l 'laCTHbIM CJlY'laeM JlOKaJibHO JlHHeHHO H3MeIDJ.eMOH 

HenpepbIBHOH cpe,nbI, B COCTaBe K-.ne<):>opMaTOpOB KOTOpOH OTcyrcT­

ByroT ,nHJiaTau;HH. MaTeMaTffqecKoil MO.L{eJII>IO ,nBH)KeHH.SI JIOKaJIDHO 

JIHHeHHO H3MeH.SieMOH cpe,nbI .SIBJI.SleTC.SI K-,r(e<):>opMaTOp (0.2.4) -
pemeHHe ypasHeHH.SI (3.1), HHKaICOI'O OTHOmeHH.SI He HMeIOmHH: K 

BpameHHIO. 

YKa3aHHbIH K-,ne<):>opMaTOp HMeeT, Boo6me roBop.sr, 6ecKoHeqHo 

MHOI'O TO)K,L{eCTBeHHbIX 3KBHBaJieHTHbIX MyJibTHIIJIHKaTHBHbIX pa3-

JlQ)KeHHH (rn. 3), B TOM 'lHCJie ):(Ba IIOJI.SlpHbIX, co,nep)KamffX B Ka'le­

CTBe COMHO)KHTeJieH: MaTpHQbI BpameHH.SI, He .SIBJI.SIIOillHeC.SI K-,ne<):>op­

MaTOpaMH. MaTeMaTffqecKoH: Mo,ItenI>IO BpameffHjl a6coJIIOTHO TBep­

noro Tena .SIBJI.SieTc.SI MaTpHQa BpameHH.SI pemeHHe 

ypaBHeHH.SI (5.2), .SIBJI.SIIOilleI'OC.SI qacTHbIM CJiy'laeM ypasHeHH.SI (3.1). 
A6conrorno TBepnoe Teno H JIOKaJII>Ho JIHHeH:Ho H3MeH.SieMa.sr cpena 

HMeIOT TOJibKO O,UHO o6mee CBOHCTBO: Bee orrpe.ueneHHDie Ha HHX 

CKaJI.SlpHDie H BeKTOpHDie Mepbl MeXaHHKH a6coJIIOTHO HerrpepbIBHbI 

OTHOCHTeJibHO Mepbl Ile6era. 

5.2. KHHEMATHKA Al>COJIIOTHO TBEP}loro TEJIA 

5.2.1. IIPOCTOE H CJIOLKHOE ~IDKEHHE TBEP.ll;Offi TEJIA 

OnpemmeHHe 5.2. IlycTD: 1. (s)_ - KHHeMaTffqecKa.sr Qerrn 

[33] 3JieMeHTa Es c KOpHeBoH: cnCTeMoH: KoopnHHaT E0 (MHoxeCTBO 

KOHTP.UOCTHXHMOCTH 3JieMema (s)) [22]; 
2. K1rneMaTffqeCKa.SI Qem ( s) _ conep)KHT He MeHee .llByx KHHe­

MaTHqecmx nap. 

Tor.na llBH)KeHHe TBep.uoro Tena Es OTHOCHTenI>Ho KOpHeBoH: cH­

cTeMI>I Koop,llHHaT E0 Ha3I>IBaeTc.SI CJlOJKH.bLM. 

Onpe,r(eJieHHe 5.3. IlyCTI> KHHeMaTffqeCKa.SI Qerrn (s)_ co,llep)KHT 

):(Be KHH~MaTffqCCKHe rrapbl (s - 2; s -1) H (s -1; s). 
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Toma: 1. L(BHXeHHe TBepnoro Terra Bs ornocHTen1>Ho KOpHeBoit: 

CHCTeMLI KoopnHHaT E s-2 Ha31>maeTc5.I npocmbLM C.ll.OJKHbLM o6UJKe­

HUe.M. 

2. ,I(BHXeHHe ( s - 1 )-Tena OTHOCHTenLHO KOpHeBOH CHCTeMLI 

KoopnHHaT Es _ 2 Ha3LIBaeTC5.I nepeHOCHbLM. 

3. ,I(BHXeHHe ( s )-Terra OTHOCHTerrLHO ( s - 1 )-Tena Ha3LIBaeTC51 

omHocumeJZbHbLM. 

4. IlpocTOe CJIO)l(}{Oe ,l\BHXeHHe TBepnoro Terra B s OTHOCHTenL­

HO KopHeBoit: CHCTeMLI KOOPAHHaT E s-2 Ha3LmaeTC5.I a6coJZ10mHbLM 

06u:>KeHUe.M. 

Onpe,/leJieHHe S.4. IlyCT1> KHHeMaTINecKa5.I uern. (s)_ co.l{epXHT 

O,l{Hy KHHeMaTJNeCK)'IO rrapy. 

Toma .l{BHxeHHe TBep.l{oro Tena B s OTHOCHTen1>Ho KOpHesoit: cH­

cTeMLI KOOp.l{HHaT E0 Ha3LIBaeTC5.I npocmbLM. 

5.2.2. KIDIEMATIIKA IIPOCTOrO CB060,llHOro 
1:1 CBB3AHHOro ,uBIDKEHl:l:O: TBEP,llOro TEJIA 

Onpei.eJieHHe S.S. IlyCTL: 1. 0:-1 - PMHYC-BeKTop Ha11arra 

o s, CB5.13aHHOH c TenoM B s cHcTeM~I KOOPAHHaT Es B CHCTeMe Koop­

nHHaT Es-1• CB5.13aHHOH c TeJIOM Bs-1 B (s-1; s)-KHHeMaTH'leCKOH 

nape; 

2. o;-l; s-l = os - KOopnHHaTHLIB CTOJI6eu Pa.IlffYCa-BeKTopa 

o;- 1 
B 6a3Hce [es-1] CHCTeMLI KOOp,l{HHaT E s-1: 

(5.3) 

3. B MoMeHT Ha11arra .l\BHXeHH5.I B1>morrHeHo ycnoBHe 

(5.4) 

Tor.u:a TpOHKa 'IHCJIOBLIX ¢YffKUHH (5.3) Ha31>maeTc5.I seKmopo.M 

napa;uzeAbHOZO nepeHOca meJZa B s B npocmo.M c60600Ho.M 06UJKe­

HUU omHocumeAbHO KopHe6ou cucme.Mbl KoopouHam Es _ 1 . 

IlpeWIOlKeHHe 5.3. IlycTL: 1. 80~1 (R, 3) - rpyrrrra Bpame­

HHH TBep.u:oro Terra B s B rrpocToM ,l{BHxeHHH OTHOCHTerr1>Ho KOpHe­

BOH cHcTeM1>1 KOOp.l\HHaT Es_ 1 ; 
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2. c:-1 :: cs E so;, (R, 3)- Ma-rpH!la Bpaw;eHHSI 6a:mca [es] 
OTHOCWreJibHO 6a:mca [es-1 ], Bbf'IHCJieHHruI B 3TOM 6a:mce: 

[es] = [es-1 Jc:-1. (5.5) 

Tor.ua cyw;ecTB}'IDT TPH Ma-rpHUI>I npocmeuwux upaU/eHuu 

C1 (e~ ), C2 (e~ ), C3 (e6) E so;, (R, 3), p = 1- 3: 

c P (e~+ 3 ) = E + se~+ 3<ep + (1- ce~+ 3 )(ep2, (5.6) 

e s - . es es - es rp;e 3p;ecb H p;an:ee s +3 = sm p+3, c p+ 3 =cos p+3, TaICHe qTO 
[33] p 

(5.7) 

)],oKa3aTeJILCTBO. Ha BpeMSI noKa3aTeJibCTBa B u;eIDJ.x yrrpow;eHIDI 

nHCbMa yrrpocmM o6o3HaqeHHSJ. IlycTb 6a3HC [el] nonyqaeTc51 H3 

6a3HCa [eO] IlOBOpOTOM c Ma-rpHu;eH: cp, T. e. [el]= [eO lcP . .Uan:ee, 

6a3HCbl [e2] H3 [el] H [e3] H3 [e2] IlOJIY'lalOTC51 IlOBOpOTaMH ci H 4 
coOTBeTCTBeHHO. B 3TOM ~ae BepHa CJie.nyrow;a51 u;enoqKa pa­

BeHCTB [e3] = [e2 ]c~ =[el Jc!c~ = [eO]cPcic~. TaK KaK Bee TPH 

IlOBopoTa BbIIlOJIH51IOTC51 c opTOHOpMHpOBaHHbIMH 6a3HCaMH, TO Bee 

TPH MaTPH!lbI 51BJI51IOTC51 npocTeHmHMH H c~ = cpcic~ = 
= c1 (cx1 )c2 (0'.2 )c3 (0'.3 ). D 

KoMMemapHH: 1. KoJiffqeCTBO npoCTeiimHx MaTPH!l Bpaw;eHHSI 

B pamoxeHHSIX THIIa (5.7) MOX<:eT 6bITb KaK yrop;Ho 60JILIIIHM, HOB 

o6w;eM cnyqae He MeHee Tpex. 

2. Ilpe,D;CTaBJieHHe MaTpHULI Bpaw;eHHSI cs B BH,Ue npOH3Be,D;eHHSI 

Tpex npocTeHUIHX MaTpHlJ; Bpaw;eHIDI BH,Ua (5.7) He enHHCTBeHHO. 

HanpHMep, H3BeCTHbI TaKHe npe,ll;CTaBJieHHSI [37]: 

c:-1 =cs = c1 (e~ )c2 (e~ )c3 (e6 ), 

ci-1 =cs = c1 (e~ )c2 (e~ )c3 (e6 ), 

c:-1 =cs = c3 (e6 )c1 (e~ )c3 (e6 ), 

(5.8) 

(5.9) 

(5.10) 

KOTOpLie Ha3LIBaIDTC51 «CaMOJieTHLIMH», «Kopa6eJILHLIMH» H «3HJie­

poBLIMH» cooTBeTCTBeHHO. Cyw;ecTBOBaHHe JKa3aHHLIX pa3JIO)l(eHHH 
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o6SI3aIIO 'rpa,I:(HUIDIM B Ta.JQIX o6naCTj{X qenoBeqec:rrn:x 3HaIIHH, ICa.K 

aBHauIDI, paxeTHO-KOCMHqecKag TeXHHKa, CyJJ;OCTJ>OeHHe, mpocg:o­

IIIDI H T. II. 

3. <l>opMaJibHO K~Oe rrpocTeiimee BpameHHe (5.7) MOXHO 

rrpe,n;CTaBHTb B BH.n;e rrpOH3Be.n;eHIDI TJ>aIICBeICUHii (c.n;BHfOB) H .n;HJia­

TauHii, HaIIpHMep: 

Ho CABHm H .n;wiaTauHH H3Meng10T paccTOSJ:Hllj{ Me:xozy TO'IKaMH Me­

XaIIH'leCKOii CHCTeMI>I, 'ITO «3arrpemeHO» rrpe.n;n:oxeHHeM (Il.5.1). 
4. YcnoBHe MOXeT 6LITI> He BI>IIIOJIHeHHI>IM, ecJIH B KHHeMaTINe­

cKoii nape (s - 1; s) KpOMe rrepeMeHHI>IX napaJIJienLHI>IX rrepeHocoB 

H BpameHHH cymecTBytOT TIOCTOj{HHI>Ie (KOHCTJ>yKTHBHI>Ie) rrapan­

JienbHI>Ie rrepeHOCbl H TIOBOpOTbl. 

5. IlpH HCCJie.n;OBaIIHH BpameHIDI TBep.n;oro Tena Ha «MaJII>Ie» yr­

Jlbl HaHMeHee yi:i;aqHbIM gBJijleTCj{ «3iiJiepOBO» paJJIO:lICeHHe (5.10). 
IlpH'IHHa COCTOHT B TOM, 'ITO B 3TOM cnyqae, comaCHO orrpe.n;eneHHIO 

K-.n;ecpopMaTOpa (2.10), ]lJIJI MaTJ>HULI BpameHHj{ (5.7) HMeeM 

(5.12) 

B OTJIH'IHe OT 

(5.13) 

]lJIJI paJJIO)KeHHH (5.8), (5.9). «HenpIDITHOCTH» HCIIOJib30BaIIHSI 

rrpe,n;CTaBJieHHSI (5.12) HaqHHaIOTCj{ TaM, r.l{e C)'MMY .n;Byx «MaJibIX» 

yrJIOB 0 ~ + a.~ IIpHXOAHTCg cqHTaTb TaK:lICe MaJlOH, qTQ He BCema 

BepHO. 

6. }fa (5.13) B COOTBeTCTBHH c onpe.n;eneHHeM (3.27) cnei:cyeT, 

~o MaTpHua 

(5.14) 

gBJijleTcg MaTJ>HUeii .n;ecpopMainlli cpeAI>I npH ycnoBHH, qTO 3Ta cpeAa 

a6coJIIOTHO TBepAoe Teno, T. e • .z:tecpopMau1111 cpe.n;I>1-TBep.u:oro Tena 

j{BJij{IQTCj{ yrnaMH IlOBOpoTa 3TOH cpeAI>I npH npeo6pa30BaIIHH ee H3 

HCXOAHOrO IlOJIO:lICeHHSI B 33,[(aIIHOe. 
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Onpe,rte.neHHe 5.6. Tpofuca 'llHCJIOBLIX <PymcuHii 

0:-1 =es = col{0~' e~' e~} (5.15) 

Ha3LrnaeTc.s: yzRa.Mu npocmeumux epaiqeHuu meepoozo meRa B s B 

npocTOM CBo6o,llHOM ,llBH:lKeHHH OTHOCHTenbHO 6a3Hca [es-1] KOpHe­

BOH CHCTeMbI KOOp,zurnaT Es-1 · 

KoMMeHTapHH: 1. Tpofuca 'llHCJIOBbIX <Pymcumi (5.15) He .s:BJUI­

eTC51 BeKTOpOM 

(5.16) 

es -:meMeHT TPeXMepHoro 'llHCJIOBOro MHOroo6pa3H.s: (0.2.2) [48]. 
2. EcJIH yrnLI es (5.15) HaCTOJibKO MaJlbI, 'llTO no YCJIOBHIO 3a.lla­

'llH MO:lKHO HCilOJib30BaTb pa3nO:lKeHHe (5.13), TO CTOJI6eu (5.16) Ha 

TOM xe ypoBHe TO'llHOCTH MO:lKHO C'llHTaTb BercropoM 

es = col{e~, e~, e~} E R3 , 

TaK KaK B 3TOM cnyqae 

(5.17) 

(5.18) 

Onpe,rte.neHHe 5.7. IIycTL: 1. os Hes - BeKTop rrapaJIJienbHOro 

nepeHoca H yrnLI rrpocTefmmx Bpam;eHIDi TBep.uoro Tena B s B npo­

CTOM .UBH:lKeHHH OTHOCHTenbHO 6a3HCa [ e 0] KOpHeBOH CHCTeMbI KO­

opmrnaT £ 0 ; 

2. 0 s• H es• - IIpOH3BO,IJ;Hble BeKTopa IIapawieJILHOfO rrepeHOCa 

H yrJIOB rrpoCTefurmx BparueHIDi TBep,lloro Tena B s B IIpOCTOM ,llBH:lKe­

HHH OTHOCHTeJILHO 6a3HCa [ e 0 ] KOpHeBOH CHCTeMbI KOopmrnaT E 0: 

os· = col{of , of , or }, (5.19) 

(5.20) 

Tor,lla: 1. 3neMeHTbI o;,. ep CTOJI6UOB os, es (5.3), (5.15) H 

3JieMeHTbI o:p·, ej; CTOJI6UOB os•, es· (5.19), (5.20) Ha3bIBaIOTC.S: Ka­

HOHUlleCKUMU o6o6iqeHHbLMU KOOpOUHama.Mu u CKOpocmA.MU meep­

oozo meJZa B s 6 npocmo.M ceo6oOHo.M OBUJKeHuu omHocumeRbHO 
1wpHeBou cucme.Mbl KoopouHam E 0 

qs = CO}{oS, es}, qs• = CO}{oS' , es· }. 
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2. MHoroo6pa3He Qq Ha31>maeTCS1 <jJa106bl..M npocmpaHCm6o.M 

mBepoozo me.n.a B s 6 npocmo.M c6o6oaHoM 06UJKeHuu omHocume.n.b­

uo 1wp11euou cucme.Mbl Koopou11am E 0 : 

Qq = {xs : x = col{qs, qs·} }. (5.21) 

3. IIIecrnMepHoe no,w.moroo6pa3He K q MHoroo6pa3HSI Qq Ha3bI­

BaeTCa KOu<jJuzypalJUOHHbLM npocmpa11cmBo.M mBepoozo me;ia B s u 
npocmo.M C60600HO.M 06UJKeHUU OmHOCumeJlbHO KOpHe60U cucme.Mbl 

KOOpOUHatn E 0. 

KoMMemapaa: 1. KaHOHWiecme o6o6meHIDI KoopmmaTbI 

TBep.n;oro Te.Ila B s He e.n;HHCTBeHHLI, Ho }'.Z{06Hbl lJ,IDI ,nam,HelimBX no­

CTPOeHHH. Bee nonyqeHHbie HHXe pe3yJibTaT1>1 MOryT 6LIT1> nepec'IH­

TaHbl B mo6ble .zi;pyrne o6o6meHHble KOOp.zi;HHaTbl TBep.zi;oro Tena, ec­

JIH HX CBSl3b c KaHOHWieCKHMH H3BeCTHa. 

2. BbICOTa KIDl\'AOfO H3 CTOJI6UOB (5.21) npH npOCTOM CB06o.n;­

HOM .IlBHXeHHH TBep.zi;oro Tena Bcema paBHa .zi;Bem1.u:uaTH, npll'leM 

oi ~ 0, ei ~ 0 WUl mo6oro p = 1- 6. 

Onpe,I\eJieHHe 5.8. IlycTh JJ:BHXeHHe TBepJJ:OfO Tena OTHOCHTenb­

HO KopHeBoii CHCTeMLI KoopJJ:HHaT £ 0 .snmsi:eTcsi: rrpocTbIM cso6o.n;­

HbIM · JJ:BHXeHHeM napa.JJJie.111>Horo nepeHoca (5.3). 
TorJJ:a: 1. IlpoHJBOJJ:HasI 

vOO = oOO· = os· s s (5.22) 

Ha3blBaeTcsi: ueKmopoM cKopocmeu napa.n.JZe.R.bHOZO nepe11oca mBep­
oozo meJla B s 6 npocmoM C606ooHO.M 06UJKeHUU OTHOCHTenbHO KOp­

HeBOH CHCTeMbl KOOp.zi;HHaT Eo. 
2. BeKTop 

vOs = CO,T vOO s s s (5.23) 

Ha3bIBaeTc.si BeKmopoM KBa1ucKopocmeu napa.n..n.ell&Hozo nepeHoca 

mBepoozo meJla B s B npocmo.M cBo6ooHo.M OBUJKeHuu meJla B s OT­

HOCHTeJibHO KOpHeBOH CHCTeMbl KOOpJJ:HHaT E 0. 

KoMMemapHH: 1. BeKTopoM KBaJHcKopoCTeH: napa.JJJienbHOro 

nepeHoca si:BJUieTcsi: pe3YJibTaT nepecqeTa B 6aJHC [es] cBSIJaHHoli c 
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TenOM CHCTeMbl KOOpJlHHaT Es BeKTopa CKOpOCTeH napannenhHOro 

nepeHoca. YKaJaIIHbrli BeKTOp 3aBHCHT He TOJil>KO OT CKOpOCTH JlBH­

xeHIDI Tena, HO H OT ero OpHeHTamm B KOpHeBOH CHCTeMe KOOpJlH­

HaT. He c~ecTByeT <!JymmHii-Koop,n:HHaT, npOH3BOJlHhie OT KOTO­

pbIX paBHbl BeKTOPY KBaJHCKOpOCTeH, T. e. KBa3HCKOpOCTH - 3TO 

He CKOpOCTH KaKOro-JIH6o JlBHXeHIDI (OTCIO,n:a TepMHH «KBa3H •.• »). 
2. Koop,n:HHaTLI seKTopa KBa3HCKopoCTeii napaJIJienLHoro nepe­

Hoca jlBJISIIOTCjJ: JIHHeHHblMH KOM6HHa.nIDIMH o6o6~eHHbIX CKopo­

CTeH napaJIJien1>Horo nepeHoca (5.21) 

(5.24) 

c Ko::i<P<PHUHeHTaMH B BH,ll:e SJieMeHTOB 1J>aIICilOHHpOBaHHOH Ma1J>H­

Ui.1 c~·T sp~eHIDI TBep.n:oro Tena. 

3. llleCTHMepHoe no.n:MHoroo6pa3He JlBHXeHIDI napannenLHoro 

nepeHoca TBep,n:oro Tena 

xs = col{os, os·} E R6 

jlBJISieTcx seKTopmIM npoC1J>aIICTBOM R6 . 

(5.25) 

Ilpe.IVI01KeHHe 5.4. IlycTh: 1. )lBHXeHHe TBep.n:oro Terra OTHO­

CHTerrl>HO KOpHeBOH CHCTeMbl KOOp)lHHaT E 0 jJ:BJijleTCX npOCTbIM CB0-

60,n:HbIM Bp~eHHeM; 

2. c~ = cs - MaTpHu;a Bpa~effHjl TBep.n:oro Terra OTHOCHTeJibHO 

6a3HCa [eO] KOpHeBOH CHCTeMhl KOOPJlHHaT Eo (5.2): 

C~ :: cs = Cl (0~ )C2 (0~ )c3 (0i ); (5.26) 

3. c~· - npoH3BO,ll:Hax MaTpHl.J;bl Bp~eHIDI TBep,n:oro Tena. 

Tor.n:a: 1. Ma1J>Hu;a (w~)O, onpe,n:errxeMax paseHCTBOM 

(5.27) 

jlBJISieTCX KOCOCHMMe1J>H':leCKOH ((w~)O = - (w~)O,T) [19]. 
2. Be:rcrop w~, Koop,ll:HHaTHLm CT0J16eu KOToporo w}>O B 6a3Hce 

[ e 0] KOpHeBOH CHCTeMbl KOOp,ll:HHaT E 0 nopo:>K;ZJ;aeT KOCOCHMMe1J>H'le­

CKYIO Ma'I'pHey (5.27), Ha3LmaeTcx eeK1n0poM MZHOBeHHOu (e OaHHblU 
MOMeHTn epe.Menu) yz.noeou cKOpocmu epaiqenwi meepoozo me.tul B s: 

w~ = [eO ]w}JO. (5.28) 
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3. BeKTopmu1 npSIMa51 D(w) c HanpaBJISlIOIIU™ opTOM e~ = 
= w~llw~ll-1 Ha31>IBaeTcSI .MZHoBeHHou ocb10 BpaUjeHwi mBepoozo 

me.Ila. 

-,[(OK333Te.TILCTBO CM. (5.2).0 

Onpe.n:en:eHHe 5.9. Koop,n:HHaTH1>1ii cTon6eu w~s seKTopa yrno­

soii CKOpOCTH Tena w ~ B 6a3HCe [es] CBSl3aIIHOH c HHM CHCTeMhl KO­

op.n;HHaT Es Ha31>maeTc.s1 BeKmopo.M yz.1wBbVC KBa3UCKopocmeu mBep­

oozo me.Ila [25, 26, 33]. 
AHanoIWIHO (5.23) HMeeM 

WOs = CO,Twoo s s s . (5.29) 

Ilpen.nomeHHe 5.5. BeKTOpbl yrJIOBbIX CKOpOCTeii wr> H KBa3H­

CKOpOCTeii w~s TBep.n:oro Tena SlBJISlIOTCSl Koop.n;HHaTHbIMH CTOJI6ua­

MH O.n;HOI'O H Toro xe BeKTopa MI1IOBeHHOH yrJIOBOH CKOpOCTH w~ 
TBep.n:oro Tena B pa3HbIX 6a3HCax (KOpHeBOM [eO] H CBSl3aHHOM c Te­

JIOM (es)): 

(5.30) 

Ilpe.n;JIOlK.eHHe 5.6. IlyCT1>: 1. (w~)O H (w~)S - KOCOCHMMeT­

pH'{eCKHe MaTPHUbl, nopo)KJJ.eHHble BeKTOpaMH MIHOBeHHblX yrno­

BbIX CKOpOCTeii (5.28) H KBa3HCKOpOCTeii (5.29) TBep.n:oro Tena; 

2. c~ ::: cs E so;, (R, 3 )- MaTPHUa Bpaw;eHH.sI TBep,n:oro Tena. 

Tor.n:a MaTPHUa cs .sIBJISleTc.sI peweHHeM o)lHoro H3 .n:syx MaTPH'{­

HLIX .l{H<pcpepeHUHaJibHblX ypasHeHHH KHHeMaTHKH npOCTOI'O CB0-

60,n:HOI'O sparueHH.sI TBep.n:oro Tena [33]: 

cs. = (w~)Ocs' 

cs. = cs(w~)s. 

(5.31) 

(5.32) 

,lloKa3aTem.CTBo. Ilepsoe ypasHeHHe nonyqaeTc.sI H3 (5.27), BTo­

poe - nepeBo.n:oM paseHCTBa (5.27) B 6a3HC [es] onep~:H conp.SI­

xeHIDI cs,T ( · )cs. 0 

KoMMeHTapHH: 1. KIDK,lloe H3 MaTPH'IH1>1x ,n:HcpcpepeHUHaJILHLIX 

ypaBHeHHii (5.31) H (5.32) ~KBHBaJieHTHO TPeM cxaJI.sipHLIM ,n:Hcpcpe-
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peHIJ;IUIJibHbIM ypaimeIDISIM (no npH'IHHe KOCOCHMM.eTpHtlHOCTH 

MaTp}fl{HbIX K03¢qm:I(lfeHTOB (w~)O If (w~)S), 

2. BeKTop1>r MmoseHHLIX ymos1>1x cKopocreH: H KBaJHCKopo­

cTefi He HBlliIIOTC.sr MaTeMaTJfl{eCKlfMH MO,IJ;emIMH ( <<JieBOCTOpoHHH­

MH» IDIH «npOBOCTOHHHMH» no npwnme JieBOCTOpoHHero H rrpaso­

CTOpOHHero pacnoJIO)l(eHHH KOCOClfMMeTp}fl{eCKHX MaTpHI( B ypas­

HeHHHX (5.31), (5.32)) KaKHX-Jm6o CaMOCTOKrerrbHbIX Bparnemrn 

TBep.n;oro Terra. 3To Koop,zurnaTHLie CTOJI6I(LI o.1nmro H Toro )l(e seK­

Topa MIBOBeHHOH yrnosoii CKOpOCTlf Terra OTHOCHTerrbHO 6a3HCa 

KOpHeBOH CHCTeMbl KOopmrnaT B pa3HbIX 6a3HCax - KOpHeBOM H 

CBH3aHHbIM C TerrOM (5.30). 

IlpeNI01KeHHe 5.7. IlyCTL: 1. E0 ~ E1 ~ E2 - rrpocroe CJIO)l(­

ttoe .1U3H)l(eHHe Terra OTHOCHTeJibHO KOpHeBOH CHCTeMbI KOOpmmaT E 0; 
2. c~, cp<>, ci 1 - MaTpHI(l>I pe3YJ11>mpyromero sparneHHH 

E 0 ~ Ez H rrpoMe)l(}'I'O'IHbIX (nepeHOCHOI'O H OTHOCHTeJThHOro) Bpa­

meHHii E 0 ~ E1, E1 ~ E2 cOOTBeTCTBeHHo, l)J;e sepxHHii BHelIIHHH 

mmeKC YKaJLIBaeT Ha 6a3HC, B KOTOpOM BldlIBCJieHa MaTpHI(a; 

3. wf>. wp<>, w}l; w~2, wfl, wi2 - BeKTopb! COOTBeTCTB)'IO­

IUHX yrnoBLIX CKOpOCTeif: H KBa3HCKOpOCTeH:; 

4. wp<>' wiO - BeKTOpb! yrJIOBbIX CKOpocTeH nepeHOCHoro 

E0 ~ E1 H oTHOCHTerrLHoro spameHHH Terra, BLI'IHCJieHHLre s 6a3lf­

ce [ e 0 ] KOpHeBOH CHCTeMbl KOopmrnaT E 0. 

Tor.ri:a sepHLr cne.n;yIOIU,He cooTHorneHHH (Tpa.n;HI(HOHHO Ha31>1Bae­

MLie TeopeMOH 0 CJIO)l(eHHH yrJIOBbIX CKOpocTeii): 

W oo - woo + wlO w02 - w02 + wl2 
2-1 2·2-1 2' (5.33) 

w~ = wp<> + cf<>wil (5.34) 

)J.oKa3aTem.CTBo. TaK KaK c~. cp<>, cil E SO (R, 3), HMeeM 

(5.35) 

Hcrron1>30BaHHe MaTpH'iHI>IX ypaimemrn KHHeMaTHKH (5.31) .n;aeT 

(5.36) 

YMHO)l(M norryqeHHOe paseHCTBO cnpasa Ha MaTpHrzy c~·T c 

V<reTOM Toro qTo cOO(w1 )lcllc00·T - cOO(wl )lcOO,T - (wl )O no 
J" ' 1., 2 2 2 - 1 2 1 - 2 ' -
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;ryqaeM ,llOKaJI:.IBaeMI>rli pe3ynI>TaT (5.33). flepexo,ll B paBeHcT­

Be (5.33) K 6aJHcy[e2] npHBO,llHT KO BTOPOMY ,llOKa3bIBaeMOMY pe3y­

nbTaTy. TpetI:.e paBeHCTBO (5.34) nonyqaeTC51 H3 nepBoro (5.33) ne­

pexo,lloM BO BTOpOM cnaraeMOM K 6a3HCY [el], wlO = cp<>w11. 0 

KoMMeHTapuu: 1. TaK KaK paBeHCTBa (5.33) B pa3HbIX 6aJHcax 

no ¢opMe 3anHCH COBllll,AaIOT, TO, CH5IB BepxHHe BHeIIIHHe HH,lleKCbl, 

llOJIY'IHM yTBep::iKAeHHe He .IJ,Jlll KOOp,llHHaTHI:.I:X CTon6n;oB, a .IJ,Jlll ca­

MHX BeKTOpOB yrJIOBI:.IX CKOpOCTeii:: 

WO -wO + wl 2 - I 2 · (5.37) 

2. YTBep)K)leHH51 (5.33) H (5.34) ecTeCTBeHHI>IM o6pa30M 0606-

IUaIOTC5I Ha npOH3BOnbHOe cnO)KHOe Bpam;eHHe TBep,Zloro Tena 

Eo ~E1 ~ E2 ... ~En: 

W oo = wOO + wlO + + wn-1.0 
n 1 2 · · · n ' 

W OO = wOO + cOOwll + + cOO wn-1.n-1 
n 1 I 2 · · · n-1 n • 

(5.38) 

(5.39) 

3. Bo Bcex npe.w.I,ll)'IIlHx paBeHCTBax MaTPHU:bI Bpain;eHH51 Hen­

MIOTC51 npocTeHWHMH (5.6). 

Ilpe,!tlloJKeHHe 5.8. flycTI:.: 1. c P (0~+ 3 ) - MaTpHUa npocTeii­

rnero Bpain;eHH51 (s)-Tena (5.6), p = 1 - 3; 
2. w_?>-BeKTop yrJIOBbI:X CKOpoCTeH YKa3aHHOro BpameHH5I; 

3. 0~+3 ' 0~'+ 3 -o6o6zueHHa.sJ: KOOp,llHHaTa H o6o6zueHHa.sJ: CKO­

pOCTb YKaJa11aoro BpameHH51. 

Toma BepHbl cne.llYJOIUHe COOTHOIIleHH51 (33]: 

( 0)0 - ( O)es· - ( s)0s· ws - ep p+3 - ep p+3' (5.40) 

00 - 09s· - s9s· ws - ep p+3 - ep p+3· (5.41) 

)lOKalaTeJlbCTBO. B COOTBeTCTBHH c .llH¢¢epeHn;Ham.HI:.IM ypaBHe-

HHeM (5 27) (5 31) HMeeM (wO)O :: cs· cs,T = c' (0.S )cT (0 3 ) = . ' . s p p+3 p p+3 
= (e~) · 0~"+3 = (ep0~'+ 3 ' TaK KaK e~ = ep llpli llpOCTefuneM Bpa­

IUeHHH. PaBeHCTBO (5.41) nonyqaeTC51 H3 (5.40) nepeXO,llOM K BeKTO­

paM, nopO)K)laIOIUHM KOCOCHMMeTpWiecme MaTpHD;bI. 0 
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Ilpe,It11o:m:e11He 5.9. ITycTL: 1. Es-l ~Es - rrpocToe cso6on­
Hoe BpallleHHe (s}-Te.rra OTHOCHTeJlbHO KOpHeBOH CHCTeMLI Koop.z:i;H­

HaT Es-1 B KHHeMaTH'ieCKOH nape (s -1; s); 
2. q-1 - (3 x 3}-MaTpHUa BH,!J;.a 

E:-1 = llcj (0~ )cf (0~ )e{I cf (0~ )eil e~ll (5.42) 

CO (3 X 1}-CTOJI6UaMH er (0~ )cf (0~ )e{, er (0~ )e~ H e~. 
Torna nmp<!JepeHUHaJILHLie BeKTOpHble ypasHeHIDI KHHeMaTlnrn 

npocTOro cso6o.z:i;Horo BpallleHIDI Terra HMeIOT BH.z:i; JIHHemrnro rrpe­
o6pa3oBaHIDI CTOJI6Ua es· C MaTPHUeH q-1 (33]: 

(5.43) 

J1:oKa33TeJILCTBO. JlrnI yrrpomeHIDI IIHCLMa Ha speMSI ,!J;OKa.3aTeJib­

cTBa rrepeo6oJHaqHM BeKTop w~ = wr1. IlycTL B paseHcTBe (5.39) 
see MaTPHULI rrpoMexcyTO~blX BpallleHHH .SIBJISIIOTCll rrpocTeHIIIHMH 

Cs-l;s-1 = c (OS ) s = 0 - 3 p = 1- 3 TOnTa s p p+3 , , ' ..... 

w~ = wr1 = wp<> + cp<>wll + cf>wi2 (5.44) 

YMHOXa.SI paseHCTBO (5.44) CJieBa Ha MaTPHU}' c'f1·T c yqeTOM 
(5.29), rronyqaeM 

(5.45) 

OcTaJIOCb yqecTL, qTo c'f·T =cf (0~ )cf (0~ )c[ (0~ ), 
c[ (0~ )wp<> = wf1 = efer, c~l,T wll =cf (0~ )cf (0~ )w11 = 
=cf (0~ )w12 =cf (0~ )e~er, w~2 = e~e~· (5.40), (5.41) H 3aIIH­
caTb rronyqeHH1>1:H pe3yJILTaT B MaTpwrnoH: <!JopMe. D 

Orrpe.z.eJieHHe 5.10. ITycTL: 1. Es-l ~Es - rrpocTOe cso6on­
Hoe ,!J;BHXeHHe ( s }-Terra OTHOCHTeJILHO KOpHeBOK CHCTeMbl KOOp.I{H­

HaT Es-I B KHHeMaTH'ieCKOH nape (s - 1; s); 
2. qs· :: COl{os• , es· } - 0606IUeHHJ>Ie CKOpOCTH IIpOCTOfO 

CB06o.z:i;Horo ,ll;BHXeHIDI Terra; 
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3. M:-1 - (6 x 6}-MaTPHUa BH.z:i;a 

cs-1,T 
MS-1 = s 

s 0 
0 

Es-1 s 

(5.46) 



Toma: 1. lllecTHMepHb1ii eeKTop 

ys-l;s = col{vs-l;s ws-l;s} 
s s ' s (5.47) 

HaJI>maeTcjJ oeKmopo.M KBa3ucKopocmeu npocmozo ceo6ooHozo oeu­

JKeHUJl (s)-moepoozo meJZa omHocumeJZbHO Kop11eeou cucme.Mbl KO­

opouHam Es-l · 
2. PaeeHCTBO, 11onyqaeMoe ofuemmeHHeM paeeHCTB (5.24) H 

(5.43): 
ys-l;s = Ms-lqs· 

s s ' (5.48) 

HaJI>maeTCjf ypaeHe11ue.M KUHe.MamuKu npocmozo ceo60011ozo OBUJKe­

HUll (s)-moepoozo meJZa om11ocumeJZb110 Kop11eeou cucme.Mbl Koop­

ou11am Es-l [33]. 

KoMMemapHH: 1. B 'lacTHOCTH, IIpH .n;eHxceHHH (s)-Te.rra OTHO­

cHTe.rrI>HO KOpHeBOH CHCTeMbl KOop.n;HHaT Eo HMeeM 

(5.49) 

2. YpaeHem1e nerxo 3aIIHCI>IBaeTCjJ B ipopMe 

qs· = (M:-1 )-1 ysos. (5.50) 

3. lfa (5.48) CJie.uyeT, 'lTO BeKTOpHoe IIpOCTPaHCTBO KBaJHCKO­

pocTeH v:-l;s TBep,llOfO Tena B IIpOCTOM CB060.D;HOM .D;BH:lKeHHH 

( s )-Tena pac11a,n;aeTCjf Ha .n;Ba HHBapHaHTHbIX no,i:uipocTpaHCTBa MaT­

PHllbl M :-1 - no.n;rrpocTPaHCTBa KBaJHCKopocTeli napa.JUienLHOro 

11epeHOCa H BpailleHHjf, OTK)'Aa cne.n;yeT, 'lTO )'Ka3al1Hble rrpOCTbie 

,llBIUKeHHjf Tena KUHe.Mamu'leCKU He3a6UCu.Mbl. 

4. H3 n. 3. He cne.uyeT, 'lTO :ilTH .n;eHxemra 11e3aeucu.Mbl ouHa.Mu­

'lecKu (B CH.JI}' ypaeHeHHH JJ:BHJKeHHjf (CM. § 5.4)). 

5.2.3. KHHEMATHKA IlPOCToro CBOJ>O,IlHOro .I{BIDKEHIDI 
TEJIA IlPH HAJlll'IHH KOHCTPYKTHBHhlX IlAPAJUIEJILHLIX 
IIEPEHOCOB H llOBOPOTOB 

Onpene.rreHHe 5.11. IlycTI>: 1. B OTJIH'lHe OT TPe6oBallHjf (5.10) 
B MOMeHT Haqarra ,IJ;BHXCeHHjf Es-l ~Es 

(5.51) 
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2. B KHHeMaTH"<IecKoii nape (s - 1; s) KpoMe nepeMeHHbIX na­

pamie.n:1>Horo nepeHoca (5.3) H Bpaw:eHIDI (5.15) cyru;ecTByroT no­

CTOXHH1>1e napamie.TlbHbIH nepeHOC H nOBOpOT; 

3. E sk = ( o sk , [ e sk ]) - ,llOnOJIHHTeJILHruI yCJioBHruI CHCTeMa 

KOOp,llHHaT, Y"<IHTbIBaIOmrui HaJIH"<!He B (s -1; s)-KHHeMaTH"<IeCKOH na­

pe nOCTO.sIHHbIX napamieJibHOro nepeHOCa H noBopoTa; 

4. P;i 1 - BeKTOp nocTO.sIHHoro napaJIJie.n:LHoro nepeHoca E sk 

OTHOCHTeJILHO Es_1 : 

p;;;l;s-1 = psk = col{pfk, p~k, p~k }, (5.52) 

npH"<IeM cpe,llH KOOp,llHHaT BeKTopa (5.52) Moryr 6LITL eyneBLie 

Psk = o· p , 

5. cp~kl - Tpo:HKa IlOCTO.sIHHLIX yrJIOB IIOBOpOTa [esk] OTHOCH­

Te.TILHO [es-1] 

cp s-I = cpsk = col{cpsk cpsk cpsk} 
sk 1 ' 2 ' 3 ' 

(5.53) 

npH'leM cpe,llH :.meMeHToB CTOJI61..\a (5.53) Moryr 61>rrL eyneB1>1e 

cp],k = O; 
Tor,lla: 1. CHcTeMa KOOp,llHHaT E sk HaJLIBaeTc.si KOHcmpyKmu6-

HOU [33]. 
2. BeKTop psk Ha31>1BaeTC.sI 6eKmopoM KOHcmpyKmU6Hozo na­

pa.JUf.eJlbHOZO nepettoca 6 (s -1; s)-KUHeMamu'lec1eou nape. 

3. CTOn6en; cpsk HaJLmaeTc.si cmoJZ6ijOM KOHcmpyKmU6HbtX yzll06 

noBopoma 6 (s -1; s)-KUHeMamu'lec1eou nape. 

4. BeKTOp os (5.3) HaJLIBaeTc.si 6eKmopoM <fJYHKl1UOHMbHOZO 

napa.JUf.eJlbHOZO nepeHoca 6 (s -1; s)-mHeMaTH'lecKoii nape npH 

yCJIOBHH, "<ITO poJIL KOpHeBOH CHCTeMLI KOOp,llHHaT BbIIIOJIH.sIT KOHCT­

PYKTHBHruI CHCTeMa KOOp,llHHaT E sk. 

5. CTOJI6en; es (5.15) Ha3LIBaeTC.sI cmoJl6ijOM <PYHKZ1UOHaJlbHblX 

Y3ll06 BpaUJeHUJi 6 (s -1; s)-KHHeMaTH'lecKoii nape npH yCJioBHH, 

'ITO poJIL KOpHeBOH CHCTeMLI KOOp,llHHaT BLIIIOJIIDieT KOHCTpYKTHB­

Hrul CHCTeMa KOOp,llHHaT E sk. 

KoMMeHTapuu: 1. CornacHo npHH.sIToii: cxeMe HcCJie,lloBaHHH s 

CJIY'Iae, KOr)la rrpocTOe CB060.llHOe ,llBIDKeHHe Es-I ~ Es Ha"<IHHa­

eTc.si He npH yCJIOBHH Es- I = Es, OHO ¢opMHpyeTc.11 B BH,lle 
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Es-1 ~ Esk ~Es, T. e. B BH,D;e rrpocTOro CJIOJKHOro (0.5.3), B KO­

TopoM «nepBoe» .1J;BlUKem1e Es-l ~ Esk (KOHCTp)'KTHBHoe) BLI­

IIOJIIDieTc.si Ha IIOCTO.SIHHLIH BeKTOp rrapaJIJiem.Horo rrepeHOCa H rro­

CTO.SIHHble yrJibl IIOBOpOTa. 

2. <l>yHKU:HOHaJILHLie BeKTOp napaJIJiem.Horo rrepeHOCa o:k = os 

H yrJILI BpameHH.SI 0 ~k = 0 s COBila,I{aIOT C paHee onpe,D;e.JieHHLIMH 

06061I{eHHLIMH KOOp,l.{HHaTaMH (5.21) IIpH YCJIOBHH, 'ITO pOJib KOp­

HeBOH CHCTeMLI KOOp,l.{HHaT BLIIIOJIIDieT KOHCTp)'KTHBHa.SI CHCTeMa 

KOOpAHHaT E sk. 

Ilpe.IVIoJKeHHe 5.10. YpaaHeHne KHHeMaTHKH npocToro cBo6o,l.{­

Horo .D;BIDKeHH.SI Te.Tia rrpH HaJIH'IHH KOHCTp)'KTHBHLIX rrapaJIJie.TILHO­

ro rrepeHoca H noBopoTa Es- l ~ E sk ~ E no <PopMe coBrra,I{aeT c 

ypaaHeHHeM KHHeMaTHKH npocTOro CB060.D;HOf'O .D;BHXeHH.SI Te.Jia 

rrpH OTCYTCTBHH Ta.KOBhIX (5.49) npH YCJIOBHH 3aMeHLI MaTpHULI 

M:-1 (5.46) Ha MaTpHu;y M:k 

ys-l;s = Mskqs· qs = col{osk;sk 9sk} 
s s ' s ' s . (5.54) 

,l(oKa3aTeJILCTBO. Heo6xo.a;HMO noKa3aTh, qTo BeKTOp KBa3H­

cxopocTeH: v:-l;s COBIIa.I{aeT C BeKTOpOM v:k;s KBa3HCKOpOCTeH 

Tena Es OTHOCHTeJILHO KOHCTp)'KTHBHOH CHCTeMLI KOOp.D;HHaT 

E sk. Jl.mr pe3yJILTnpyroll{ero BeKTOpa rrapanne.JI1>Horo rrepeHoca 

O
s-l;s-1 s HMeeM 

0 s-l;s-1 = Ps-l;s-1 + cs-l;s-1 0 sk;sk 
s sk sk s · (5.55) 

Jl:H<l><PepeHu;Hpy.SI paBeHCTBO (5.55) c yqeTOM IIOCTO.SIHCTBa MaT­

pHU:LI KOHCTp)'KTHBHLIX IIOBOpOTOB c;;1:s-1, no.rryqaeM 

vs-l;s-1 = 0 + cs-l;s-lvsk;sk = vsk;s-1 
s sk s s · (5.56) 

Jl:n.SI MaTpHU:LI pe3yJILTHpyroll{ero BpameHH.SI c:-l;s-l HMeeM 

(5.57) 

Jl:H<l><l>epeHU:Hpy.SI paBeHCTBO (5.57), 11onyqaeM 

(5.58) 
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HcrroJI1>3y.si ypaimeHHe 1arneMaTHKH (5.32), npuxo,n:HM K paBeH­

cTBY 

cs-l;s-l(ws-l)s = cs-l;s-lcsk;sk(wsk)s 
s s sk s s • 

OT.Ky.D;a <w:-1 )S = <w:k>s c yqeTOM (5.57) H, CJie,D;OBaTerrbHO, 

W s-l;s = wsk;s 
s s . (5.59) 

TaKHM o6paJoM, .n:oCJioBHO IIOBTOpHB .n:oKaJaTerrJ>CTBO paBeHcT­

ua (5.48), rronyqaeM (5.54) 

5.2.4. KHHEMA THKA IIPOCTOro CBJI3AHHOro rolIDKE.HIDI 
TBEP)J;OI'O TElIA 

KoMMeHTapuli. B [33] 6hlJlo noKaJaHO, "ITO B peanJ>HOM cpH3H'le­

cKoM MHpe a6COJIIOTHO TBep,D;bie Terra He CYIIleCTB)'IOT, llTO Bb~a­

eT Bee HCCJie,D;OBaHH.sI TaKOBbIX Haqu:HaTb co CJIOBa «rrpe.n:noJIO:lKHM». 

A6comoTHO TBep.n:oe Terro rrpu: .n:su:xeHHH MoxeT scryrraTb B Me­

XaHH'lecKHii KOHTaKT c .n:pymMH TBep.n:hlMH TerraMH, B pe3YJibTaTe 

qero B COCTaB ,n:HHaMH'leCKOI'O BHHTa Fl ( tB' B) BOH.n:yr ,D;HHaMH'le­

CKHe BHHTbl .n:ecpopMaD;HH 3THX Terr. J:lBU:XeHHC Terra B IIpH 3TOM 6y­

,D;eT OCTaBaTJ>C.sI CB060,Il;HbIM (6 CTerreHeii CB060,I1;J>I). Bo MHOillX 

rrpaKTH'leCKHX 3a,D;aqax MOXHO npeHe6peqb ynpyrocTJ>IO BHCillHHX 

Terr, OII.sITb xe rrpe.n:rrOJIOXHB, llTO OHH, KaK H OCHOBHOe TerrO B, .SIB­

JI.SIIOTC.SI a6corrroTHo TBep.n:LIMH TerraMH. TaKoe rrpe.n:rroJIO:lKeHHe BJie­

qeT 3a co6oii BBe,D;eHHe rrpHHUHIIHaJibHO HOBbIX IIOH.SITHH, He .SIBJI.SIIO­

IUHXC.SI MeXaHu:qecKHMH B CMbICJie orrpe.n:erreHH.SI (2.6), HO IIOJie3HblX 

B npHKJia,D;HOH MexaHHKe: KOHcpu:rypauu:oHHOI'O IlO,Il;MHOI'006paJH.sI 

cpa30BOI'O npoCTpaHCTBa Terra B (0.5.7) (CB.SI3H), Ha KOTOpOM Haxo­

AHTCSI cpa30BaSI TO'IK.a Terra B npouecce ,D;BU:XeHH.SI, H ,Il;HHaMH'ICCKOI'O 

BHHTa peaKUHii CB.SI3eii R: ( tB, B ), y.n:ep:xmuaro~ero cpa30B)'IO roqKY 

Terra Ha BblmeYKaJaHHOM no,D;MHoroo6pa3HH. TaKHM o6pa3oM, Heo6-

xo.n;u:Mo IIOHHMaTL, 'ITO .l{HHaMH'leCKHH BHHT peaKUHH CB.SI3eii (no 

cyru: 11.erra a6cTpaKTHbIX HOBbIX HeH3BeCTHbIX, KOTOpbIM rrpH :lKerra­

HHH MO)l(HO IIpH.l(aTI> CMl>ICJI KOOp,n:HHaT ,Il;HHaMH'leCKOI'O BHHTa) 

rrpHHUHIIHaJILHO He OTHOCHTC.sI K KJiaCCaM HHepuu:oHHLIX, rpaBHTa-
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U:HOHHbIX H .n:e¢opMaI.{HOHHbIX BHHTOB, T. e. He OTBeqaeT nepBH'I­

HbIM CBOHCTBaM BceneHHOH MeXaHHKH ramme.si (CM. rn. 2), B pearrb­

HOM ¢H3H'leCKOM MHpe OTCyrCTByeT H npHH.sIT K paCCMOTPeHHIO B 

a:en.six ynpomemm pemeHH.sI npaKTffqecmx 3Maq no.n: py6pHKo:H 

«npe.n:norro:iKHM». 

Onpe.i:.eJieHHe 5.12. Ilpe.n:nonoxHM .n;BH:>KeHHe Tena Bs Ta­

KOBO, qTo <lJa30Ba.sI ToqKa xs AJ3H:>KeTC.sI no HeKOTOPOMY IlOAMHOI'O­

o6pa3HlO B ¢a30BOM npOCTPaHCTBe Qq (0.5.7), AJI.sI HeKOTOpbIX HH­

.n;eKCOB p onpe.n:en.sieMOM ypaBHeHH.sIMH 

oi = const., p E 1 - 3, e~ = const., p E 4 - 6 (5.60) 

npH ycnoBHH, qTQ .n:rui OCTWibHbIX KOOp.n;HHaT KaKHe-nH6o paBeHCTBa 

BH.n;a (5.60) OTcyrcTByroT. 

Tor.n:a: 1. PaseHcTBa (5.60) Ha3DIBaIOTc.si npocre:HmHMH (KaHo­

HH'lecKHMH) ronoHOMHbIMH CB.sI3.sIMH, HaJIO:>KeHHbIMH Ha .n;BH:>KeHHe 

TBepAoro Tena B s. 

2. Ilpocroe ABHJKeHHe TBepAOI'O Tena B s OTHOCHTenbHO KOpHe­

BOH cHcTeMbI Koop.n;HHaT E s-l Ha31>maeTc.si npocmlJLM C6.Jt3aHH1'LM 

OfJU}l(eHue.M UJlU npocmbl.M OfJU}l(eHue.M c npocmeuzuUMu ZOJlOHO.MHW­

.MU C6.Jl3.Jl.MU. 

3. CTOrr6eu He3aBHCHMbIX (He CB.sI3aHHI>IX paBeHCTBaMH (5.60)) 
nepeMeHHblX 3JieMeHTOB CTOJI6U:OB o 3 , es Ha3bIBaeTC.sI 060614leHHW­

MU KoopouHama.Mu m6epoo20 mella B s 6 npocmoM C6.Jt3aHHOM oBu­

JKeHuu OTHOCHTeJibHO KOpHeBOH CHCTeMbI KOOp)l;HHaT E s-1 : 

(5.61) 

4. CTOrr6eu nepeMeHHbIX TO:xc.D;eCTBeHHO HeeyrreBbIX ::JrreMeHToB 

CTOJI6UOB 0 3', es. Ha3bIBaeTC.sI 060614leHH1JLMU CKOpOCmR.MU mBepoo-

20 meJla B s 6 npocmoM C6.Jt3aHHOM 06UJKeHuu OTHOCHTenI>HO KOpHe­

eo:H CHCTeMLI KOOpAHHaT Es- l : 

s· - I{ s· es· } q -CO ... ,Op,. • ., .. ., p ,. ... (5.62) 

5. KorrH'leCTBO n o6o6meHHLIX KOOp.n;HHaT TBepAOI'O Tena B rrpo­

CTOM ,L{BH:>KeHHH (BbICOTa CTOJI6ua (5.62)) Ha3bmaeTC.sI KOJlU'leCm60M 
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cmenetteu c60600&1. TBepAoro Tena B npoCToM l\BHxemm (n = 6 -
wm npocTOro CBo6onHoro .l{BmKeHIDI, n E 1 - 5 - WI.SI npocTOro 

CB.SI3aHHOfO ABH)KCHIDI). 

6. qHCJIO 6 - n Ha3bIBaeTC.SI KJlQCCO.M KUHe.MamurteCKOU napbl 

(µ. k - 1; lk). 

Ilpe.wioJKeHHe 5.11. IlyCTI.: 1. 3neMeHTaMH KHHeMaTHtlecKoli ue­

IIH .SIBJUllOTC.SI TBep.zu,1e Tena co CB.SI3aHHhIMH c HHMH CHCTeMaMH Koop­

AHHaT Es' yqaCTByrolllHe B HeCKOJlhKHX KOHCTp}'KTHBHhIX (OT 0 no 6) H 

HecKOJlhKHX (OT 1 AO 6) npoCTeiimHx ~OHaJihHhIX ( OIIpe)J;eJISie­

MhIX o6o6meHHLIMH KOOp.ll)maTaMH qf' i El, 6, rAe qf =of' 
i = l, 2, 3, HJIH qf = 0f, i = 4, 5, 6) ABH)KeHIDIX OTHOCH"J'C1lbHO Esk· 

TorAa OTHOCRTenhHOe IIOJIOXeHHe 3JleMeHTOB (s -1; s)-KHHeMaTH­

qecKOH nap1>1 onpeAeJISieTC.SI CJie)l}'lOlllHMH (12 x 1)- H (6 x 1)-cmoll6LJa­

Mu-KOHtjJuzypaijUR.MU [33]: 

R:-1 = col{R:-1, R:k }, R;i1 = col{psk, <psk }, 

Rfk = col{oS. es}, 

(5.63) 

IIpH'leM 6 KOHcmpyKmU6HOU KOHfjJuzypaijUU R:il Moryr 6bITb OT­

JIH'IHbIMH OT HymI OT 0 AO 6 KOHCTaHT, a 6 f/JyHKijUOHaJlbHOU R fk -

OT 1 no 5 nepeMeHHbIX [33J (B aJibTepHaTHBHOM cnyqae - 3TO JIH60 

OTCyrCTBHe ABH:XCeHIDI, JIH6o CBo6onHoe ABH:XCeHue). 

Onpe,1J;tme1me 5.13. IlyCTb: 1. Ha ,I{BH:lKeHHe E sk --7 Es Tena Es 
OTHOCHTenbHO KOHCTpyKTHBHOH CHCTeMbl KOOp,I{HHaT E sk B 

(s -1; s)-KHHeMaTH'ICCKOH nape HaJIO:lKCHbI KaHOHffqeCKHe rono­

HOMHbie CBg3H (5.60): 

oi = o, p E 1- 3, ei = o, p E 4- 6, (5.64) 

T. e. l\BH:XCeHHe Esk --7 E3 Tena Es no 3THM KOopnnHaTaM «3anpe­

meHo»; 

2. .f/. i E 1 - 6, i ¢:: p - wecTHMepHr:.re opTbI c C,I{HHHUCH Ha 

i-MeCTe: 

f/ = col{O, 0, ... , 1, ... , O}. 
1 2 i 6 

(5.65) 
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Toma BeKTOpbl !/ Ha3blBaIOTC.sl 1UecmUMepH1il.MU opma.Mu oceu 
nooou>Knocmu B (s -1; s)-KHHeMaTH'lecKOH nape (wecTHMepHbIMH 

opTaMH oceli, no KOTOpbIM «pa3pemeHO» .U:BIDKeHHe TeJia CBJl3.H­

MH (5.64)) (29, 30, 33]. 

IlpewiolKeHHe 5.12. Ilycn.: 1. Rfk = col{oS' es} - cp)'HKUHO­

Ha.JlbHM KOHC}mrypa.uIDI ( s )-Tena B npoCTOM CB.sl3aHHOM .U:BHXeHHH 

OTHOCHTe.JlbHO KOpHeBOH CHCTeMbl Koop.n;HHaT Es-1 B (s -1; s)-KH­
HeMaTH'leCKOH nape; 

2. 1vs11 ~aTPHUa 113 6-MepHblX opTOB !/ (c e.l{HHHUeii Ha i-M 

MecTe, i E 1 - 6) oceli no.n;BIDKHOCTH (s -1; s)-KHHeMaTH'leCKOH na­

pbl (5.65); 
3. qs - CTOJI6eu o6o6meHHblX KOOp,llHHaT (s -1; s)-KHHeMaTH­

qecKOH napbl (HeeyneBbie 3JieMCHTf>I cpyma.tHOHaJif.HOH KOHcpHiypa­

UHH Rfk). 
Toma BepHO COOTHOIIIeHHe (33]: 

(5.66) 

IlpewiolKeHHe 5.13. IlycT1>: 1. KoHcpHiypauH51 (s -1; s)-KHHe­

MaTH'ieCKoli rrapI.r 3a,u;aHa B BH,lle Rf-1 = col{R:kl, Rfk }, (5.63); 
2. M jk -(6 x 6)-MaTpHua BH.Ila (5.54), r.ne HH.n;eKc f YKa3bIBa­

eT Ha TO, qTo sTa MaTPHua ocymecTBJ15IeT nepexoA OT oceH: no.n:BHx­

HOCTH B YKa3aHHOH nape K KOHCTPYKTHBHOH c11cTeMe Koop,llHHaT. 

Tor.l{a: 1. YpasHeHHe KHHeManurn (s)-Tena B npocTOM CB513aH­

HOM .U:BHXeHHH OTIIOCHTe.JlbHO KOpHeBOH CHCTeMl>I KOOpAHHaT E s-1 

B (s -1; s)-KHHeMaTH'leCKOH nape HMeeT BH,ll [18, 22, 25, 27, 33] 

v:-l;s = Mjkllf sllqs·. (5.67) 

2. MaTPHua M jk .sIBJ15IeTc.s1 MaTPHUeH nepexo.na OT o6o6meHHbIX 

qf' CKOpOCTeH (s)-TeJia K KBa3HCKOpOCT.slM v:-l;s 3TOfO TeJia (TO'l­

Hee - OT HeOpTOfOHWibHOro 6a3HCa oceii nO,llBIDKHOCTH TeJia K op­

TOfOHaJibHOMY CB.sl3aHHOMY 6a3HCY [ e sk ]. 

,lloKa3aTeJihCTBO. IlepeIIHIIIeM ypasHeHHe KHHeMaTHKH (5.54) B 

3KBHBa.JieHTHOH M.opMe vs-l;s = ysk;s = MSkRsk. OcTa.JIOCb BOC-
't' s s fs' 

TIOJlb30BaTbC.sJ COOTHOIIIeHHeM (5.66). 0 
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5.2.5. KHHEMATIIKA CJioxrnoro .IUJIDKEHIDI 
TBEP~oro TEJIA 

HarroMHHM, qTO cnoxHbIM .UBHXeHHeM TBep.uoro ( s )-Tena OTHO­

CHTeJibHO KOpHeBOH CHCTeMbI KOOp,IlHHaT E 0 Ha3bIBaeTC5I ,IlBHXeHHe 

3TOfO Tena B COCTaBe KHHeMaTffqeCKOH uenH (s)_, T. e. B COCTaBe 

MHOXeCTBa KOHTp.UOCTHXHMOCTH (s)-Te.rra [33] npH KOJiffqeCTBe KH­

HeMaTffqeCKHX nap B HeM He MeHee .UByx. 

Ilpewio11teHHe 5.14. IIycTb: 1. B COCTaBe HeKOTOpOH KHHeMa­

TffqeCKOH u;enH HMeeTCil CJIOXHOe ,IlBHXeHHe 3JieMeHTa Es OTHOCH­

TeJibHO 3JieMeHTa E P H cnoxHoe .UBHXeHHe 3JieMeHTa E P OTHOCH­

TeJibHO 3JieMeHTa E,, Et -7 E P -7 Es, t < p < s, s, p, t E N); 
2 W ts = WtS Wtp = Wtp Wps = Wps -. SS - s , pp - p , SS - s KHHeMaTffqeCKHe 

BHHTbI CJIOXHhIX .UBHXeHHH Et -7 Es, Et -7 EP HEP -7 Es; 
3. VJs, v;;. vfs - BeKTOpbl KBa3HCKOpOCTeH Tex xe CJIOXHbIX 

.UBHXeHHH Et -7 Es, Et -7 Ep HEP -7 Es (5.48); 

4. L~ -(6 x 6)-MaTPHUa .UBHXeHHif B BeKTOpHOM npocTpaHcT­

Be BHHTOB, Hff.IlYIJ;HpOBaHHasI .IlBHXeHHeM Ei -7 Ej (7.7). 

Toma BepHbI CJie.uyromHe KHHeMaTffqecKHe paBeHCTBa [25, 27, 33]: 

Wts =UWtp +Wps s p p s , (5.68) 

(5.69) 

.D:oKalaTeJibCTBO. IlpHBO.IlSI Bee KHHeMaTffqecKHe BHHThl K «IlO-

- E wts - wts wPS 0 CJie,IUieH» CHCTeMe KOOp,lUIHaT s, IlOJIY'lHM SS - ps + SS . CTa-

eTCil BocnomJoBaThcil oqeBH.IlHblM paBeHCTBOM Wf,~ = L~Wff:,. BBe­

.lleM 6JIOqffO-,IlHaI'OHaJibffYIO ( 6 x 6 )-MaTPmzy E c H)'JleBbIMH firioKaMH 

Ha rnaBHOH ,IlHaI'OHaJIH H e.lUfHffqffbIMH (3 x 3)-MaTPHu;aMH E Ha BTO­

poif ,IlHaI'OHaJIH H y6e,IlHMC5I B cnpaBe,wnmocrn paBeHCTB: v1s = EWJ,~. 
ytP = EWtp Vps = EWps EE= E EU E = Lp,T C HCilOJib30BaHHeM p P's s • • p s · 
):{OKa3aHHOro paBeHCTBa (5.68) nonyqaeM EWJ,~ = EL~EEWJ + EWr. 
~o H .uaeT (5.69). D 

KoMMemapnii. K1rneMaTffqeCKHe paBeHCTBa (5.68) H (5.69) no-

3BOJI5IIOT Bb:rtlHCJIHTb KHHeMaTffqeCKHH BHHT (BeKTOp KBa3HCKOpo­

CTeH) a6coJIIOTHoro .UBHXeHHil Et -7 Es c HCITOJib30BaHHeM attano-
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rwIHbIX xapaxTepHCTHK mo6oro «IIepeHOCHOfO» H COOTBeTCTByro­

m;ero «OTHOCHTeJILHOI'O» romxeHHH E 1 ~ E P, E P ~ Es. 

IlpeMo:>KeHHe 5.15. IlycTJ>: 1. E0 ~ E1 ~ E2 · · · ~ · · · Es 
cnoxHoe ABHXeHHe Es ::ineMeHTa B KHHeMaTH'leCKoii uerm ( s) _; 

2. Ei-l ~Ei, i=l,2, ••. , s rrpocTLre CB.SI3fillHJ>Ie ABHXeHH.SI B 

(i -1; i)-KHHeMaTH'leCKHX rrapax; 

3. Rf-1 = col{Rfk"l, Rfk} - KomlmrypauHH (KOHCTP)'KTHBHa.SI 

H <i>YHICIJ;HOHaJibHa.SI) (5.63) (i -1; i)-KHHeMaTH'IeCKHX nap; 

4. L1-1 = L1'kl L1k - (6 x 6)-MaTpHULI .wmxeHHii B (i - 1; i)-KH­
HeMaTH'lecKHX rrapax, COOTBeTCTBYIOIUHe KOH<)mrypauH.SIM H3 II. 3, 

TaKHe "ITO (7 .7) 

LP =I}' Lp+l ... 0-1. 
s p+l p+2 s ' (5.70) 

5. v.i-l,i =col{ v!-l,i, w!-l,i} = M!kllfillqi· BeKTOpbI KBa-
1 I I I 

3HCKOpocTeH rrpOCTbIX CB.SI3aHHbIX ,llBHXeHHH B (i -1; i)-KHHeMaTH-

qecKHX rrapax (5.67); 

6. qi. = col{ ... , q& • ... } ' a E 1 - 6 - o6o6m;eHHbie CKOpOCTH B 

(i -1; i)-KHHeMaTH'leCKHX rrapax (5.62); 

7. VsO,s - BeKTOp KBa3HCKOpOCTeH CJIO)KHOfO ,llBHXeHH.SI ( S )-Te­

na OTHOCHTeJibHO KOpHeBOH CHCTeMbl KOOp,llHHaT Eo· 
Tor,ua ypaBHeHJfe KHHeMaTHKH CJIOXHOro ,ZlBHXeHH.SI (s)-Tena OT­

HOCHTeJlbHO KOpHeBOH CHCTeMbl KOOp,llHHaT Eo HMeeT BH,ll [33] 

(5.71) 

)lOK333TeJILCTBO. IlOKlUCeM CHa"lana, "ITO BeKTOp KBa3HCKOpo­

CTeH CJIOXHOro ,llBHXeHH.SI ( s )-Tena OTHOCHTeJibHO 6aJOBOH CHCTeMbl 

KOOp,ZlHHaT Eo .SIBJI.SieTC.SI JIHHeHHOH KOM6JmaQHeH KBa3HCKOpOCTeH 

Bcex KHHeMaTH'leCKHX nap (i -1; i)-KHHeMaTH'leCKHX nap c MaT­

pH"IHbIMH Ko::i<P<PHuHeHTaMH L~T, T. e. 

V O,s = "'"S Ti,Tyi-l;i 
s ""i=l L.,,s i · (5.72) 

.UeiiCTBIITeJibHO, B COOTBeTCTBHH c (5.69) rronyqaeM VSO,s = 

= Ll,Tvo,1 + yl.s = Ll,Tvo,1 + L2,Tv:1,2 + y2,s = L1,Tvo,1 + 
s 1 s sl s 2 s s 1 

+ L2,Tv:l,2 + L3·Tv2•3 + ... + vs-l,s OcTaeTC.SI JIOTTCTaBHTb B "'op-s 2 s 3 s . .... 't' 
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MYJIY (5.72) 3Ha'leHHSI BeKTopoB KBa3HcKopocTeii KHHeMaTH'leCKHX 

nap v/-l;i =col{ v:-l;i, w:-l;i} = M11lfillqi·. o 

KoMMeHTapuu. 1. <I>H3H'lecmii H reoMeTPH'l:eCKHH CMl>ICJI 

yrBep~eHIDI npocT: BeKTOp KBa3HCKOpoCTeii CJIO:xmoro )lBH:XCeHHSI 

( s )-TeJia jlBJDieTCjl C}'MMOH KBa3HCKOpoCTeii npOCTl>IX CBj13aHHl>IX 

,llBH:XCeHHH B KHHeMaTH'l:eCKHX napax KKHeMaTH'l:eCKOH uenK ( s) _' 

nepeC'IKTaHHl>IX K3 CU3aHHl>IX CHCTeM KOOp,D;HHaT E i B CU3aHH}'IO c 

(s}-TeJIOM c HcnoJ11>30BaHKeM MaTPHU L~T. 
2. B qacTHOCTH, WISI npocToro cnoXHoro CBjl3aHHoro ,ll;BH:XCeHHSI 

TeJia (,n;Be KHHeMaTH'lecme nap1>1 c npocTeHUIHMH roJIOHOMHl>IMK 

CU3JIMH) nonyqaeM 

vz°'2 = L~·TvlO,l + vJ·2 = L~·T M}kllflllql· + M}kllf2llq2·. (5.73) 

Dpe,zvioJKe1D1e S.16. IlyCT1>: 1. (s}-TeJIO .sIBJDieTcs :aneMeHTOM 

,n;peBOBH,D;HOro rpacpa H yqaCTByeT B CJIOXHOM ,llBH:xceHHH OTHOCHTeJil>­

HO KOpHeBOH CHCTeMl>I KOop.n:KHaT E 0; 

2. s~ - (1 x 6)-CTPOKa BH,D;a 

s~ = llftllT M7·T [Js· (5.74) 

Toma ypaBHeHHe KHHeMaTHKH Br.imeyKa3aHHoro cnoXHoro .!l:BK­

JKeHffjl ( s }-TeJia HMeeT BH,D; 

V O,s _ ~ 
8

i,Tqs· 
s - "°'(i)E(s)_ s ' (5.75) 

,UoK838TeJILCTBO ,D;OCTHraeTCj! H3MeHeHHeM o603Ha'l:eHHH B cpop­

M)'Jle (5.72). D 

KoMMemapHH: 1. <I>opM}'Jll>I (5.72) H (5.75) no3BOJISIIOT c HcnOJ11>-

30BaHKeM anre6paH'lecKoro MaTo6ecneqeHHSI 3BM (HanpKMep, B cpe­

Jle MA TJIAE) BJ>JtlliCJIHTh seKTop KBa3HCKOpOCTeH: CJIOXHoro ABH:xce­

HIDI TBep,ii;oro TeJia, yqaCTByiow;ero B KaK yroJlHO 60JI1>UIOM KOJIH'lecTBe 

npoMexyrO'IHl>IX npoCTbIX CBSl3aHHl>IX ,llBKJKeHHSIX, He o6paw;asICb K 

TPa.innlHOHHO HCilOJll>3yeMl>IM rpoM03,llKHM CKWISipHl>IM paBeHCTBaM • 

.IlmI 3TOI'O ,ll;OCTaTO'IHO Bl>RKCJIHTh K03cpcpHUHeHIDI s~·T c KCilOJl1>30Ba­

HHeM npoCTbIX CT~apmLIX cpopMYJI (5.74). BOJ11>moe KOJIH'lecTBO 

no,n;po6HJ>IX npKMepOB pacCMOTpeHO B [33]. 
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2. Te xe <t>opMYJibl, pa3peme:em.1e OTHOCHTeJThHO o6o6m;eHHbIX 
CKOpoCTeii <t>HKCHpOBaHHOH KHHeMaTif'lecKOH nap1>1, .smmIIOTCJI AH<t>­
<t>epeHilHam.HJ>IMH ypasHeHHSIMH AIDI onpe)lerreHllSI nporpaMMHJ>ix ,i:n1H­
xeHHii B .llaHHOH KHHeMaTif'lecKoii nape, o6ecne"lllBaIOIIUIX J];BH:lKeHHe 
( s )-Terra c 3a,n;a:em.1M BeKTOpoM KB83HCKOpoCTeii v so's [33]. 

3. EcJIH BBecTH ( 6 x 1 )-crpom BH,D;a 

st-a = f.t,T Mtk,T IJ. 
s a f s• (5.76) 

r.ue a E 1 - 6 - HOMepa oceii no)l;B~OCTH B KHHeMaTIAeCKOH 
nape (t -1; t), TO Ma'rpmzy s~ B (5.74) MOXHO npeJ];CTaBHTh B BH,D;e 
CTOJI6a;a H3 3THX CTpOK 

s~ =col{ ••• , s~-cx, ... }. (5.77) 

B "laCTHOCTH, eCJIH KHHeMaTH"lecKasi napa oTHocmc.s: K 5-MY 
KJiaccy (0.UHa CTeneHJ> CB060,!ll>I), TO 

(5.78) 

4. L(ruI KHHeMaTIAecmx nap 5-ro KJiacca H 4-ro KJiacca - a;H­

JIHHJlpH"lecKHX [33] (HO He BHHTOBJ>IX !) - HMeeM 

(5.79) 

S.3. 3JIEMEHTLI TEOPBH IlPE,llCTAWIEmllt 
rPYIIIILI BPAI.QEllHA AJ>COJIIOTHO TBEP,lloro 
TEJIA 

5.3.1. TO'IHOE llPE)J;CTABJIEHHE I'PYIIIILI roJYMEPHLIX 
BPA~EHH:R TBEP,IJ;Oro TFJIA B I'PYDIIE BPA~llHA 
PO.IlPHI'A-r.AMHJThTOHA 

Ilpe;cmolK:eHHe S.17. IlyCT1>: 1. PaccMaTJ>HBaeTc.s: npoeKD;H.H 
npoCToro CB060,!lHOI'O J];BH:lKeHIDI TBep.uoro Terra B nOJ];MHOroo6p83He 
Bpa1a;aTerr1>Horo .llBH:lKeHIDI c MaTJ>Ha;eii cO E SO(R,3) (npocToe 
CB060,!lHOe Bpaia;eHHe); 

2. Q4 - "len1pexMepHoe MHoroo6pa3He, :aneMeHTaMH KoToporo 

.S:BJUIIOTC.S: "leTBepKH "IHCerr x 0 = col { x 0 ' ; 0 } ' noCJie,IUOOI TJ>OHKa H3 
KOTop1>1x .s:BJUieTc.s: BeKTopoM ; O = col{ ;p, ;~, ; ~} E R3 (KoOp.llH­
HaTHJ>IM CTOJI6a;oM BeKTOpa ; E V3 B 683HCe [eO],; = [eO];O): 
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Q4 = {xO :xO =col{x0 ,~0}, ~o =col{~p.~~.~g} ER3}; (5.80) 

3. H xo = x 0E - roMoTeTIDI c Koa<t><t>HUHeHToM x 0 , r)le E -
( 4 x 4 )-eJlHHH'IHruJ Ma1J>~a; 

4. (~)~ - KOCOCHMMe1J>WieCKruJ (4 x 4)-Ma1J>~a. nopoJKOeH­
HaJI, BeKmopoM ~ O -:t 0, BHJJ;a 

o -~r -~~ -~~ 
~lo o -~03 ~02 

<~>~ = ~~ ~g 0 -~P (5.81) 

~g -~~ ~p 0 

Tor)la MHOXeCTBO ( 4 x 4 )-Ma-rp~ 

G(R,4) = {u2: u2 = Hxo + (~)~, x -:t O} (5.82) 

SIBJUieTCSI IIOArpynnoH rpynllbI IIOJl06HH: GO(R,4) = {u~:u2•T u~ = 
= llx0112 E}, r)le sepxHHH 0-mmex:c yKa.31>1saeT Ha cpax:T BLitIHCJieHIDI 

Ma1J>~LI B 6a.3HCe [eO] [34]. 

LloK333TeJILCTBO JlOCTHraeTCjf npOCTOH nposepKOH paseHCTB 

u~T u~ = \\x0\\2 E, (u~ )-1 = l\xOll-lu~·r, (5.83) 

onpem~IDIIOIIUIX llO)l06He [11] .D 

KoMMemapHH: 1. KococHMMe1J>WiecKrui Ma1J>~a (~)~ s 

(5.81) TaKXe jfBJUleTCjf llOJl06HeM: (~)~·T (~)~ = 11~0112E, HO MHO­

:xceCTBO 3THX MaTp~ He jfBJUleTCjf llOJlrpynnoii rpynn1>1 llO)l06Hii 

(rrpOH3Be)leHHe KOCOCHMMeTpWieCKHX Ma1J>HU - He KOCOCHMMeT­

pWieCKil Ma1J>~a). 

2. MaTpHua ( ~) ~ Mo:xceT 6LITL rrpeJlCTaBJJ:eHa B 6rrotrnoii cpopMe 

3aIIHCH c HCIIOJIL30BaHHeM yxe H3BeCTHLIX IIOHSITHH 

0 -~O,T 

(~)~ = ~O (~)O (5.84) 

3. KocOCHMMe1J>WieCKruJ Ma-rpmi:a <~>~ B OTJIWIHe OT KOCOCHM­

Me1J>WieCKOH (3 x 3)-Ma1J>~Ll (~)O Heoco6eHHa JlJljf ~o * 0: 

det(~)~ =±11~0114. (5.85) 
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.UeHCTBHTeJILHO: det (I;)~ = ± (det (l;)~·T (I;)~ )0.5 = 
= ±(det lll;Oi12E)0.5 =±(111;0118)0.5 =±111;0114. 

4. AHaJIOI'H'IHO, .wui: Ma1'pH1.(1>1 u~ norryqaeTc.si [34]: 

det u~ = ± llx0114. (5.86) 

IlpewiolKeHHe 5.18. IlycTL: 1. G(R,4) rpynna MaTJ>HU 

(5.82) c onpe.n;errmerreM (5.85); 
2. G+ (R,4) c G(R,4) - no.n;rpynna rpynn1>1 G(R,4) MaTJ>HU 

u~ c IIOJIO:lKHTeJibHblMH onpe.n;errHTe.ruIMH: 

G+(R,4)= {u~:u~ =Hxo +(l;)~,detu~ =llx0114}. (5.87) 

Toma: 1. fpynna G+(R,4) .sIBJijleTc.si no.n;rpynnoli rpynn1>1 co6-
CTBeHH1>1x no.n;o6Hli R4: 

G+(R,4) c GO+(R,4). (5.88) 

2. fpynna G+ (R,4) Ha3LIBaeTc.si K8apmzpynnou, nopo"JKOae.Mou 
:meMeHTaMH xO = col{x0, i;o} MHoroo6pa3IDI Q4 (5.80). 

KoMMemapHH: 1. Ecrr11 K KBaPTrpynne G+ (R,4) .n;o6aBHTL 
0-MaTJ>Hll)' u8 H Ha IIOJIY'leHHOM MHOXeCTBe BBeCTH eCTeCTBeHHhle 
MaTJ>H'IHLie orrepau1m crroxeHIDI H YMHoxeHIDI Ha 'IHCJia, TO norry­
'IHM BeKTOpHoe npOCTJ>aHCTBO 

Gt6 (R,4) = G+(R,4) U ug, (5.89) 

H30Mopqmoe R16 . 

2. u~ E T(R,4), s = 1, 2, 3, 4 - no.n;o6mi H3 KBaprrerra (5.89), 
nopo)KJleHHble 'leTLipeXMepHLIMH opTaMH e1 c e.D;HHHUeH Ha S-Mec­
Te, COCTaBJI.sIIOT 6a3HC Gt6 (R,4), TaK 'ITO .wui: JII06oro no.n;o6IDI u~ 
HMeeM paJJIOXeHHe no 6a3HCY 

(5.90) 

3. MHoxeCTBa G+ (R,4), Gt6 (R,4) :u T(R,4) coCTO.sIT H3 o.n;HHx 
H Tex xe 3JieMeHTOB (3a HCKJIIO'leHHeM 0-Ma1'pHUbl u8), HO jlBJijllQT­

C.sI npHHUHIIHaJibHO pa3Hb1MH CTP}'KTYJ>aMH, Ha KOTOpbIX onpe.n;erre­
Hbl npHHUHIIHaJibHO pa3Hble «IIpaBHJia HI'pbl»: 3JieMeHThl nepBoro H3 

201 



HHX MO:xcHO TOJibKO )'MHO:iKaTb H o6pamaTb, BTOporo - TOJibKO 
CKJiaJU>IBaTb H )'MHO:lKaTb Ha 'lJ:HCJia, TpeTbero - CKJiaJ];bIBaTb, )'MHO­

:xcaTb H o6pamaTb. 

IlpeWJ01KeHHe 5.19. IlyCTb: Y(R,4) c: G+(R,4)- no.zupynna 
rpynnbl (5.88), nopoJK,llaeMasI HOpMHpOBaHHbIMH 3JieMeHTaMH 
A,0 = xOllxOll-1 MHoroo6pa:nm (5.80), T. e. 3JieMeHTaMH nO.llMHOro­

o6pa3IDI s Q4 , onpenem1eMoro Cllll3bJO llA.0114 = 1: 

(5.91) 

Torna: 1. fpynna Y(R,4) gBJll(eTc51 no.zupynnoli rpynnbI spame­
HHH SO(R,4). 

2. fpynna Y(R,4) Ha3bisaeTc51 zpynnou Po<Jpuza-I'a.MUJl&­
moHa. 

3. HopMHposaHHbIH 3JieMeHT ')..O = col{A. 0, A.Y, A.~, A~} MHoro­
o6pa3IDI (5.80) Ha3bmaeTcg napa.M.empoM (napa.M.empa.M.u) Po<Jpu­
za-I'a.M.wi&moHa. 

4. Ilo,llMHoroo6pa3He 

(5.92) 

HOpMHpOBaHHbIX 3JICMCHTOB H3 MHOroo6pa3IDI Q4 Ha3bIBaeTC.SI ctjJe­
pou Po<Jpuza-I'aMwi&moHa [34]. 

,Uou1aTeJihCTBO CJienyeT H3 onpeneneHIDI (5.83).D 

KoMMemapaii. Eme onHa nonrpynna rpynnbI tieTbipeXMepHbIX 
spameHHH: 6bma o6Hapy:xceHa s pa3nene 4 (4.50). 

IlpenJioJKeuae 5.20. IlycT&: 1. A,O = col{A. 0, A.Y, A~, A~} = 
= col{A. 0 , AO} - napaMeTp PonpHra-faMHJibTOHa (5.92), 

llAOll 3 = (A.~·2 + A.~·2 + A.~·2 ) 0·5 - esKJIH,D;osa aopMa AO s R3; 
2. 3a speM.SI 6.t spameHHe (k )-Tena npOHCXOJWT c IlOCT051HHbIM 

OpTOM d~ = col{d~l' d~2' d~3} OCH spameHIDI Dw TBep.ztoro TeJia 
s V3 (11.5.4), lld~ll = 1 B E0 H yrnosoH: cKopocTbJO w2'1; 

3. a. - yron nosopoTa TBepnoro ( k )-Te.rra c ocbJO D w 3a speM.SI 6.t: 

(5.93) 
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Tor;aa - r H no Te 3 a: cpeJnl npoqHx HMeeTc51 npe,nCTaB.TICHHe 

Bpaw;eHIDI Po,npHra-faMHJILTOHa B BH,D;e 

u~ = H'f:5 ex + (dw)~sin a. (5.94) 

}.J;oKa3aTeJI&CTBo: A,0 = col{A. 0 , A.Y, A.~,/...~} = col{A. 0 , 11/..0113 
(Xy. x~. x~ )}, x9 = A.911Ao11·i. i = u. Ho llA.0114 = 1 (5.92) H, 

cne,noBaTenLHO, cyw;eCTByeT Tax:.o:H yrorr cp, TIO A. 0 =cos cp, llA011 3 = 

= sin cp. CYTL rHilOTC3LI COCTOHT B YTBCpJK,D;CHHH x9 = d~i, cp = CX. D 

KoMMeHTapuu: 1. YKa:JaHHa51 mnoTe3a 51BJUieTc51 ocHOBHo:H WUI 

IlOCTPOCHIDI arrre6pwqecKOH TCOpHH «KOHeqffLIX IlOBOpOTOB» TBep­

,l:{Oro Tena [34]. 
2. CYTL mnOTe3LI coCTOHT B npe,llnorro:iKeHHH, TIO B 011eBHAHOM 

npeACTaB.TICHHH napaMe-rpa PoApHra-faMHJILTOHaA.O = col{cos cp, 
sin cp(Xy, X~, X~ )} yroJI cp COBila.IlaeT C yrJIOM IlOBOpOTa TBCp,lloro 
Tena a 3a BpeMSI /J.t c IlOCT051HHLIM opTOM OCH Bpaw;eHH51 d2' a OpT 
(Xy, X~, X~ )- C CaMHM opTOM d~ 3a TO :lKe BpeMSI. 3-fa mnoTC3a 
Il03BOJI51eT IlOJIY11HTL CO,llep:lKaTeJILHLie TeopeTH11eCKHe H IlpHKJla.Il­

HLie pe3YJILTaTLI. 

IlpeWIOxtelUle 5.21. Ilycn: 1. P( w) c::: V3 - BCICTOpHa51 IDIOC­

KOCTL B V3 (P(w) 3 Oo - «Haqarro» CHCTeMLI KOOp,llHHaT Eo), OpTO­
roHaJILHa51 OCH Bpaw;eHIDI TBep,lloro Tena Dw, Dw J_ P(w), 
P(w) n Dw = o0 ; 

2. u~IP(w) - CY:iKeHHe onepaTopa PoApHra-raMHJii.ToHa 
u~ E Y(R,4) Ha IDIOCKOCTL P(w); 

3. CnpaBeAJIHBo npeACTaB.TieHHe (5.94). 
Tor;aa IDIOCKOCTL P( w) 51BJUICTC51 HHBapHaHTHLIM IlPOCTPaHCTBOM 

onepaTopa u~IP(w): 

(5.95) 

}.J;oK83&Tem.CTBo. IlyCTL WUI mo6oro xO E P(w) HMeeM 

yO = u~ xO, xO = col{O, ~O}, yO = col{O, 'o}. PaccMQTPHM CKaJI51p­
Hoe npOH3BC,llCHHC ,0. d2 = (dw)O~O. d~ = 0 B CHJIY CBOHCTB TPH­
JIHHCHHLIX cpopM H, cne.z;{OBaTeJILHO, 'o J_ d2 ~ yO E P(w) WUI 
mo6oro xO E P(w). D 
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Ilpe;:v1011CeHHe 5.22. IlycTb: 1. SO(R,2) rpynna .llB)'MepHbIX 
(rmoc:rrn:x) BpalI(eHHH TBep.noro Terra (BpalI(eHHH IUIOCKOCTH P( w) 
(Il.5.21)), cO E SO(R,2); 

2. Cnpaeewmeo npe.n;cTaBJJeHHe (5.94). 
Tor.na HMeeT MecTO ToqHoe npe,n;cTaBJJeHHe rpynm1 SO(R,2) B 

rpynne Po.npHra-faMIDihTOHa Y(R,4): 

(5.96) 

r.ne cO - MaTpHua (B 6a3Hce [eO ]) Bpall(emra TBep.noro Terra c no­

CTOXHHOH ocbIO Bpall(eHHX Dw 3a epeMX M Ha yrorr a . 

.noKalaTeJILCTBO. IloCTpOHM COOTBeTCTByroIUHe napaMeTpLI H 

Bpall(eHHe Po.npma-faMH.TII>TOHa: J..O = col {cos a, d~ sin a}, u~ = 
= H~osa. + (dw)~sill a. IlyCTb xO E P(w) H yO = u~xO, x = 

= col{O, ~0}, yO = col{Q, CO} -BeKTopLI H3 npe,llbmyiuero npeAJIO­

xeHHX, ~ 0' c 0 - KOOp.mmaTHLie CTOJI6ULI pa,u;eyc-BeKTopoB OJJ;llOH 
H TOH xe TO~ H3 IIJIOCKOCTH P( w) (B CHJIY npe.D;bmyiuero yrnep:xc­

.neHHSI) llO H nocrre .neiiCTBHX Ha Hee onepaTOpau~IP(w): co= 

= u~IP(w)~o 
~o = u~IP(w)~o = (H~osa + (dw)~sin a)\P(w)~o. (5.97) 

I-fa (5.97) crre.nyeT, 'ITO ~o = ~o cos a+ (dw)O ~o sin a= 
=~Ocosa+risina, me rio =(dw)O~o, 110 J_~O, 1101-d~ H 

ll11011=11d~llll~Ollsinn/2=lll~Olll=ll~Oll, TaK KaK d~ J_~O. Crre.o;o­
BaTerrLHO, [d~, ~o, 110]- opTOroHarrbHLIH 6a3HC V0 npH ycrroeHXx 

ll~Oll = 1111°11 H 

~o = ~Ocos a+ 110sin a, 

5.3.2. HAKPLITIIE I'PYilIILI 
TPEXMEPHLIX BPA~EllHD: TBEP,Il;Offi TEJIA 
l'PYilIIOH PO,Il;PUfA-rAMH.1ILTOHA 

(5.98) 

B npe.o;LI,ll)'IlleM naparpacpe paccMaTPHBaJIHCb TOJILKo «IIJiocKHe» 

Bpall(eHHX TBep.noro Terra. )lrnI npIDIOXeHHH 60JibumH HHTepec 
npe.ncTaBJUIIOT TPeXMepHLie Bpall(eHHX. 0Ka3hIBaeTcx B 3TOM crryqae 
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TaIOKe B03MOJKHO COilOCTaBJiem1e TpexMepHbIM spameHIDIM 

cO E SO(R,4) spam:enHif PoApHra-raMHTibToua onpeAe.n:euuoro 

BH)'.l;a, HO yxe ue B3aHMHO OAH03Haquoe. 3AeCb K~OM}' TpexMepuo­

MY BpalI(emuo conoCTa.BJUJ.eTc.si ABa cooTBeTCTByIDII(HX BpameHIDI 

PoApHra-raMHTibToua. .D:oKaxeM uecKOJibKO BcnoMoraTe.n:bHbIX 

yrsep:lK,ll;eHHif, HMeIOII(HX CaMOCTO.sJ.Te.n:bHbIH HHTepec [34]. 

IlpeAJI01K.eHHe 5.23. IIycTb: 1. xO = col{O, d~} - t1eTbipex­

Mepuoe npeACTaBJienHe B MHoroo6pa3HH Q4 TJ>eXMepHoro opTa d~ 

ocH BpalI(eHH.sJ. TBepAoro Te.n:a D( w) (TOquee: ero KoopAHHaTnoro 

CTOJI6ua B 6a3HCe [eO]); 

2. yo = col{O, ~o} - qeTbipeXMepuoe npeACTaBJieuHe B MHoro­

o6pa3HH Q4 TPeXMepHoro BeKTopa ~ O E R3; 

3. ~ E P( w) - BeKTop ~ c KOOpAHHaTHbIM CTOJI6UOM ~ 0 B 6a-

3HCe [eO] npHHa,IlJieJKHT IIJIOCKOCTH P(w) l_ d~; 

4. u~:: (dw)~, u~:: (~)~, E GO(R,4) - (4 x 4}-noAo6H.sJ. 

(5.82), nopo:lK,ll;eHHbie 3JieMeHTaMH xO H yO MHoroo6pa3WI Q4 ; 

5. e( =col{ 1, 0, 0, O}. 

Toma 

(5.99) 

,U:oKa3aTem.creo. PaccMoTpHM o6pa3bI onepaTOpoB u~u~ H u~u~ 
Ha 3JieMeuTe ef E Q4 : 

(5.100) 

(5.101) 

OcTanocb yqecTb, 'ITO d~ · ~o = ~o · d~ = O (TaK KaK ~o 1- d~) 
H (dw)O~O = - (~)Od~.D 

KoMMemapHH: 1. YcnoBHe ~ E P(w) .siBIDieTc.si orrpeAeIDIIO­

II(HM, B npOTHBHOM cnyqae d~ . ~ 0 = ~ 0 . d~ * 0 H yTBep:lK,ll;e­

HHe (5.99) HeBepHO. 

2. I-fa (5.99) He cnerrveT uOuO = - uOuO no npHtIHHe 
,...J xy yx 

(dw)O(~)O -:t _ (~)O(dw)O. 
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Ilpe,zmolKeHHe 5.24. IlycTb: 1. P( w) c: V3 - seKTopHrui IUioc­
xocTb B V3, opTOroHaJibHWI OCH spaw;eHIDI TBep,n;oro Tena D( w ); 

2. u~ E Y(R,4) - spaw;eHHe Po.IJ;pHra-faMHJibTOHa Ha yron 
a/2: 

uO =Hcosa/2 +(d0) sina/2· 
A. 0 w 4 • (5.102) 

3. SO(R,2) rpynna .llB)'MepHbIX spaw;eHHH TBep,n;oro Tena (spa­
w;emrn IlJIOCKOCTH P(c)); 

4. <I>~(.) - onepaTOp, .IJ;elicTByrow;Hti Ha V3 no npasHJIY: 

ct>O ( ) - 0( ) 0,T 4 (5.103) A. • - uA. • 4UA. el ' 

H <I>~(. )IP(w) - ero cyxeHHe Ha IlJIOCKOCTb P(w). 
Toma (aHaJIOfWIHO (5.96)) HMeeT MecTo npe.!lCTaBJieHHe rpynnbI 

SO(R,2) B rpynrre Y(R,4): 

cl>~(. )IP(w) = cO. (5.104) 

,[(oK833TeJILCTBO. IlyCTb yO = col{O, ~0}, xO = col{O, ~OJ, ~. 

~ E P(w) H yO =<I>~(. )jP(w)xO = (uf )-1 (x)~uf et. Tpe6yeTCil 
IIOKll3aTb, qTQ B 3TOM cnyqae ~ 0 = co; 0. PaccMOTpHM 

yO =cl>~(. )IP(w)xO = uf (x)~u~·T et = 

= (E cos a/2 + (dw)~ sin a/2)(;)~ (E cos a/2+ 

+(dw)~·T sina/2) et = ((;)~ cos2 a/2+(dw)~(;)~cos a/2sin a/2)+ 

+ (~)~(dw)~·T cos2 a/2sin a/2 + (dw)~(~)~(dw)~·T sin2 a/2) et = 

=(;)~et cos2 a/2 + (dw)~ (~)~et 2cos a/2sin a/2 + 

+ (dw)~·T (;)~ (dw)~ et sin2 a/2 = (~)~e(cos2 a/2 + 

+(dw)~ (;)~ ei 2cos a/2sina/2 - (dw) ~,T (dw)~(~)~e(sin2af2 = 

= (~)~etcos2af2 + (dw)~(~)~etsin a - (~)~etsin2 a/2 = 

= (~)~ ef cos a+ (dw)~ (~)~et sin a= col{O, ;o} cos a+ 

+(dw)~ col{O, ;o }sina=col{O, ;o }cos a+ col{O, ,,o} sin a ~~o = 

= ~Ocos a+ ,,osin a~ ~o = cO~o. 
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B npeo6pa30BaHIDIX yrrreHO, lfl'O(~)O(dw)Oef = -(dw)Ox 
x (~)Oef (5.99), (dw)~·T (dw)~ = E, (dw)O~O = l"\O H (~)~et = 
=col {0, ~o}. o 

KoMMeHTapHH: 1. 3a.MeTHM, llTO 

u~·T = (u~ )-1, llA.011 4 = 1. (5.105) 

2. OrrepauWI u~(.) 4uf·T 5IBmieTCB onepau11eH: conpB:xceHWI Ha 

MHOXeCTBe. lleTI>IpeXMepHbIX KOCOCHMMeTpH'leCKHX MaTpHU (. ) 4. 

TIO.D;MHO:XCeCTBO lleTI>IpeXMepHI>lX KOCOCHMMeTpH'leCKHX MaTpHU 

u~ (.) 4uf ,T Ha3I>IBaeTC5I conp.R.'JKeHHbl.M ".MHO'JKecmsy scex .Mampulf 
6UOa (. ) 4. Tenepb MOXHO cKa3aTb, lfI'O see KOCOCHMMeTpH'leCKHe 

MaTpHUbl H3 conp.si:xceHHOro MHO:XCeCTBa nopo:xcneHbl TpexMepHbIMH 

BeKTOpaMH, ,SlBJUIIOmHMHC,Sl pe3yJII>TaTa.MH epameHWI Tex TpeXMep­

HblX BeKTOpOB, KOTOpI>Ie IIOpOX.D;alOT MHO:XCeCTBO Bcex KOCOCHMMeT­

pH'leCKHX MaTpHU BH.D;a (.) 4• 

IlpeW10lKeHHe 5.25. OTo6paxeHHe (5.104) rpynnl>l Y(R,4) B 

rpynrry SO(R,2) c10poeKTHBHO, npHlleM KaX.D;OMY o6paJy 

cO E SO(P(w),2) cooTBeTCTB)'IOT nsa rrpao6pa3a u~ H u~J.: 

,1loK83aTeJU.CTBO. <t>~(.) = u~A (.) 4u~[ ef = (-u~)(.) 4 (- u~)Tx 
x e( = u~(.) 4 u~·T e[. O 

Onpe.z.eJieHHe 5.14. C10p»eKTHBHoe oTo6paxeHHe <t>~: 
Y(R,4) ~ SO(P(w),2) HaJI>IBaeTc.si: HaKpwmue.M zpynnw «Moc­

"ux» spaU1eHuu msepoozo meRa SO(R,2) zpynnou Poopuza-ra­
.MU/lbmotta Y(R,4) H o6o3Ha1IaeTC5I 

Y(R,4) =Spin SO(R,2). (5.106) 

IIpeJVIOlKeHHe 5.26. ITycT&: 1. u~ E Y(R,4) - epameHHe 

Ponp11ra-raMHJII>TOHa Ha yron CJ.12: 

uO =ficos a. 2 + (d )Osin aJ2· (5.107) 
!.. 0 w 4 ' 

2. SO(R,3) - rpynna Tpex.MepHI>IX epameHHH TBepnoro Tena 

(epameHHH V3), cO E SO(R,3); 
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3. <I>~(,) - orrepaTOp, AeiicTByrom1df: Ha V3 (BKmoqasr P(w)) 
no rrpaBH.11)' 

(5.108) 

Tor){a HMeeT MecTo rrpeACTaBJieHHe rpynrri.1 SO(R,3) B rpynrre 

Y(R,4): 

(5.109) 

,ll;OK838TeJILCTBO. 11.D:e.SI ){OKaJaTeJibCTBa rrpocTa. 

1. PaJJIOXHM mo6oii TpexMepHbIH BeKTOp Ha ){Be COCTaBJl.SIIO­

IllHe, O){Ha H3 KOTOpbIX rrpHHa,wie:xarr IJJIOCKOCTH P( w ), a Apyrasr -

opTOroHaJibHa eii H rrpHHa,wie:lKHT OCH BpameHH.SI D( w ). 
2. IloAeiicTByeM Ha CYMMY 3THX BeK.TopoB orrepaTOpoM (5.108), 

qTo OCTaBHT Ha MeCTax COCTaBJl.SIIOIIlHe H3 D( w) H IIOBepHeT Ha 

yron a coCTaBJI.SiromHe H3 P( w ). 
Cno:iKHB rronyqeHHhle pe3yJibTaTLI AJUI Ka:lK,ll;oro BeKTopa, npHAeM 

K ,ll;OKaJbIBaeMOMY pe3YJibTa'ry.D 

Onpe,!leJieBHe 5.15. CloJTbeK14wt <I>~(.): Y(R,4) ~ SO(R,3) 
HaJLIBaeTc.st HaKpblmue.M zpynnbl mpeXMepHblX 6pau,eHuu m6epoozo 
me.n.a zpynnou Poopuza-I'a.Mu.n.bmoHa: 

Y(R,4) =Spin SO(R,3). 

5.3.3. YPABHEHHE KHHEMATUKH 
HA Cd>EPE POnPurA-rAMUJlLTOHA 

(5.110) 

Onpe,!leJieBHe 5.16. IlycTi.: 1. Y - c<iJepa PoApHra-faMHJIL­

TOHa (5.91), ).0 E y - rrapaMeTp Po.I.tpHra-faMHJibTOHa (5.92), 
).O· - ero npoH3BOAHasI no BpeMeHH, f..k = col{/... 0 , /....~, /....~, /....~ }; 

2. wr, W~k - BeK.TOpbI MfHOBeHHbIX. yrJIOBblX CKOpOCTCH H 

KBaJHCKOpocTeH (5.28), (5.29) (k)-TeJia. 

TorAa pcmeHCTBa BHAa 

(5.111) 

HaJbIBaIOTC.st ypa6HeHUJt.MU KUHe.MamUKU Ha c</Jepe Poopuza-I'a­
.MURbmOHa. 
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IlpeAJIOlK.eHHe 5.27. IlycTL: 1. ~o - KOOpJJ;HHaTHLIH CT011-
6eu B 6a3Hce [eO] p~Hyca-BeKTopa ~ B E0 npoH3BOJILHoii TO'IKH 
(k}-Tena; 

2. w2° - BeKTOp yrJIOBLIX CKOpocTeii (k}-TeJia (5.28); 
3. YpaBHeHHe KHHeMaTHKH npocTOro CB060JJ;HOI'O Bp~eHHSI 

(k}-Te.rra (5.31): 

4. vgo - CKOpOCTL TO'IKH (k}-Te.na: 

vgo = (wf)O~O. 

Toma BepHLI CJieJzyIOillHe TO:lK,ll;ecTBa: 

(5.112) 

(vg)o = (wf)O(~)O - (~)O(wf)O, (5.113) 

(vg)o = (wf)O(~)O + (wf · ~O )E - w2°~0,T, (5.114) 

(vg)~ = (wZ)~(~)~ + (wZo · ;o )E, (5.115) 

(;o)~(wf)~ = - (wf)~(;)~ - 2(wf0 · ;o )E, (5.116) 

r.z.te wza;o.T - ,lUIB,llHOe npoH3Be.n;eHHe ((3 x 3}-MaTPHUa); E -
eJJ;HHH'lllLie MaTPHULI COOTBeTCTB)1IOID;HX pa3MepHOCTeH. 

).loKa38TeJlbCTBO ,llOCTHraeTC.sI nyreM cpaBHeHH.sI 31IeMeHTOB MaT­
pHU B o6eHX 'laCT.sIX paBeHCTB noCJie BLmoJIHeHIDI Bcex onepauHii.D 

IlpeJlJIOlKeHHe 5.28. IlycTL: 1. S~ - (4 X 4)-MaTPHUa BH)J;a 

0 QT 

s~ = o 2(wf )k (5.117) 

2. K - ( 4 x 4 )-KococHMMeTPH'lecKa.si MaTPHUa Blf.lla 

Kk = <w2>l - s~. (5.118) 

Tor.z.ta sepHLI CJie.zzyrom;He .n;mpcpepeHUHaJILHLie ypaBHCHH.sI Ha 
ccpepe Po.n;pHra-faMHJILToHa (B 6a3Hcax [eO] H [ek]) [34]: 

).,O· = 0.5(w2)~A.0, )..k• = 0.5Kk')..k. (5.119) 
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,llOK838TeJlbCTBO. IlycT& to, t, - Ha11aJI&H&IH H npOH3BOJI&HbIH 
MOMeHTbI speMeHH, ~o (t) = cO (t)~O (t0 ), Torii;a, comacHo (5.104), 

(~(t))~ = u~ (t)(~(t0 ))~u~·T (t). (5.120) 

qepe3 speMSI D..t BeKTop ~(t) 3aHMeT IIOJIOXeHHe ~ (t + M) = 
= ~(t) + D..~(t), me no onpe.D:e.1IeHHIO 6.~(t) = ~(t + M) - ~(t) ~ 0 
npH D..t -t 0. JlmI MOMeHTa BpeMeHH t + M aHaJIOratlHO (5.104) HMeeM 

(~(t + D..t))~ = u~ (t + 6.t)(~(t0 ))~u~·T (t + M). (5.121) 

lfa paseHCTB (5.120) H (5.121) .wm spameHHH: Po.D:pHra-faMHJib­
TOHa IlOnyqHM 

u~ (t) = (~(t))~u~ (t)((~(t0 ))~ )-1, 

u~ (t + D..t) = (~(t + M))~u~ (t + 6.t)( (~(t0 ))~ )-1. 

B&NHTasJ. H3 BTOporo paseHcTBa nepsoe, nonyqaeM 

u~ (t +At) - u~ (t) = [(~(t +At))~ u~ (t +At) -

- (~(t))~ u~ (t)] ((~(to))~ )-1. 

Ho (~(t0 ))~ = u~·T (t)(~(t))~ u~ (t) H u~ (t +At) - u~ (t) = 
= ut_ (t), u~ (t +At)= u~ (At)u~ (t), r.D:e M = l..(t +At) - /..(t), 
II03TOM)' ut_ (t) = [(~(t + At})~u~ (At)((~(t))~ )-1 - E]u~ (t). 

licnoJib3)'H .D:arree paseHcmo (~(t +At))~ = (~(t))~ + (~(M))~. 
norryqaeM 

ut_ (t) = [(~(t))~ (u~ (At) - E)((~(t))~ )-1 + 

+(~(At))~ u~(t.\t)((~(t))~)-1 ]u~(t). 

YMHOXHM no.rryqeHHoe paseHCTBO cnpasa Ha opT e0 , pa3.D:e­
JIHM no.rryqeHHoe paseHCTBO Ha At H rrepefuteM K npe.D:erry npH 
At -t 0, BocnoJib30BaBWHCb paseHCTBa.MH lim MO(t)/ At= J..O· (t), 

lim (u~ (M-E)/At=lim(dw (t))~ (sinAa/2)At+Elim (cos Aa/2 -

-1) /At)= 0.5(dw (t))~ llw?'ll + 0 = 0.5(w2)~, lim (~(At))~/At = 

= (v~)~. lim u~(At) = E, f..O· = [- O.S(~(t))~ (wz)o ((~(t))~ )-1 + 

+ (vg)~ ( (~ (t))~ )-1] )..0. 

210 



Ocn1JIOCb socnoJib30BaTbc.51 paseHCTBa.MH 4 H 3 npe.zn,mymero 

yrsep)l()leHH.51 WISI MaTpHU (~(t))~(w2>~ H <vg)~: 

t.,O· = [- 0.5 (w2)~(~(t))O ((~(t))~ )-1- (w2°· ~o (t)) ((~(t))~ )-1 + 

+ (w2>~ (~(t))~ ((~(t)}~ )-1 + (w2°. ~O(t))((~(t))~ )-1 p.o = 

=0.5(w2>~ A,0. 

(5.122) 

I',I{e c2 - (3 x 3)-Ma'rpHUa nepexo,!la OT 6a3HCa [eO] KOpHeBOH 

CHCTCMbl KOOp,!lHHaT Eo K 6a3Hcy [ek] CHCTeMbI KOOp,D;HHaT Ek, CmI-

3aHHOH c (k)-TeJIOM, [ek] = [eO]cf. Toma A,0 = C2A.k H H3 

nepBOI'O ypasHeHH.51 (5.119) nonyqaeM f...k• = 0.5 CZ•T (w2)~ C2 -
- c2c2· A.k = o.5 £<w2>i - 2s~1 A.k = o.5KkJ...k. o 

5.3.4. I'PYilIIA KE9Jm-KJIERHA HEE IIPE,llCTARJIEHHE 
B I'PYIIIIE PO,llPHl'A-r AMHJILTOHA 

IlpeAAolKeHHe 5.29. Ilyctb: 1. C2 = C x C - ,IJ;eKaptos KBaJJ;­

paT IlOJUl KOMIUieKCHblX qHceJI; 

2. GO+(C2 ,2)- rpynna co6cTBeHHbIX no,!lo6Hii C2 c e,!lHHH­

ueii 1 

3. a = a0 i0 + a1 i1 EC, b = b0i0 + b1 i 1 E C - KoMrmeKCHbie 

qHcna a0 , b0 , a1, b1 E R1, 

io = II ~ ~ ~(I, O)T = (1, O)T' ;5 = ~ ~ ~ r (!, O)T = (1, O)T = io' 

0 -1 0 -1 
2 

i1 = (1, O)T = (0, l)T, if = (1, O)T = -i0• 
1 0 1 0 
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Tor.n:a no,n:o6He v ab HMeeT OUHH H3 "tJ:eTbipex B03MO::lKHbIX BMOB: 

a -b 
b a ' 

a -b 
b a ' 

(5.124) 

,[(oKalaTeJILCTBO. IlycTb ca, Cb, Cd, Ce E c - KOMIJJieKCHbie 

'IHcna. PaccMOTPHM MaTpmzy S = [ca cb ; c d c e] H BbISICHHM, Ka­

KHMH ,llOJDKHbI 6bITb ee 3JieMeHTbl ,WU! TOro, 'tJ:T06bI OHa 6bIJia MaT­

pm:.i;eH: no,n:o6IDI, T. e. )'AOBJieTBOp511Ia Tpe6oBaHIDIM s* s = a,2 E -t 
-t [ca cd; Cb ce][ca cb; Cd ce] = a,2[1O;01), det s = a,2. Ilepe­

MHO::lKHB MaTpHI.J;bI B orrpe,n;eneHHH H npHpaBIDIB COOTBeTCTByIOII.J;He 

3JieMeHTbI MaTPHI.J; H3 o6eHX qacTeH paBeHCTBa, IlOJiy'tJ:HM 5 ypaBHe­

HHH 

ci5a +cbcb =a.2, cdcd +cece =a.2, 

cacd + cbce = 0, cdca + cecb = 0, 

cace + cbcd = a,2. 

Pewem1e ::!TOH cHcTeMbI ypasHeHHH npHBo.n;HT K .n;oKa3bIBaeMOMY 

pe3y.JibTary. D 

Onpe.z.e11e11He S.17. Ilo.u:rpyrrna P(C2 ,2) rpyrrIIbI GO+(C2 ,2), 
cocTaB.JieHHasi: H3 MaTPHn: v ab nepsoro THna, Ha3bmaeTC}l zpynnou 
llayRu: 

(5.125) 

Onpe.z.e11eHHe S.18. IlyCTb: 1. P( C2 ,2) - rpyrrna Ilayrrn: (5.125); 

2. P0 , Pi, P2, P3 E P(C2 ,2) - (2 x 2}-MaTPHD:bI Bwta 

Po= io~ ~ ~ ~· P1 = i1 i ~ ~! ~· P2 = io~ ~l a 
P3 = ii II~ ~II· (5.126) 

Tor,n;a MaTPHUbl P0, Pi, P2, P3 Ha3bIBaIOTC}l .Mampuifa.Mu llayRu. 

Ilpe;:vioJKeHHe S.30. IlycTb: P0, Pi, P2, P3 - .Mampuifbl llayRu 

(5.126). 
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Toma BepHbI CJie.uyroIUHe paBeHCTBa: 

1. PoPo =Po, PoP1 = P1, PoP2 = P2, PoP3 = P3; 
2. P1 P1 = - Po, P2P2 = - Po, P3P3 = - Po; 
3. P1P2 = - P2Pi = P3 , P2P3 = - P3P2 =Pi, 

P3P1 = - P1P3 = P2; 
4. Po · P1 = Sp (PJ' P1 ) = 0, ... , P1 · P2 = Sp (P{ P2 ) = 0, 

P2 · P3 = Sp (P{ P3 ) = 0. 

)J.OK333TeJlbCTBO ,IJ;OCTHraeTC.SI npoCTOH npoBepKOH. 0 

llpe,wIOlKeHHe 5.31. IIycTI,: Po, Pi, P2 , P3 - .Mampui,bl llayJtu 

(5.126). 
Tor.l(a mo6oe no.l(o6ne v ab E P( C2 ,2) MoxeT 61>IT1> rrpe,u;cTaBJie­

Ho B BH.l(e JIHHeii:HOH KOM6HHarum MaTpHU: Ilaymt:: 

(5.127) 

)J.OK333TeJlbCTBO .u;ocnrraeTC.SI npocTOii: npoBepKOii:.D 

KoMMeirrapuu: 1. ECJIH K MYJibTmmHKaTHBHoii rpynne IlayJIH 

P(C2 ,2) no6aBHTb 0-MaTpmzy H BBeCTH Ha HOBOM MHmKecTBe 

P(C2 ,2) U 0 O'IeBMHbie (MaTpH'IHble) orrepau:HH CJioxeHH.SI H yM­

HO)KeHH.SI Ha 'IHCJia, TO MHO:lKeCTBO 

(5.128) 

npeBpaTHTC.SI B YJIHTapHoe ,ZJ;ByMepHoe BeKTOpHOe rrpocTpaHCTBO, B 

KoTopoM MaTpHU:bI Ilaynn .SIBJI.SIIOTC.SI 6a3HcoM [P] = (P0, Pi, P2 , 

P3 ). 
2. HJ rr. 4 (11.5.30) CJienyeT, 'ITO 6a3Hc [P] - opTOroHaneH. 

3. HJ n. 1 (11.5.30) CJie.zzyeT, '!To MaTpHu:a P0 .SIBmieTc.SI enHHH­

u:eii rpynn:&I P(C2 ,2), Po = 1. 
4. Bee cxaJaaHoe MO:lKHO rrepeBeCTH Ha .SI3bIK BeKTOpHoro rrpo­

CTpaHCTBa c 2. BBe,IJ;eM HOB:&Ie o603Ha'!eHH.SI bo = a2, b = 03' TOr,IJ;a 
(5.127) rrpHMeT BM 
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me 
za=<a0i0 +a1i1 )y 0 +(a2i0 +a3i1 )y1 EC2 , (5.129) 

[y] = col{y 0, y1 }, y = col{i0 , O}, y 1 = col{O, i1 }. 0 no.n:o61rn va B 

3TOM cnyqae 6y.n;eM fOBOpHTb, qTO OHO nopoJKOeHO oeKmopo.M 
Za E C2 HJIH ::ineMeHTOM a = col { a0 , a1 , a2 , a3 } MHoroo6pa3IDI 

Q4. B HeKOTOpbIX CJI)"la.sIX y.n;o6Heii nepeiiTH K HOBOH HFI,D;eKca1nrn: 

a= col{a1, a2 , a3 , a4 }, (5.130) 

Za = (a1i1 + a2i2 )y1 + (a 3i1 + a4i2 )y2 E C2. (5.131) 

IlpeWiolKeHHe 5.32. IlyCTI>: 1. v2 E P(C2 ,2) - no.n:o6He Ilay­
JIH, nopo~eHHoe BeKTopoM z2 ec2, (5.129), xO=col{x0 ,~0} 
(5.80); 

2. <~>~ - KOCOCHMMeTpffqeCKa.sI MaTPHIJ;a, nopo)K'AeHHa.sI KO­

op.n;HHaTHhIM CTOJI6IJ;OM ~ 0 = col { ~? ' ~~ ' ~ g } BeKTopa ~ E v 3 B 6a-
3HCe [eO] BH.D:a (<manor (5.81)) 

~Pi1 I ~~io + ~~i1 
<~>~ = O· O· I O· -~zlo +~3Zl -~l'l 

(5.132) 

3. Hxo = i0Ex0 - roMoTeTIDI aa C2 c Ko::i<P<PmlHeHTOM x0. 
Tor.n:a HMeeT MecTO CJie.n;yrow;ee npe.n;CTaB.JieHHe no.n:o6IDI 

v2 E P(C2 ,2): 

(5.133) 

KoMMemapuii. fpynna IlayJIH P( C 2 ,2) .SIBJUieTc.SI aaarroroM 
KsapTrpynn&I G+(R,4), a npe.n;cTaB.JieHHe (5.133) - aaarroroM 
npe.I{CTa.BJieHIDI (5.87). 

IlpeNJolKemt:e 5.33. Ilo.I{I'pynna Y(C2 ,2) c: P(C2 ,2) rpynni.1 

IlayrrH, nopo)K'AeHHa.sI napaMeTpoM Po.n;pHra-faMHJii.ToHa 

f..O = col{f.. 0 , /..?,/..~,A~}, .SIBJUieTc.SI no.n:rpynrroii rpynrri.1 Bpaw;e­
HHH SO(C2 ,2) BeKTopaoro rrpocTpaHCTBa C2 : 

f.. 0i0 + f..?i1 I f..~i 0 + A.~i1 
Y(C2 ,2) ={v~: v~ = }. (5.134) 

-f..~i0 + A.~i1 I A. 0i0 - A.?i1 
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KoMMeHTapuii. fpynrra Y(C2,2) .S1BJIS1eTc.S1 aHan:oroM rpynnbI 

spamemlii Po):(pHra-faMHJILToHa Y(R,4) (5.91). 

Onpene.neHHe S.19. 1. ,UsoiiKa KoMrmeKCHLIX 'lHCeJI, .S1B11.S110ma­

.S1C.S1 KOOp.IlHHaTHLIM cToJI6QoM seKTopa ZA. B 6a:mce [y] (5.129): 

Ha31>IBaeTc.S1 napa.MempoM Keii.Ru-K.JieuHa; 

2. fpynrra Y ( C2 ,2) Ha31>1saeTc.S1 zpynnou tJpaUf.eHuu Keu­

JZu-K.lleuHa. 

KoMMeHTapuii. OJIH:lKaHWa.SI 3a,aaqa COCTOHT B TOM, 'IT061>1 HaH­

TH H30Mop<}:IH3M KBapTrpynn1>1 H rpynm1 Kewm-KrieiiHa, ocymecT­

BJl.SIIOIUHH TO'lHOe B3aHMHOe npe.acTaBJieHHe 3THX rpynn .apyr B .apy­

re. YKa3aHHblH <}:laKT 6y.aeT B .IlaJibHe:HweM HCIIOJlb30BaH ,WI.SI H3-

JIO:lKeHH.SI TeopHH «KOHe'lHbIX» IIOBOpOTOB TBep.aoro TeJia c 

HCIIOJIL30BaHHeM rpynn1>1 Ke:HrrH-KJieiiHa. 

IlpeJVJOlKeHHe 5.34. IlycT1>: 1. G+ (R,4) = {u~ : u~ = H xO + 
+ (;)~} - KBapTrpynna (5.87); 

2. P(C2 ,2)={v~:v~=Hx0 +(;)~} rpynna IlayJIH 

(5.125); 
3. v: G+ (R,4) ~ P(C2 ,2) - 6HeK.llH.S1, TaKa.si 'ITO 

v: u~ ~ x~ v~ (5.136) 

xBJISieTC.!l H3oMop<}:IH3MOM G+(R,4) = P(C2 ,2), ocymecTBJISIIOIUHM 

TO'lHOe npe.acTaBJICHHe 

(5.137) 

c npe.acTaBJI.!llOIUHM npoCTPaHCTBOM C2 H xapaKTepoM Xa (v) = 
=Tr v2 = 2x0i0 . 

,llOK838TeJlbCTBO BblilOJIH51CTC.SI npOCTOH nposepKOH paseHCTB 

v(uO uO) =v (uO ) = v (uO)v(uO) = vO vO = vO v (uO )-1 = x y f(x,y) x y x y f(x,y)' x 
= (v~ )-1, x, y, f(x, y) E Q4. D 
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KoMMeHTapHii. IlonyqeHHI>rii pe3yJII>TaT aBTOMaTH<1ecKH rrepe­
HOCHTCSI Ha rro.n:rpyrrIII>I apameHHH Po.n:pHra-raMHJibTOHa (5.91) H 

Ke:ibm-Kneiffia 

v: Y(R,4) ~ Y(C2 ,2). 

5.3.5. IIPEJJ;CTABJIEHHE I'PYillibl 
BPAm;EHHR TBEP,IJ;Oro TEJIA 
B I'PYIIIIE BPAm;EHHR KE:R.lm-KJIERHA 

(5.138) 

IlpewioJKeHHe 5.35. HMeeT MeCTO rrpe.n:cTaBJieHHe apameHHSI 
Ke:HJI11-Kne:HHa B BH,n:e [34] 

o Hcos a (d )0 · VA = 0 + w 2 Slil a., (5.139) 

r.n:e Bee o603HaqeHH5I COBIIa,ll;aIOT c BBe}:{CHHblMH B rraparpacpe (5.3.1) . 

.l(oKa3aTeJILCTBO .n:oCTHraeTcg c HCIIOJib30BaHHeM rrpe.n:cTaBJie­
HHSI (5.138).0 

IlpewioJKeHHe 5.36. IlyCTI> v~ E Y(C2,2)- apameHHe Ke:H­
nH-Kne:HHa (5.134). 

Tor.n:a cyxeHHe orrepaTOpa v~ Ha IIJIOCKOCTI> P( w ), opTOroHaJII>­
Hyro OCH D w .ll:BYMepHoro BpameHHSI TBep.n:oro Tena, jJBJijJCTCjJ .n:ay­
MepHbIM apameHHeM aToro Tena 3a spewi: flt Ila yron a (5.93): 

(5.140) 

.l(oKa3aTeJILCTBO CBOJl:HTCjJ K rrepeao.n:y pe3yn1>TaTa (5.95) Ha 

jJJbIK rpyrrrrbI BpameHHH Ke:HJI11-KneliHa c HCIIOJlb30BaHHeM rrpe.n:­
CTaBJieHHSI (5.138).0 
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IlpewioJKeHHe 5.37. IlyCTI>: 1. AHanomquo (5.102) HMeeM 

vO = Hcos a/2 + (d )0 sin aJ2· 
A O w 2 • 

2. <l>~ (.) - orrepaTOp, .n:eHCTBYIOIIlHH V3 no rrpaBHJiy 

m.O ( ) - 0( )0 O* -vA ' - VA ' 2 VA y. 

(5.141) 

(5.142) 



Tor,zi;a cyxeHHe <I>~(. )lp(w) orrepaTOpa (5.142) Ha IDIOCKOCTL 
P(w), opTOI'OHaJILJIYIO OCH Dw ,IJ;B)'MepHOI'O Bpani;eHHSI TBep,IJ;OI'O Te­
na, HBmleTC.S: .IlB)'MepHLIM Bpani;eHHeM 3TOI'O Tena 3a BpeMH l!!.t Ha 
yron a. (5.93): 

(5.143) 

)l;oKa3aTeJILCTBO CBO,!J;HTCil K rrepeso.izy pe3YJILTaTa (5.104) Ha 

513LIK rpymILI spameHHH KeH:nn-KneH:Ha c HcnoJII>30BaHHeM rrpe.o:­
cnmJieHHH (5.138).D 

IlpeAJiolKelDle 5.38. IlyCTL: 1. AHarrOIWIHO (5.102) HMeeM 

vO - Hcos a/2 + (d )0 sin c1J2· 
A- O w2 • (5.144) 

I 

2. <I>~(.) - orrepaTOp, ,IJ;eiicTByroIUHii Ha V3 no nprumny 

m.o ( ) _ O( )o o• -vA • -VA' 2VA y. (5.145) 

Toma cyxeHHe onepaTOpa (5.145) Ha BeKTOpHoe npocTpaHCTBO 
V3 ilBJVleTC.S: BpameHHeM Tena 3a BpeMH l!!.t Ha yron a. (5.93): 

(5.146) 

)l;oKa3aTeJILCTBO CBO,IJ;HTC.sl K nepeBO.lzy pe3yJihTaTa (5.108) Ha 
.sI3LIK rpynnLI BpameHHH KeiinH-KneH:Ha c HCilOJIL30BaHHeM npeA­
cTaBJieHHH (5.138).D 

Ilpe.IlJIOlKelDle 5.39. Ilpe,IJ;CTaBJieHHe (5 .146) rpynnLI BpameHHH 

Po.zi;pHra-faMHJILTOHa (5.106) B rpynne Bpani;eHHH TBep.u:oro Tena 
(Il.5.17) ilBJI.sleTCH HaK.pLITHeM nepBOH rpynnoii BTOpOH rpynnLI. 

)l;OKa3aTeJILCTBO. <I>~(.) = <l>~A. (.) = cO .o 

KoMMeHTapHii. IlpH Ha.JIHllHH H30Mopqm3Ma (5.138) Ha rpynne 
BparueHHH KeiiJIH-KneiiHa OTcyrcTByeT aHaJIOr ypasHeHHii KHHe­

MaTHKH (5 .119): Taxoe ypasHeHHe cymeCTByeT, HO B .IlpyroH: cpopMe. 

Ilpe.IlJIOlKelDle 5.40. IlyCTL: 1. ko = col{k8, kf} - rrapaMeTP 

KeiinH-KneiiHa (5.135), z~ = [y]z~Y = [y]kO, me HH,IJ;eKc «0» 
yKa3LIBaeT Ha TO, 'ITO rrpH IIOCTpOeHHH napaMeTPa kO HCIIOJIL30BaH 
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napaMeTP Po.u;pHra-fa.MHJibTOHa e 6aJHce [eO ], )..O = col{) .. 0 , AO} 

(5.92); 

2. fo = col{k8' - kf} - KOOp.u;HHaTHl>IH CTOJI6~u HCKOTOporo 
BCKTopa zf E Cz B 6aJHCe (y], zf = (y]z~Y ;:: [y]kO; 

3. <w2>~ - KOCOCHMMC1'plNCCKasI (2 x 2)-Ma'rpHUa BH.u;a 
(5.132), nopo)K,l{eHHasI BeKTOpOM w?> yrJIOBOH CKOpOCTH (k}-Tena. 

Tor.u;a eepHo ypaeHeHHe KHHeMaTHKH BH.u;a 

(5.147) 

5.3.6. IIPE,IJ;CTARJIEHDE l'PYIIIIbl BPAIIJ;Emfit TBEP.IJ;Oro 
TFJIA B MYJILTllI'PYIIIIE TEJIA KBATEPHDOHOB 

IlpewioJKe1me S.41. Ilycn: 1. G(R,4) - KBaprrpynna (5.82); 
2. T(R,4) - 061.e,llHHeHHe KBapTrpynn111 c H)'l.111-MaTpHUeH: u8: 

T(R,4) = G(R,4) U u8; (5.148) 

3. MHoxecTeo T(R,4) 3aMKffYI'O oTHOCHTen11Ho ecTecTBeHHbIX 
Ma1'plNHblX onepao:HH CJlO:lKeHIDI H YMHO:lKCHIDI npH HWIINHH COOT­

BCTCTBYIDllUIX CBOHCTB (aJl.llHTHBHasI KO~aTHBHasI rpynna no nep­
BOH onepauHH, HeKoMMYI'aTHBHasI rpynna no BTopoH: onepauHH (6e3 
ug), ,llHCTpH6yrHBHOCTb). 

Tor.u;a: 1. MHoxecTeo T(R,4) jfBJllleTC.SI TenoM. 
2. Teno T(R,4) HaJ11maeTc.S1 KBapmmeJZoM. 

nou3aTeJlhCTBO CBO,llHTC51 K np}IMOH npoeepKe COOTBeTCTBYJO­
IUHX ceoiiCTB YKa3aHHbIX onepao:HH: a.IU{HTHBHasI KOMMyraTHBHasI 

rpynna no nepeoii onepauHH, HeKOMMYI'aTHBHasI rpynna no BTopoH: 
onepao:HH (6e3 ug), .u;HC1'pH6yrHBHOCTb.D 

Onpe.a;e.11e1me S.20. IlyCT11: 1. T(R,4) - KBapTTeno (5.148); 
2. et = col{l, 0, 0, 0} - opT H3 R4 ; 

3. K- Teno, :aneMeHTaMH KoToporo .SIBJI.SIIOTC.SI 06pa3111 :aneMeH­
TOB u~ E T(R,4) Ha opTe et: 

K = {zx: Zx = u~et}, (5.149) 

,llIDI KOTOpl>IX 

(5.150) 
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z;I = (u~ )-1 ef, 

Zx + Zy = (u~ + u$ )ef, 

- z = - uOe4 
x x 1. 

Tor,J:{a: 1. TeJio K Ha3&maeTc51 me;io.M KBamepHUOHOB. 

2. 3neMeHTbI TeJia K Ha3&maroTc.si KBamepHUOHa.MU. 

(5.151) 

(5.152) 

(5.153) 

KoMMemapHH: 1. ECJIH HHTepecoean.cg TOJlbKO a6eJieeoH: 

rpynnoH: KBapTTeJia T(R,4), BBe,J:{51 Ha HeH ecTeCTBCHH}'IO onepaumo 

}'MHO)KCHIDI MaTpHU Ha 1IHCJia µu~, µ E R1, To paeeHCTBO (5.149) c 

yqeTOM 

µz~ = µu~et (5.154) 

ocymeCTBJUICT H30MOP«i>H3M 1IeTbxpeXMepHoro BeKTOpHOfO npo­

CTpaHCTBa R4 H BbIWe}'Ka3aHHOH a6eneBOH rpynn&I KBapTTena 

T(R,4), T. e. JIJlSl mo6oro xO E R4 

xO <=> uO <=> zO (5.155) x x• 

R4 <=> T(R,4) <=> K. (5.156) 

2. B }'Ka3aHHOM CJiyqae ( «pa6oTaIOT» TOJl&Ko onepaxnm (5.150) 
H (5.154)) 6y;u;eM roeopHn., 'ITO KBaTepHHOH z~ EK nopo)KJ:{eH eex­

TopoM xO E R4 , npH 3TOM MHO)KeCTBO K MO)KHO Ha3&maTb BeKmop­

Hbl.M npocmpaHcmt10.M K6amepHUOH06. 3ToT <Pa.KT so H36e)KaHHe rry­

TaHHLU>I 6yAeM OTMe'laTb o6o3Ha'leHHeM K 4 • 

3. ECJIH paccMaTpHBaeTc.1 MYJJbTHIIJIHKaTHBHa51 rpynna G{R,4) 
KBapTTena T(R,4) (c BHYfPCHHeH: onepauHeH: yMHO)KeHIDI (5.150)), 
TO 'ICTBepm 'IHCCJI x 0 SIBIIHIOTC.sI 3JICMCHTa.MH MHoroo6pa3IDI Q4 H 

MO)KHO roeopHTb 06 H30MOpcl>H3Me 

Q4 <=> T(R,4) ¢::) K. (5.157) 

B 3ToM CJiyqae MHO)KeCTBo K (6e3 ug), ecTeCTBeHHO, Ta.IC)Ke n­
JllieTc.si MYJlbTHIIJIHKaTHBHOH HeKOMMYTaTHBHoH: rpynnoH:, 'ITO so H3-

6e)KaHHe nyTaHHLtbl 6yAeT OTMe'laTbC51 o603Ha'leHHeM 

(5.158) 
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Ilpewio:>KeHHe 5.42. IlycTn: 1. K 4 - BeKTOpHoe npocTPaHcTBo 

KBaTepHHOHOB; 

2. u~ E T(R,4), s = 1, 2, 3, 4- rro.no6IDI H3 KBaprrena (5.148), 
rropo)KJ:{eHHbie qeTDipexMepHI>IMH opTaMH e1 c e.nHHm~eli Ha s-MecTe 

(c yqeTOM o603HaqeHHH (5.90)); 
3. [i] = Cii, i2 , i 3 , i4 ) E K 4 - MHoxecTBO BeKTopoB, TaKHX 

qTo 

(5.159) 

Toma MHOXeCTBO [i] .SIBJUieTC51 6aJHCOM BeKTOpHoro rrpOCTPaH­

CTBa KBaTepHHOHOB K 4 . 

.I(oKalaTeJI&CTBO. ,UrnI mo6oro s = 1, 2, 3, 4 HMeeM i 8 = e1 H .llIDI 

mo6oro KBaTepHHOHa ZX' xO = col{xi, X2, X3, X4}, KaK BeKTOpa, c 

yqeTOM (5.149) rronyqaeM pa3JioxeHHe Zx = u~ef = L 8 X 8u2ef = 
= L 8 xsi8 .D 

KoMMemapHii. EaJHC [i] seKTOpHoro rrpocTpaHCTBa KBaTepmm­

HOB K 4 rropmK.n;aeTc51 6aJHCOM BeKTopHoro rrpocTpattcTBa rro.uo611ii 

Gt6 (R,4) (5.90) c HCIIOJib30BaHHeM H30Mop¢H3Ma (5.159). 

Ilpewio:>KeHHe 5.43. IlycTI>: 1. Ko - MYJibTHIIJIHKaTHBHa51 

rpyrrrra KBaTepHHOHOB (5.158); 
2. u2 E T(R,4), s = 1, 2, 3, 4 - 11ono61151 H3 KBapTTe­

Jia (5.148), rropo)K.l{eHHbie qeTI>IpexMepHbIMH opTaMH e1 c e,n;HHH­

ueli Ha S-MeCTe; 

3. [i] = (i1 , i2 , i 3 , i4 ) E K 4 -MHoxecrno BeKTopoB, TaKHX qyo 

(5.160) 

Tor.na: 1. MHoxecrno (i] B K 0 (Ho He a K 4 !) HMeeT CJie.nyro~11e 

CBOHCTBa: 

1.1. iiii =if'= u;sef= uesef= ii; 1i 1k = 1k11 = Ueiuekef = ik, 
k = 2, 3, 4; 

1.2. ikik = ifd = uekuekef = u;kef = - ii, k = 2, 3, 4; 
1.3. i1i2 =-i2i1 =i3, i1i3 =-i3i2 =ii; i3il =-i1i3 =i2. 
2. 3JieMeHT ii 51BJI51eTc51 e,UHm1ueli rpyrrrrnI K 0 , TaK qyo 

ii Zx = Zx .llIDI mo6oro Zx EK 0 • 
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KoMMeHTapHH: 1. Ha ocH0Baiu1H n. 1.2 :meMeHTLI i k rpynnL1 

K 0 Ha.JLIBaIOT «MHHMLIMH» e,n:HHHUaMH. KIDK,D;Llli KBaTepHHOH HMeeT 

TPH «MHHMLie» e,n:HHHU,bl, qTo CJIYXHT OCHOBaHHeM K HCilOJII>30Ba­

HHIO ,n:mI KBaTepHHOHOB TepMHHa «mnepKOMilJieKCHI>Ie qe:cna». 

2. :Se3 KaKoro-JIH6o ocHoBamra BeKTopI>I i k E K 4 Ha.J1>ma10T 

TaIOKe MHHMI>IMH e,n:HHHU,aMH, B TO BpeWI KaK B BeKTOpHOM npo­

CTpaHCTBe omeKTI>I i k .SIBJUIIOTC.SI OfaRHI>IMH qeTI>IpeXMepHI>IMH Op­

Ta.MH c e.n;HHHU,eH Ha k-M MeCTe, AJI.SI KOTOpI>IX onepau,H.SI B03Be.n;eHH.SI 

B KBa.n;paT Boo6me He onpe.n;erreHa. 

3. AHanoIWIBasi: nyraHHua HMeeT MeCTo H npH onpe.n;erreHHH 

KOMIIJieKCHbIX qlfcerr: MHOXeCTBO KOMilJieKCHbIX qlfcerr, KaK BeKTOp­

HOe rrpOCTpaHCTBO, co.n:epXHT opT iz = (0, l)T' AJI.SI KOToporo onepa­

UIDI ii He HMeeT CMI>ICJia; MHOXeCTBO KOMilJieKCHI>IX qncerr, KaK Te­

no, co.n;epxHT TOT xe 3JieMeHT i2 , .n:mi: KOToporo onepaUIDI ii onpe­

.n:eneHa H ii = - ii , r.n:e ii = (1, 0) - e.n;HHHUa noJI.SI, HO He 

apmpMeT~eCKasI e.n;HHHUa «1», KaK 3TO npHH.SITO cqHTaTI>. 

Onpene.JieHHe 5.21. KBaTepHHOH 

z* = uTe4 
x x i 

Ha3I>IBaeTC.SI conp.Jt'JKeHHbl.M " KBamepHUOHy z x . 

(5.161) 

IlpenJIOlKeHHe 5.44. Oro6paxeHHe <p: Zx ~ z; HHBOJIIOTHBHO 

(cp2 = E). 

IlpenJIOlKeHHe 5.45. IlycTI>: 1. K 4 = K 0 ® K~, r.n;e K 0 
BeKTopaasi: np.SIMasI c HarrpaBJieHHeM i0 ; K~ - TpeXMepHoe BeKTop­

Hoe npocTpaHCTBO, rropo)l(JJ;eHHoe BeKTOpaMH ~ E R3 ; 

2. Zx• z; E K 4 . 

Tor.n;a 

Zx +z; EK 0 , 

zxz; EK 0 . 

(5.162) 

,lJ;oKalaTe.JILCTBO. zx+ z; = (ux+ u; )ef = 2x0Eef = 2x0i0 E 

E K 0 , zxz; = uxu;ef = llxOll~i0 E K 0 . D 
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OnpeJJ;en:e1D1e 5.22. 1. lfucno 2x0 Ha.31>1saeTc5l npu6eoeHHbl.M 
CJleOOM KtJamepHUOHQ.. 

2. qHCJIO 11xo11~ = llz~ll~ - Ha.31>IBaeTC.sI nput1eOeHHOU Hop.MOU 
KtJamepHUOHa. 

Onpe.a;en:elDle 5.23. 06pa.3 ccpep1>1 Po,zqlHra-faMHJII>TOHa YA. 
(5.92) B K 4 (HJIH B K 0 ) Ha.31>1BaeTc.si c¢epou Poopuza-I'a.MUJtbmo­
Ha B K 4 (HJIH K 0 ) H o6o3Ha11aeTC5l K1.,. 

KoMMeHTapHH: 1. 3neMeHTaMH ccpep1>1 PonpHra-faMHJII>ToHa 
KA. asn.si10Tca KBaTepHHOHl>I c e,l:{HHH11Hoil npHBeneHHOH HOpMoH: 

llz~ll~ = 1. 
2. KoopnHHaTaMH KBaTepHHOHa z~ EK A. B 6a.3Hce (5.159) as­

n51IOTC.S: napaMeTpaMH Po.!lpHra-raMHJII>TOHa ).O (5.92). 

1Ipewio11:e1D1e 5.46. IlyCTI>: 1. K 0 - M)'JII>THIIJIHKaTHBHa.si 
rpynna KBaTepHHOHOB (5.158); 

2. z1., E K1., - KBaTepHHOH, nopo~eHHl>IH napaMeTpOM Po.!l­
pHra-faMHJI1>ToHa (5.92) (5.102): 

z~ = col{cos a12, d~1 sin aJ2, d~2sin aJ2, c~3sin al2}. (5.163) 

Toma cyxeHHe onepaTopa z~z~>zf"' Ha V3 asn.sieTc.si spam:eHH­
eM TBep,!loro Tena. 3ToT onepaTop ocymeCTsn.sieT HaKpI>ITHe rpynn1>1 
TpeXMepHI>IX spam:eHHH TBep,!loro Tena rpynnoli KBaTepHHOHOB Ko, 

o o o• o o o• B CHJIY z1., z(.)zA. = z_f.. z(,)z-1.. 

(5.164) 

,Il;OK838TeJILCTBO. OnepaTop z~ ze) z~· 1 V3 COBna,n;aeT c onepaTo­
poM <I>~(,)= u~(.) 4U~'T et Ha V3 B CHJIY (5.109).D 

222 



5.4. YPABHEHIDI ,ZJ;BIDKEHIDI 
Al>COJIIOTHO TBEP,ZJ;OfO TEJIA 

5.4.1. YPABHEHIDI IIPOCTOfO CBOBOJ.J;HOfO ,llBIDKEHIDI 
TBEPJ.J;OfO TEJIA 

IlpeAJIOlKeHHe S.47. IlyCTL: 1. IIpe)UlOJIOXGIM'., trro Bs - mep.z:toe 

Te.ITO H Es - npOH3BOJILHa51 CBSl3aHHa51 c HHM CHCTeMa KOOpAJIHaT; 

2. Eo - npoH3BOJILHa51 CHCTeMa KOOpAHHaT B A3; 
3 vos = vos = col(vOs wOs) - BeKTOp KBa3HCKopoCTeH E 

' SS S S ' S S 

OTHOCHTe.IILHO Eo B 6a3HCe [es] (5.23), (5.47); 
4. z;(x),s - CKOJIL35Ill.UiH BeKTOp, nopo~eHHLIH BeKTOpOM 

v(x) = v~s KBa3HCKopocTeH napamie.rrLHoro nepeHoca TO'IKH x EB 
oTHocHTe.rr1>Ho E0 ; 

5. xs - paAHyC-BeKTop rrpOH3BOJILHOH TO'IKH x E Bs B Es, 
xss - ero KOOpAHHaTHLIH CTOJI6ea; B 6a3Hce [eS ]; 

6. E>i - (6 x 6)-MaTpHa;a BH,!l;a 

E (xs )s,T 
es = (5.165) 

x (xs)s -(xs)s(xs)s 

Tor.i:ta CKOJIL35IIUHH BeKTOp z;(x),s npeACTaBHM B BH,!l;e JIHHeHHO­

ro npeo6pa30BaHH51 BeKTopuoro rrpOCTpaHCTBa KBa3HCKOpOCTeii 

TBepAOro Terra [19, 33]: 

lv(x),s = o.syOs 
s 0 x s · (5.166) 

,lJ;OK838TeJlbCTBO. c yqeTOM paBeHCTB(w~)sxss = - (xS)sw9s = 
= (xs)s.Tw~s. 

1v(x),s -11 E 0 II v~s -II E 0 II v9s + (w~ )s xss = 
s - O(xs)s v~s - O(xs)s v9s+(w~)sxss 

E (xs )s,T 
= (xs )s -(xs )s (xs )s 

vOs 
s 

wOs s 
= esvos.o x s 

Onpene.11eHHe S.24. IIycTL: 1. II p e Arron o iK HM, tITO B s 

TBepAOe Te.ITO; 

2. Es - npoH3BOJILHWI CB513aHHWI c Bs·Te.ITOM CHCTeMa KOOpAH­

HaT. 
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Tar;:(a: 1. BeKTap rt Hera Kaap.nHHaTHbIH CTarr6eu rts B 6a:mce 
[es], anpe.neIDieM1>1e paBeHCTBaMH (m - Macca) 

rt = m-1 (B) J XBxsm(dx), rts = m-1 (B) J XBxssm(dx), (5.167) 

Ha31>IBa10TcS1 pa.neycaM-BeKTapaM uempa Mace Terra B s B Es H era 
Kaap,!lHHaTHbIM CTarr6uaM B 6a3HCe [eS]. 

2. TaqKa c E B s, 3acpHKcHpaBaHHa51 B Es pa,!lH)'CaM-BeKTapaM 
(5.167), Ha31>IBaeTcS1 uempaM Mace Terra B. 

3. (3 x 3)-MaTPHUa BH,!la 

e~ = - J XB(xS)S(xS)Sm(dx) (5.168) 

Ha3bIBaeTC51 (3 x 3)-MaTpHueH: HHepUHH Terra BB TaqKe Os (HHXHHH 
HH,UeKC) B 6a3HCe [es] (BepxHHH HH,!leKC ). 

Onpe.nen:eHHe 5.25. IlycT1>: 1. Ilpe.nnarraxHM, ~a Bs -
a6camaTHa TBep.nae Terra; 

2. Eo - HHepUHarrbHa51 CHCTeMa Kaap,!lHHaT; 
3. l~(x),s - CKaJib35llllHH BeKTap, napax.neHHblH BeKTapaM 

v(x) = v~s KBa3HCKapacTe:H naparrrrerr1>Haro nepeHaca Taqm x EB 
aTHacHTerr1>Ha E 0 . 

Tar.na BeKTapHa51 Mepa Pa.naHa [49] Ha cr-arrre6pe MeXaHlfqeCKHx 

CHCTeM O'~ BH,!la 

(5.169) 

Ha3bIBaeTC51 KHHeTlfqeCKHM BHHTaM a6caJIIOTHa TBep.naro Terra npH 
,!lBHXeHHH aTHaCHTerrbHa HHepUHaJibHaH CHCTeMbI Kaap,!lHHaT (BHYT­
peHHHe HH,!leKCbI) B CB513aHHaH CHCTeMe Kaap,!lHHaT (BHelIJHHe HH­
.neKCbI) (19, 23, 33]. 

KoMMemapHB: 1. Hea6xa.nHMacT1> B naH51THH «KHHeTlfqecmH: 
BHHT» Ba3HHKJia BnepBbie npH naCTPaeHHH ypaBHeHHH ,!lBHXeHH51 

a6camoTHa TBep.noro Terra. IlOTpe6HaCTb B yKa3aHHOH BeKTapHaH 
Mepe Pa.naHa npH Hccrre.noBaHHH rr0Karr1>HO rrHHeHHO H3MeH51eMaH: 

cpe.nbI He B03HHKarra. 
2. IlrraTHaCTb HHepuHaHHaH ,!lHHaMlfqeCKaH Mepbl (2.30) CB513a­

Ha c nrraTHaCTblO MepLI (5.169) COOTHarneHHeM 

p~· (x),O = d/dt(p~(x),O ). (5.170) 
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3. KHHeTWl:ec:rrnH: BHHT B HHepumlJThHOH CHCTeMe KOOp,llHHaT, 
aHaJIOI'H'IHO (5.169), onpe,nemi:eTC.sI paBeHCTBOM 

Q OO - f X pv(x),Om (dx) 
sO - B 0 i · (5.171) 

IlpeWIOJKeHHe S.48. Ilycn.: 1. E 0 H Es - HHepuHarrbHruJ H 
CBSI3aHHrul c TBep,nl>IM TeJIOM CHCTeMl>I Koop,nHHaT; 

2. Q~, Q~f - :rrnHeTWl:ecme BHHTl>I TBep,noro Tena GB .namKe­
HHH OTHOCHTeJibHO E 0 (BffYTpeHHHe HH.neKCF>I) B E0 H Es (BHeIIIHHe 
HH,neKCl>I) COOTBeTCTBeHHo; 

3. eg, e~ -(6 X 6)-MaTpHUbI HHepUHH TBep,noro TeJia Bs (MaT­
pHUbI M1naca [33)) B TO'IKax Oo H Os (HH:lKHHH HH,neKc) B 6a3HCax 

[eO) H [es) (BepxHHH: HH,neKc) BHJJ:a 

(rck )k,T m; (B) 
Ok , k = 0 HJIH k = s; (5.172) 

k 

4. L~ E L(R,6) - npeo6pa30BaHHe KOOp,llHHaT BHHTOB (7.7), 

HH,nyUHpOBaHHoe .IlBmKeHHeM E 0 ~ Es. 
Toma: 1. KmlerwiecKHH: BHHT Q~f TBep,noro TeJia B s B .namKeHHH 

ornoCHTeJlbHO E 0 B Es .sIBJISierc.si mrneii:HhIM npeo6pa30BaJIHeM npo­
CTpaHCTBa KBa3HCKOpocreH: TBep.noro TeJia BS BH,na [19, 23, 27, 33] 

Q Os = esyOs :: esyOs 
SS S SS S S ' (5.173) 

2. KHHeTWl:ec:rrne BHHTbI Q~ H Q~f CBSI3aHbl Bl>IpaxeHHeM 

Q oo = LoQos sO s ss · (5.174) 

3. MaTPHIJ.bI MH3aca eg He~ TBep,noro TeJia CBSI3aHbI BbipruKeHHeM 

(5.175) 

JJ:oKa3aTe.JlbCTBO: 1. c yqeTOM (5.169), (5.166) norryqaeM 

Q Os = f X zv(x),sm. (dx) = f X es yos m· (dx) = 
SS B s I B x SS I 

= f x es m(dx) yos =es yos B x SS s s • 
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2. PaBeHCTBO (5.174) B:bIIIOJIIDieTC.11 B CWI)' orrpe,ne.n:eHIDl MaTPH­

U:bl L~ (7.7). 
3. AHaJIOIWIHO II. 1 ,ll0Ka3LmaeTCJI paseHCTBO Q~8 = eg vso~. B 

currv (7 7) HMeeM yoo = Ls,T vos H crre.n;oBaTeJI:bHO Qoo = ·-·J . s0 0 SS ' ' SO 
= eo Ls,T vos Ho QOO = LO QOS = £0 es vos (5 174) H (5 173) H 0 0 SS • s0 S SS S S S • • ' 
II03TOM}' egLtiT = L~e~. OTK)'lla H crre.n;yeT (5.175).0 

KoMMemapuii. I-fa ( 5 .172) crre.n;yeT, liTo MaTpHua MH3aca 5IBJIJ1-

eTc.11 MaTpHueH: HCKOTOpOH KB~paTHliHOH cpopMLI. 

IlpeJVIOJKelUle S.49. MaTpnua MH3aca HMeeT ,llBa TpeXMepHLIX 

HHBapHaHTHLIX rro.n;rrpoCTpaHCTBa KBa3HCKOpOCTeii ( rraparrrre.n:i.Horo 

rrepeHoca H Bpam;eHIDI). IlpH COOTBeTCTByrom;eM B:bl6ope CHCTCMLI 

KOOp,llHHaT MaTpHUa MH3aCa HMeeT BH.n; 

m(B)E 0 
e~c= 0 es ,Esc=<osc•[e']). 

SC 

(5.176) 

){OKa38TeJIJ.CTBO ,llOCTHraeTC.11 BJ.rI6opOM B (5.172) B Ka'leCTBe Ha­

'laJia CB513aHHOH CHCTCMLI KOOp,llHHaT UCHTPa Mace TeJia B s' r ls = 0.0 

0npeAeJielUle S.26. CHCTeMa Koop.mmaT c HaliaJIOM B uempe Mace 

TeJia B s Ha3LIBaeTC51 UCHTpaJI:bHOH CHCTeMOH KOOp,llHHaT HHepUHH. 

IlpeJV10JKe1U1e S.SO. MaTpHua MH3aca HMeeT mecT:b o.n;HoMep­

HLIX HHBapHaHTH:blX no.n;rrpOCTpaHCTB • npOCTpaHCTBa KBa3HCKOpo­

CTeH. IlpH COOTBCTCTByrom;eM B:bI6ope 6a3HCa MaTpHua npHHHMaeT 

.D;HaroHaJILH:bIH BWJ. 

esc = s 

m(B) 

m(B) 

0 

m(B) 0 

I~ 
pc 

55 
fSC 
66 

(5.177) 

){OK838TeJIJ.CTBO crre.n;yeT H3 o6m;HX TeopeM a.n:re6p:b1 0 CHMMeT­

pHtiCCKHX MaTpHuax. 
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OnpeJ.{eneHHe 5:27. CHCTeMa KOOp,llHHaT, B KOTOpoH: MaTpHI~a 

MH3aca TeJia HMCeT ,nHaroHaJil>HbIH BH,n, Ha31>maeTC5I rnaBHOH ueHT­

panbHOH CHCTeMOH KOOp,llHHaT HHepmm. 

Onpe,!leneHHe 5.28. IIycT1>: 1. MaTpnua MH3aca E>~ (53] TeJia 

Bbl'lHCJieHa B npOH3B01lbHOH CB513aHHOH CHCTeMe KOOp,llHHaT Es; 
2. Haqano CB513aHHOH CHCTeMbI KOOp,llHHaT He COBna.naeT c ueHT­

poM Mace Tena 

(5.178) 

Tor.na TBep.noe Teno B Ha31>maeTca ouHD.Mu'lecKu Hec6MaHcupo­

BaHHbl.M B Es. 

KoMMemapuii. IloHaTHe «.llHHaMnqecm HecoanaHcHpoBaHHoe 

Teno» HMeeT ,nBa CMbICJia: Teno B tPH3H'leCKOM CMDICJie J:lHHaMffqCCKH 

Hec6ammcHpoBa.Ho, ecnn ero ueHTp Mace He npHHaJtJie:xarr 4'H3H'le­

CKOH (onpe.nenaeMOH COOTBeTCTBYIOIUHMH mapHHpaMH) OCH Bpam;e­

HHa; Teno B MaTeMaTH'leCKOM CMbICJie ,llHHaMHqeCKH Hec6ana.HcHpo­

BaHO B mo6oH: npOH3BOJlbHOH CB513aHHOH CHCTeMe KOOp,llHHaT npH 

r f 9 * o, B 11acTHOCTH -B CHCTeMe Koop.nit:HaT' Ha11aJIO KOTopoH: «Jie­

}f(HT» Ha 4>H3H'ICCKOH OCH Bpam;eHH51 Tena, He npoXO'ASIIIleH qepe3 

ero ueHTp Mace. 

Onpe,!leneHHe S.29. IlycTI>: 1. MaTpHUa MH3aca eg Tena Bbl-

1:rn:C11eHa B rJiaBHOH ueHTpaJIDHOH CHCTeMe KOop.nHHaT Tena (5.177); 
2. fJiaBH1>1e MoMeHT1>1 HHepmm nonapHo He coBna.naioT 

(5.179) 

Tor,lla TBep,lloe TeJIO B Ha31>maeTca ouHa.Mu11ec1Cu acU.M.Mempu11-

Hbl.M B E, [22, 24, 33]. 

IlpeJlJIOlKeHHe S.51. IlycT1>: 1. Ilpe.nnonoJKHM, 11To B-a6-

coJIIOTHo TBep.noe TeJIO; 

2. 18 (-,B, B) - )lHHaMH'leCICHH BHHT HHep1um TBep.noro Tena 

(2.28) B HHepuHaJibHOH CHCTeMe KOOp,llHHaT Eo; 
3. Qjg = Q~ - KHHeTH'ICCKHH BHHT TBep.noro Tena B HHepUH­

aJibHOH CHCTeMe KOOp,llHHaT Eo (5.171). 
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Tor,Z:la AHHaMli'leCKHH BHHT HHepu;HH TBep,Z:loro Terra B HHep­

D;HaJibHOH CHCTeMe KOOpAHHaT COBrra.n;aeT co CKOpOCTbIO H3MeHeHKSI 

KHHeTli'leCKOro BHHTa B TOH xe CHCTeMe KOOpAHHaT c o6paTHbIM 

3HaIWM (33]: 

(5.180) 

JJ:oKalaTeJJLCTBO cne.zzyeT H3 onpe,n:e.rreHHH (2.28), (5.171) H 

(5.170), (2.46).D 

KoMMeHTapHH: 1. PaBeHcTBO (5.180) .siBJUieTc.si KOHTHH)'YaJib­

HbIM aHaJIOroM «TeopeM 0 H3MeHeHHH KOJili'leCTBa ,IlBH:lKeHKSI H MO­

MeHTa KOJili'leCTBa ,IlBH:lKeHKSI», ,Z:lOKa3bIBaeMbIX WU! KOHe•rnoro MHO­

xecTBa ToqeK co cocpe,n:oToqeHHbIMH MaCCaMH. 3,n:ecb OHO ,IlOKa3bl­

BaeTC.sI TOJibKO WU! a6coJIIOTHO TBep.n:oro Te.Tia (WU! KOTOporo 

orrpe,n:e.rreHO IIOIDITHe KHHeTH'leCKOro BHHTa Q2& (5.171)). 
2. PaBeHCTBO (5.180) He .sIBJUieTc.si «3aKOHOM rrpHpo,n:bI», KaK 3To 

rrpHIDITO C'IHTaTb. CTporo roBop.si, OHO He .sIBJUieTC.sI H CBOHCTBOM 

Bce.rreHHoH: MeXaHHKH faJIHJie.si, TaK KaK HH TO'IKH co cocpe,n:oToqeH­

HbIMH MaCCaMH, HH a6COJIIOTHO TBep,Z:lble Tena B peaJibHOM cpH3li'le­

CKOM MHpe He C)'ll\eCTB)'IOT' B MeXaHHKe JIOKaJibHO H3MeIDieMOH cpe­

,Ilbl paBeHCTBO (5.180) B006ru;e He B03HHKaeT. HHbIMH CJIOBaMH, pa­

BeHCTBO (5.180) .sIBJUieTC.sI 3JieMeHTOM rrpHKJia.n;HOH MeXaHHKH, 

crrpaBe,WIHBbIM HaCTOJibKO HaCKOJibKO npH pemeHHH rrpaKTli'leCKHX 

3a,n;aq peaJibHa.sI MeXaHli'leCKa.sI CHCTeMa MO:lKeT 6bITb npe,n:CTaBJieHa 

KOHe'IHbIM MHO:lKeCTBOM ToqeK co cocpe,n:oToqeHHbIMH MaCCaMH HJIH 

a6coJIIOTHO TBep,IlbIM TeJIOM. 

3. I-fa (5.180) cne.zzyeT, 'ITO Bee cnaraeMbie, rronyqaeMble B rrpa­

BOH qacTH paBeHCTBa nocne BbmonHeHIDI orrepau;HH ,n:HcpcpepeHD;Hpo­

BaHIDI, HMeIOT HHepa;HOHH)'IO npHpo.zzy, T. e • .sIBJUIIOTC.sI COCTaBJI.sIIO­

ID;HMH AHHaMli'leCKOro BHHTa HHepa;HH. IlpH 3aIIHCH paBeHCT­

Ba (5.180) B pa3HbIX HeHHepa;HaJibHbIX CHCTeMax KOOp,IlHHaT 3TH 

COCTaBJUIIOID;He HMeIOT pa3H)'IO cpopM}'. ,[(mi: npaKTHKH HaH60JiblliHH 

HHTepec rrpeACTaBJUIIOT COCTaB H cpopMa 3aIIHCH npaBOH qaCTH pa­

BeHCTBa (5.180) B CHCTeMe KOOpAHHaT, CB.sI3aHHOH c TBepAbIM TeJIOM. 

IlpeWio:>KeHHe 5.52. IlycTb: 1. II p e .n: no JI o :lK HM, 'ITO B s -

a6coJIIOTHO TBep.n:oe Te.TIO; 
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2. E0 , Es -1rnep1u1aJILHasI H CB513aHHa.sI c Bs cHcTeMbI KoopAH­

HaT; 

3. Q2% - KHHenReCKHH BHHT TBep.n:oro Tena B s rrpH ABHXeHHH 

OTHOCHTenbHO HHepUHaJibHOH CHCTeMbI KOOpJ];HHaT, 3aIIHCaIIHbIH B 

3TOH xe CHCTeMe KOOPAHHaT (5.171); 
4. F J ( -iB, B) - JlHHaMJl'iecKHH BHHT B03.U.eiicTBIDI Ha Teno B s 

BHeIIIHeH cpe,Ubl --,B HeJrnepUHOHHOfO npoHCXO)K)leHIDI (.n:orrOJIHeHIDI 

Tena BB O'-aJire6pe MeXaHll'ieCKHX CHCTeM crj' (5.28)) B HHepuHaJib­

HOH CHCTeMe KoopAHHaT E 0 : 

Foo (--,B, B) = G8 (tB, B) - D8 (B, -iB), (5.181) 

r.ue G8(-iB,B), D8(B,1B)- .U.HHaMll'iecKHe BHHTbI rpaBHTauHH 

Tena B (2.35) H Ae¢opMHpOBaHH51 (2.41) BHeIIIHeii cpeJJ;bl TBepJJ;blM 

TenOM BS. 
Tor.n:a ypaBHeHHSI rrpocTOro cBo6o,UHoro .lJ:BH)KeHHSI TBep.uoro Te­

na OTHOCHTenbHO HHepUHaJibHOH CHCTeMbI KOOpAHHaT H B 6a3Hce 

HHepuHaJibHOH CHCTeMbI KOOpJlHHaT HMelOT BH)l [19, 33] 

(5.182) 

)lOK838TeJILCTBO, B COOTBCTCTBHH C aKCHOMOH 0 AHHaMll'iCCKOH 

c6aJiaHcHpOBaHHOCTH BceneHHoii MeXaIIHKH rammeSI (D.4) (2.47) H 

a)lAHTHBHOCTblO JlHHaMH'leCKOH Mepbl Ha crj HMeeM 

Pv(x),0· + pg(,x,x),0 + pa{,x,x),Op-1 _ 0 -o 0 0 y-· (5.183) 

T. e. B )l;HHaMJl'ieCKH c6amUICHp0BaHHOH BceneHHOH MexaHHKH ra­

JIHJieg B Ka)K)lOH TO'lKe a6cOJIIOTHO HenpepbIBHOH cpe.n;bI CyMMa 

IIJIOTHOCTeli )l;HHaMll'ieCKHX BHHTOB HHepuHH, TjJfOTeHIDI H Jle¢op­

Mau1m OTHOCHTeJibHO CKaJUipHOH Mepbl HHepuHH (1rnepuHOHHOH 

MaccLr) mi (dx) paBHa eymo. 

HHTerp11pyg paseHCTBO (5.183) no JKa3aHHOH CKaJUipHOH Mepe 

HHepuHH mi ( dx) TBepJJ;oro Tena B, nonyqHM 

-J XB p~(x),0· mi (dx) + J XB p~(-,x,x),Omi (dx) + 
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Ho J XB p~(-,x,x),Omi (dx) = J XB p~(B\{x},x),0 m; (dx) + 

+ J XBPg(-,B,x),Omi (dx) = 0 + J XBPg(-,B,x),Om; (dx) = 

= J XsP~(-,B,x),Om; (dx) = G(-,B, B); 

J XBPg<~.x).Opy-lm; (dx) = J XaP~(B\{x},x),Opy-lm; (d.x)+ 

+ J XBPgc-,B,x),OPy1m; (d.x) = 0 + J XBPg(-,B,x),OPy1m; (d.x) = 
+ J XBPg(-,B,x),OPy1m; (dx) = D(-,B, B) = - D(B, -,B) 

H, CJie,ll;OBaTeJibHO, 

J XBP~(x),O· m; (dx) = F~ (-,B, B) ~ dldtf X8P~(x),Om; (d.x) = 

= F~ (-,B, B) ~ dldtQ'fo =Foo (-,B, B). D 

IlpeWJOlKeHHe 5.53. 11yCTb: 1. 11 p e .ll non o x HM, "<ITO B s -
a6COJIIOTHO TBep.aoe Teno; 

2. Q2: - KHHeTHtleCKHH BHHT TBep,D;oro Tena npH .llBH:>KeHHH 

OTHOCHTCJibHO HHepUHaJibHOH CHCTCMbl KOOp.llHHaT Eo, BbNHCJICH­

Hblli B CB}l3aHHOH c TeJIOM CHCTeMe KOOp.llHHaT Es (5.169); 
3. vsos = col{v~s' w~s} - BeKTOp KBa3HCKopocTeH TeJia BS OT­

HOCHTeJibHO E 0; 
4. <;f>~S - (6 x 6}-MarpHua, nopo:>K,ll;eHHa}I BeKTOpOM KBa3HCKO­

poCTeH vps Tena no npaBHJIY [23] 

cf>Os = (w~)s 0 
s (v~)s (w~)s 

(5.184) 

5. (*) - CHMBOJI npOH3BO,llHOH B CB}l3aHHOH c TeJIOM CHCTeMe 

Koop,llHHaT Es. 
Tor.ua ypasHeHHe npoCTOI'O CB060.llHOI'O ,D;BH:>KeHH}I TBep.uoro Te­

rra OTHOCHTeJibHO HHepI.J;HaJibHOH CHCTeMbl KOOp,D;HHaT Eo, HOB 6a-

3HCe [es] CHCTeM1>1 KOOp.llHHaT Es, C8}13aHHoii c rsep,llbIM renoM B s, 
HMeeT BH,ll [19, 33] 
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)lOKa38TeJlbCTBO. IlO.IlCTaBJlSlSI paBeHCTBO (5.174) B ypaBHe­

HHe (5 182) nonvi:raeM (LOQOs) · = Fo(~D B) ~ £0· Qos + £OQOs· = 
• ' ··.1 • s Bs O · JU' s Bs s Bs 

= F~ (-,B, B). YMHo:xcasi nonyqeHHoe paBeHCTBo CJieBa Ha MaTpHLtY 

(L~ )-1 =Lb c yq:eroM (5.184) H (7.7), nonyqaeM .IlOKaJi.maeMbm 

pe3YJILTaT. D 

KoMMeHTapHii. IlpH nepexoJJ;e B ypaBHeHHSix .IlBIDKeHHSI TBepJJ;o­

ro Tena K Oa3HCY CWl3aHHOH c HHM HeHHep~a.TibHOH CHCTeMLI Koop­

JJ;HHaT Es B ypaBHeHIDIX .IlBMlKeHIDI nosBJU1eTCjJ sropoe CJiaraeMoe 

HHepuHOHHOI'O npoHCXOJK,D;eHHSI (BTOpasI COCTaBJUIIOW:asI <l>~SQg: 
HHepUHOHHOI'O .IlHHaMl{t{eCKOI'O BHHTa), 3aBHcsw:ee OT nepeKpeCT­

Hl>IX npOH3BeJJ;eHHH ::meMeHTOB MarpHULI <l>~S H BHHTa Qj:' HO He OT 

CKOpocreH HX H3MeHeHHSI. 

Ilpe.IVIome1me S.54. Ilycri.: 1. Ilpe.Itnono:xcHM, 'ITo Bs -
aoCOJilOTHO TBep,IlOe Teno; 

2. vsos =col{ v~s' w~s} - BeKTop KBa3HCKOpoCTe:H TeJia OTHO­

CHTenbHO E 0 ; 

3. e~ - MarpHua MH3aca Tena BB Es (noCTOSHHasI MarpHua 

(5.172), Bbl'IHCJieHHasI B Ha11ane 0 s H Oa3HCa [es] CBS3aHHOH c TenOM 

CHCTeMbl KOOp,IlHHaT Es). 
Toma ypasHeHHe npoCToro csoooJJ;Horo .IlBIDKeHHSI TBep.Itoro re­

na B OTHOCHTenbHO HHepUHaJibHOH CHCTeMbl KOOp,IlHHaT B KBa3HCKO­

pOCTll HMeer BH.Il [19, 33] 

esvos• + <t>Osesvos = FS(-D B) s s s s s s fU• • (5.186) 

)lOKa38TeJlbCTBO .IlOCTHraercg IlO.IlCTaHOBKOH B ypaBHe-

HHe (5.185) onpeJJ;eneHHSI (5.173).D 

KoMMeHTapHH: 1. CrraraeMi.re HHepuHoHHoro rrpoHcXoJK.D:eHIDI, 

co.Itep:xcaw:Hecs B si.rpa:xceHHH cf.>~se~vps (5.186), sBJU110rcs cl>YffK­
UIDIMH BTOpoii CTeneHH KOop.zumar KBa3HCKOpocreH Tena H TPa.zlH­
UHOHHO pa3,IleJigIOTCjJ Ha TpH rpynni.1: KOpHOJIHCOBbl, rnpocKOill{t{e­

crwe H uearpooe:x<:Hi.re. 

2. YpasHeHIDI (5.186), 3anHcaHHLre B 683Hce csg3aHHOH c renoM 

CHCTeMbl KOOpJJ;HHaT Es• }'nOOHl>I TeM, 'ITO, BO-nepBbIX, MarpHUa MH-

3aca 0~ IlOCTOgHHa H, BO-BTOpbIX, BCKTOpbl KBa3H}'CKOpeHHH H KBa-
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3HCKOpOCTeH VsOs*, vps Te.Tia Jienco H3Mep.SIIOTC.SI 6opTOBbIMH IlpH60-

paMH TBep,I(oro TeJia (caMoJieTa, cynHa, crryrnHKa H T. rr.). 

3. B 6a3HCe [ e 0] HHepll,HaJlbHOH CHCTeMbI Koop.zumaT E 0' OTHO­

CHTeJibHO KOTopo:H paccMaTpHBaeTC.SI ,l(BHXeHHe Te.Tia H B KOTOpoH: 

cqmpMYJIHpOBaIIO ypaBHeHHe (5.182), MaTpHIJ,a MH3aca eg rrepe­

MeHHa, H Il03TOMY HMeeM 

Qro· = Fg (-,B; B)-:; (E>gvpo )' = Fg(-,B, B)---:; 

---:; egvsoo·+ eg· vsoo = F00(-,B, B). (5.187) 

IlpeNJ01KeHHe 5.55. IlycTb: 1. Ilpe.l(rrono:xcHM, qTO Bs -
a6cOJIIOTHO TBep.l(oe Te.TIO; 

2. YpaBHeHHe KHHeMaTHKH rrpocTOro cBo6o.l(HOro .l(BIDKeHH.SI 

TBep.l(oro Te.Tia HMeeT BH,Z{ (5.49) 

· vsos = M~qs·. (5.188) 

Toma ypaBHeHH.SI rrpocTOro cB060,11;Horo .D;BH:xceHH.SI TBep,D;oro Te­

na B o6o6meHHblX KOOP'AHHaTax qs Tena (5.21) HMeroT BH,Z{ [19, 33] 

Af (qs)qs·· +Bf (qs' qs· )qs· =Ff (-,B, B), (5.189) 

AS(qS) =es MO BS(qS qs·) = esMO· + cpOsE)sMO (5.190) s s s• s • s s s s s· 

KoMMemapHH: 1. B ypaBHeHH.Six (5.189) «IIpaBIDI qaCTb» rrpe.l(­

CTaBJieHa ,l(HHaMHqeCKHM BHHTOM BE s (T. e. rrpHBe,D;eHHbIM K ,l(eKap­

TOBbIM KOOp.l(HHaTaM CHCTeMbI Es' HO He K o6o6meHHbIM KOOp.l(HHa­

TaM). Ilo3TOMY MaTPHIJ.a Af (qs) He .SIBJI.SieTc.SI MaTpHn:e:H KaKoii-JIH6o 

KBa,apaTffqffQH cpopMbI. 

2. IlpHBe,l(eHHe .zumaMHqeCKoro BHHTa Ff (-,B, B) (5.189) K 

o6o6meHHbIM KOOp,l(HHaTaM BblIIOJIH.SieTC.SI YMffO:XCeHHeM CJieBa Ha 

MaTpHey M~·T. B 3TOM CJI}"lae ypaBHeHHe (5.189) rrpHHHMaeT BH,Z{ 

[19] 
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(5.193) 

me MaTPHI.ta Af(qs) = M~·Te~M~ cHMMe'rpH<rna H no3TOMY .SIBIDI­

eTCjJ MaTpHueii HeKOTOpOH KBa,upaTHtIHOH cpopMLI. 

3. PaaeHCTBa (5.186), (5.189) H (5.191) .SIBmIIOTC2 Ma'rpfftlHLIMH 

cpopMaMH 3ailHCH meCTH .l{HcpcpepeHllHaJII>HLIX ypaaHeHHH: BTOporo 

nop.SI.l{K.a npocTOro cBo6onHoro .llBIDKeHIDI TBepnoro Tena. KaJK.l{oe H3 

3THX ypaBHeHHH conep:xarr nOJIHbIH Ha6op KOOp,IUIHaT KBa3HCKOpO­

CTeH H KBa3H)'CKOpeHHH ( o6o6meHHl>IX CKOpOCTeH H ycKopeHHH:) 

,l{BIDKeHHH napWI11en1>HOro nepeHOCa H BpameHIDI, 1ITO He naeT OCHO­

BaHIDI pa3.l{eJI.SITI> HX Ha ypaBHeHIDI OT,l{e.TII>Hl>IX Bl>IIDeYKa3aHHl>IX ,l{BH­

xeHHH. Mm.IMH CJIOBaMH, npH 3anHCH ypaBHeHHii npocToro cBo6on­

Horo ,l{BHXeHIDI Tena B npOH3BOJil>HOH CB513aHHOH CHCTeMe KOOpnH­

HaT .l{BHXeHIDI napWI11e.TII>HOro nepeHoca H BpameHIDI He JIBmllOTC2 

HHepUHOHHO He3aBHCHMLIMH (B CHJIY HHCpUHOHHl>IX CJiaraeMI>IX B 

ypaBHeHIDIX ,l{BHXeHIDI, 6e3 yqeTa B03MO:lKHOH 3aBHCHMOCTH 3THX 

.ll:BIDKeHHH 3a ClJeT ,IUIHaMHtleCKHX BHHTOB). 

4. MHepUHOHffYIO HC3aBHCHMOCTI> .llBIDKeHHH: napaJIJiem.Horo nepe­

Hoca H BpameHIDI Tena He CJle.n:}'eT nyraTh c KHHeMaTHlJecKOH He3aBH­

CHMOCThIO 3THX .llBIDKeHHii. IlOCJie.u.Hee nomrme a6COJllOTHo: ecJIH cpa-

30B351 TOlJKa Tena .llBIDKeTC51 no no.n:MHoroo6pa3HIO B cpa30BOM npo­
CTpaHCTBe Qq (5.60), 3aBHCJlllleM OT KOOp,IJ,HHaT o6oHX ,llBIDKeHHH, TO 

3TH JlBIDKeffHjJ Tena KHHeMaTHtiecKH 3aBHCHMLI. EcmI TaKHX no.u;MHoro­

o6pa3HH Her' TO 311{ ,JJ,BffXeffHjJ Tena KHHeMaTHlJecKH He3aBHCHMl>I. 

IIepBoe nomrme ycnoBHo: TaKHM ycnoBHeM mm.s:erc2 BLI6op CBSI3aHHoii 

c TeJIOM CHCTeMl>I KOOp,D,HHaT, B 11aCTHocm B1>16op Ha11ana 3TOH CHcre­

Ml>I KOOp,l{HHa-r. RCHO, 1ITO H3 KHHeMaTHlJecKOH 3aBHCHMocm (HCIOIIO­

'lasI tJ:aCTH1>1e cnyqaH) cne.nyer ,IJ,HHaMHtiecKasi 3aBHCHMOCTh (qepe3 nH­

HaMHtiecme BHHThl peaKUHii), HO He Hao6opoT. IlpH HaJIHtlHH TOJll>KO 

HCI"OJIOHOMHLIX cu3eii: KOJIH'lecTBO creneHeii cB06o.m.i Tena TaKXe 

YMem.maerCjJ, HO Kame-JIH6o no.l{MHoroo6pa3HSI cpa3oBOro npoCTpaH­

CTBa, no KOTOpl>IM JlBHXe'l'C11 cpa30BasI TOlJKa Tena, <JTCYl'CTBYIOT· 

Onpe,ll;eJieBHe 5.30. KBa,upaTHtlHasI cpopMa 

T = 0. 5VSOs,T e~vps = 0. 5VSOO,T egvsoo = 

= 0.5qs·,T Af (qS)qS' (5.194) 
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Ha3bIBaeTC.sI KHHenl'IeCKOH 3Heprne:H TBepnoro Tena B KBa3HCKOpo­

CT.SIX, CKOpOCT.SIX H o6o6meHHblX CKOpOCT.sIX COOTBeTCTBeHHO. 

KoMMemapllii. I-fa (5.194) CJieeyeT, qTo MaTPHUa MH3aca 8~ B 

onpeneneHHH (5.172) .SIBJISICTC.SI MaTPHUeH KHHeTHtlCCKOH 3HeprnH 

Tena, 3al1HCaHHOH B KBa3HCKOpOCT.SIX. 

Bo3HHKaeT Bonpoc: cyw;ecTBy:IOT JIH CHCTCMbI Koop,nHHaT, B KO­

TOpbIX ,nBH:lKCHH.H napannenbHoro nepeHoca H spameHH.H cso6o,nHoro 

TBep.n:oro Tena OTHOCHTenl>HO HHepUHaJibHOH CHCTeMbl Koop,n:HHaT 

HHepUHOHHO He3aBHCHMbI? OrseT Ha Hero IlOJIO:lKHTeneH H conep­

:lKHTC.S: B CJIC.D:y:IOll.{HX yrsep:lK,neHIDIX. 

Ilpe,1VIo:JKe1U1e 5.56. IIycTb: 1. IIpennono:lKHM, qro Bs 
a6COJIIOTHO TBep,noe Teno; 

2. YpasHeHHe npocTOro cso6o,nHoro ,nBH:lKeHHH TBep.n:oro Tena B 
OTHOCHTenbHO HHepUHaJibHOH CHCTeMbl KOOp,n:HHaT B KBa3HCKOpO­

CT5IX H B UCHTpanbHOH CHCTeMe KOop.n:~maT HHCpUHH Ecs (5.176) 

HMCeT BH,n (19) 

osyOs* + <f>Os9syOs = FS (-D B)· 
Cle c c c c c fU• • (5.195) 

3. F s ( -,B, B ), Fe ( -,B, B) - rJiaBHDIH BeKTop H rnaBHbIH MO­

MCHT ,!J;HHaMHtlCCKoro BHHTa FJ(-IJ, B) (5.189), TaKHC 111'0 

FJC-,B, B) = col{Fs(-,B, B), Fc(-,.8, B)}. (5.196) 

Toma (6 x 6)-MaTPHtlHbie ypasHeHHH (5.195) B KBa3HCKopocT.six 

pacna,aaIOTC.sI Ha nsa (3 x 3)-MaTPffqHbIX ypasHeHHH ,r(BH)KCHHH, nep­

BOe H3 KOTOpbIX 3aBHCHT OT KBa3HCKOpocTeii napannenbHOro nepe­

HOCa H BpameHIDI, a BTOpoe .S:BJISieTC.sI He3aBHCHMbIM ypasHeHHeM 

npOCTOro CB060,IJ;HOro spameHHH Tena B KBa3HCKOpOCT.SIX: 

(5.197) 

eswOs* + (wO)seswOs = F (-,B B) cs s cs c ' . (5.198) 

.l(OK838TeJILCTBO .IlOCTHraeTC.sI rrpOCTOH nposepxo:H. 0 
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KoMMemapllii. H3 (5.197) He CJie,eyeT HllepUHmmoH: 3aBHcHMocm 

,nBIDKeHIDI napamieJll>HOro nepeHoca QelITpa Mace Tena OT yrnosoii CKO­

pocm spameHIDI aToro Tena, HecMOTp.sI Ha To 'ITO B nesyio 11acn> paBeH­

CTBa (5.197) BXO,!UIT BeKTOp yrnosoH: KBa3HCKOpocm w~s (HO He CKO­

pocm w~). ,neH:CTBHTeJll>HO, nepexonsi B (5.197) K .nmpcpepeffUHPOBa­

HHID B HllepUHam.HOH CHCTeMe KOOp,nHHaT vfs = c~,T vJ?O H 

(w9)0 = c9<w9)sc~'T,Fs(-,B, B) = c~·T FO(-,IJ, B), nonyqaeM 

m(B)v20· = FO(-,IJ, B), (5.199) 

aswOs• + (wO)saswOs = F (-12 B) c s s c s c tu• • (5.200) 

KoMMeHTapuu: 1. Ilpen1>~ee yrsepx.u;eHHe no cyrH ,D;ena .s1s­

JI.s1eTc.s1 OTBeTOM Ha sonpoc 0 CYIIleCTBOBaHHH CHCTeMI>I KOOp,D;HHaT, B 

KOTopo:H nsmKeHH.sI napaJIJien1>Horo rrepeHoca H spaw;eHH.sI cso6on­

Horo Tena HHepUHOHHO He3aBHCHMl>I: .llJl.sl Toro 'IT061>1 ,llBmKeHH.sI na­

paJIJie.Jil>HOfO rrepeHOCa H Bpaw;eHH.sI CB060,llHOro ,llBH:lKeHH.sI TBepnoro 

Tena 61>IJIH HHepUHOHHO He3aBHCHMl>I, Heo6xo,nHMO H .llOCTaTO'IHO, 

'IT061>1 ypasHeHH.sI STOI'O ,llBmKeHH.sI Tena OTHOCHTe.Jil>HO HHepumuII>­

HOH CHCTeMl>I KOOp,D;HHaT 61>UIH 3RilHCaHl>I B QeHTPMl>HOH CHCTeMe 

KOOp.llHHaT Tena. 

2. PaseHCTBO (5.199) .s1BJI.s1eTc.s1 Ha caMOM ,D;ene ypasHeHHeM .llBH­

xeHH.sI l.leHTpa Mace TBep,D;oro Tena, KaK 3aMKHyrOH KOHTHH)'}'RJil>HOH 

Henpep1>1BHOH MeXaHH'lecxo:U CHCTeMI>I, r,D;e m(B) = J XBPiµ 3 (dx), 
B OTJllfllHe OT ypaBHeHHH ,D;BmKeHH.sI KOHe'IHOro MHO:lKeCTBa TO'leK co 

cocpe,llOTO'leHHDIMH MaCCaMH H3 «aHaJIHTift!eCKOH» MeXaHHKH, Ha-

3BaHHOro TBep,n1>IM TenoM, me m(B) = ~;=l mp * J XBP~µ3 (dx) 
npH mo61>1x ycnosH.six. 

3. YpasHeHHC (5.199) He .slBJI.slCTC.sl BTOpoH: a.KCHOMOH (rrocry.na­

TOM, 3a.KOHOM) H1>10T0Ha. 0Ho TO'IHO ccpopM}'nHposRHo H cTporo no­

Ka3aHO 6e3 o6paw;eHIDI K cpH3H'leCKH HCC)'IlleCTB)'lOil.lHM IIOH.slTH.slM 

TO'leK co cocpe,D;OTO'ICHHl>IMH MaCCaMH. 

4. IlpH pemeHHH IIpHKJia,IUll>IX 3~aq Heo6xo,aHMo IlOMHHTI>, 'ITO 

ypasHeHH.sI (5.199) H (5.200) 3ailHCaHl>I B pa3Hl>IX 6a3HCax. 

IlpeWJOJKeHHe 5.57. Ilycn Ee .s1BJI.sIIOTc.s1 rnasHoH: ueHTPaJibHOH 

CHCTeMOH KOOp,llHHaT (0.5.27). 

235 



Tor.u;a: 1. IlepeMHOXHB B neBoli qacTH paBeHCTBa (5.195) MaT­

pHUbI c yqeTOM (5.177), noJI)"IHM TPa.IUIUHOHHo mBecTHyro <iJopM}' 

ypaBHeHnii .u;BnxeHIDI cBo6o.u;Horo TBep.n;oro Tena HbIOTOHa-3Wie­

pa, HMeIOil{HX MeCTO TOJibKO npH YCJIOBHH 3aDHCH HX B rJiaBHOH ueH­

TpaJibHOH CHCTeMe Koop.n;HHaT HHepumr: 

v~· m(B) = FO(-iIJ, B), 

ecwOc* + (wO)cecwOc = F (-U B) s c c c c c fL'• • 

(5.201) 

(5.202) 

2. PaBeHCTBO (5.202) xBIDieTcx ,llHHaMH'lecKHM ypaBHeHHeM 

3Wiepa Ha CaMOM Aene TBep.u;oro Tena, Ka.K. 3aMK.HyTOH KOHTHffYYaJlb-

HOH HenpepbIBHOH MeXaHH'leCKOH CHCTeMbl, r.u;e 9g = 
= - J XB(rf)c2py µ~ (dx), B OTJIH'IHe OT ypaBHemrn ABHXeHIDI KO­

HetIHOro MHo:>KeCTBa TO'leK co cocpeJJ;OTO'leHHbIMH MaCCa.MH H3 «aHaJIH­

TJfliecKOH» MeXaHHKH, mnmumoro TBep.u;bIM TeJIOM, A'UI KOTOporo 

9~ = - L~=I XB(rp>c2mp * -J XB(rf)c2p~µ 3 (dx) (5.203) 

npH n106b1X ycnoBIDlX. 

3. Jl:BnxeHHH napaJIJierrbHOro nepeHoca H Bpalllemm cBo6oiwo­

ro TBep.u;oro Tena npH 3aDHCH ypaBHeIDrH ero ,llBHXeHHH B fJlaBHOH 

QeHTpaJibHOH CHCTeMe KOOp.u;HHaT Tena HHepQHOHHO He3aBHCHMbl. 

5.4.2. yp ABHEIDIJI IIPOCTOrO CBJl3AHHOro )J;BIDKEHIDI 
TBEP~oro TFJIA 

Ilpe.IVIOlKeHHe 5.58. IlycTb: 1. Jl:BHXeHHe Tena Ta.K.OBO, 'ITO <Pa-

30BaH TO'!Ka XS (5.21) .U:BHXeTCH no HeKOTOPOM}' no.n;MHoroo6pa3HIO B 

KOH<iJmypauHOHHOH 'laCTH <iJa30BOro npocTpaHCTBa Qq' .u;JIH HeKOTO­

pbIX HH.u;eKCOB p, onpe.ueJIHeMOM ypaBHeHIDlMH 

oj, = const., p E 1- 3, 9j, = const., p E 4 - 6, (5.204) 

npH ycnoBHH, 'ITO .u;JIH OCTaJibHblX KOOp.u;HHaT KaKHe-nn6o paBeHCTBa 

BHAa (5.204) OTCyrCTByIOT (npocTeiimHe fOJIOHOMHbie CB513H); 

2. Jlf sJJ- MaTPHUa 6-MepHblX opTOB (c e)lHHHUeH Ha i-M MeCTe, 

i E 1- 6) oceii DO)lBHXHOCTH Tena B ( (o; s}-mHeMaTH'leCKOH napbl 

(5.65)); 
3. qs - CTOJI6eu o6o6Il{eHHblX KOOp,llHHaT Tena B (5.21); 
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4. YpaimeHIDI KJrneManurn npocToro CB.sI3aHHoro JJ;BH:ll<:eHIDI Te­

na HMeIOT BH,11; (5.67) [19, 33] 

ysOs = MJllf sl!qs·. (5.205) 

5. MJ H MJ" MaTpHI.U>I H3 (5.67) H (6.22). 
Toma ypaBHeHIDI npocToro CB.sI3aHHoro JJ;BHXeHIDI TBepJJ;oro Tena 

B o6o6meHHbIX KOOp.O:HHaTaX HMeIOT BH)J; 

Af(qs)qs·· +Bf(qs,qs•)qs· =Qf(-,B,B), (5.206) 

Af(qS) = ltfs//TMJ·TeiM~)[ts!I, (5.207) 

Bf (qs, qs·) = ilf sHT MJ•T (0~MJ' + <f>~se~MJ )ilf s!i, (5.208) 

Qf (-,B, B) = 

= llfs!!TM~·T (Gf(-,B, B)- Df(-,B, B)). (5.209) 

,[(oKa3aTeJILCTBO .I{OCTHraeTC.sI 3aMeHOH B ypaBHeHH.sIX (5.191) 
MaTPm~i.1 MJ·T Ha MaTPHny llfsllTMJ·T.o 

KoMMeHTapHH: 1. YMHO)KeHJ1e ypaBHeHIDI (5.189) cneBa Ha 

MaTPHey MJ·T nepeBO,D;HT ero B HeopToroHaJibHbIH 6a3HC oceii no­

JJ;BHJKHOCTH Te.Jia. IlpH 3TOM COCTaBJilllOIUHe ,D;HHaMH'leCKoro BHHTa 

pe~HH CB.sI3eii no 3THM OC.sIM paBHhl H)'JIIO (HO He paBHbI H)'JIIO no 

OCTaJibHbIM DC.HM, T. e. no TeM OC.s1M, no KOTOpbIM ;.umxeHHe Tena 

«3arrpemetto» CB.sI3.sIMH (5,.204)). YMHoxa.si ypaBHeHIDI (5.189) CJieBa 

Ha MaTPHey llf sllT MJ·T' «Bbtpe3aeM» H3 CHCTeMbl CKaJI.sipHblX ypaB­

HeHHH Te, no OC.sIM KOTOpblX .I{BH:XCeHHe pa3perneHO CBX3.sIMH (5.204), 
T. e. ypaBHeHH.sI npOCTOfO CB.sI3aHHOfO ,[{BH)KeHH.sI Te.Jia. 3THM )J;OCTH­

raeTC.sI paBeHCTBO llfsl!T MJ·T Rf (-,B, B) = 0, B CHJIY KoToporo Koop­

.n;HHaTLI ,[{HHaMH'leCKHX BHHTOB pe~Hii CB.sI3eH B nonyqeHHLie ypaB­

HeHH.sI He norra,uaIOT. BeKTOpHLie ypaBHeHIDI co.D,epxaT «lo> cxaJI.sip- · 

HbIX ypaBHeHHH c «lo> (k < 6) HeH3BeCTHbIMH o6o6meHHDIMH 

KOOpAHHaTaMH Tena. 

2. ECJIH TeJIO HMeeT o.ney CTerreHb CB060.D,bl HJIH ,D;Be nHJIHH,D;pH­

tJeCKHe (HO He BHHTOBLie), TO ypaBHeHIDI )J;BHXeHHX yrrpOIUaIOTC.sI 

TaK, KaK B 3TOM cnyqae: 
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(5.210) 

(5.212) 

Onpe,ne.11em1e 5.31. KBa,npaTHtlHasI ¢opMa 

T = 0.5VsOs,Te~vps = 0.5qs· ,TJlfsllT MJ·Te~MJllf slJqs• (5.213) 

Ha3bIBaeTCS KHHeTK'leCKOH 3Hepmeii TeJia B IIpOCTOM CBS3aHHOM 

.n;BmKemm: c npocTeHIIIHMH I'OJIOHOMHbIMH CBS3SMH (5.204). 

5.4.3. YPABHEHIDI )UIIDKEHIDI TBEP~oro TETIA, 
HECYID;Effi ,llllHAMIAECKH HE CIJA.JIAHCUPOBAHHLIE 
II ACHMMETPIJllHLIE BPAII.J;AIOII.J;HECJI TETIA 

Ilpe,IVIoJKem1e 5.59. IlycTh: 1. Ilpe.!lnorro:xcHM, t1To Bs -
a6COJIIOTHO TBep.noe Teno; 

2. Bi - (i)-e epaw;arow;eecg Teno, ycraHoBJieHHoe Ha B-Terre, 

Ei - CBSl3aHHasI c HUM CHCTeMa KOOp,LUIHaT, Hat1arro oi KOTOpOH Haxo­

)J;HTCS He Ha ¢H3K'lecKOH OCH epaw;eHIDI Terra (onpe.u;e.rISieMOH IIIapHH­

paMH), 8f - ero Ma'I'p:m:i:a MH3aca BH,!la (5.172) npH ycrroBHH (5.179) 
(Bi - B ¢H3K'lecKOM H MaTeMaTK'lecKOM CMbICJie ,LUIHaMK'lecKH Hec6a­

JiaHCHpOBaHHOe H ,llHHaMHtleCKH aCHMMe'I'pK'lecKoe Teno); 

3. Rfk = col{pf' p~' p~' <p~' <p~, 0} - KOHC'I'p}'KTHBHasI KOH¢H­

rypaumi: KHHeMaTK'leCKOH napbI (s, i), rAe pfs = col{pf, p~, p~} -
KOHC'I'p)'KTHBHbIH eeKTop norro:xceHHS Terra E i e Es H 6a3Hce [es ], <p ~ , 
<p~ - KOHC'I'p}'KTHBHbie yrm.1 opHeHTauim 6a3HCa [eik] B 6a3HCe [eS] 
(5.63); 

4. Rfk = col{O, 0, 0, 0~} - ¢yHKllHOHaJibHasI KOH¢HrypauIDI KH­

HeMaTK'lecKOH napbl (s, i), a~ -yron epaw;eHIDI [ei] (T. e. Terra Bi) 
OTHOCHTeJibHO 6a3HCa[eik] c OPTOM e~k = e~. !J = col{O, e~} (5.63); 

5. Lf = LfkL1k - MaTpH:QbI npeo6pa3oBaHHS Koop.n;HHaT BHH­

TOB, mutYUHPOBaHHbie JlBH:lKeHHSMH Es~ E;k ~ E;. cooTeeTcTBy­

row;mm Koaqmrypa:QIDIMH Rfk H Rfk; 
6. n(s) - KOJIHt1ecTBo epaw;aro1IU1Xca Bi-Terr Ha (s)-Tene; 

7. Ilpe,n;IlOJIO:lKHM, tlTO CKOpOCTH H3MeHeHHS yrJIOB 0~' 1 i = 
= 1, 2, ... , n (i) He 3aBHCST OT ll:BH:lKeHHS (s)-Terra (o6paTHasl CBS3b 

HOCHTeJIS c HeCOMbIMH TeJiaMH OTcyrcTByeT); 
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8 . .rvm ynpoIUeHHSI IlHChMii m:;}J~VV~n .. -. ..... ~ ¥-s . -;=1 -1-1 

~QS . s. 
Toma ypaBHeHHe .llBIDKeHWI (s)-TeTia, Hecymero Ha ce6e n(s) Bpama­

IOIUHXC.sI Te.JI (6e3 o6paraoH: CWl3H, CM. n. 7), HMeeT BH,11; [20, 22, 24, 33): 

AfVsOs* +BfVsos =Ff(,B,B)+Tf(UB;,B), (5.214) 

AS =es + ~?(S) ue~L~·T BS = <t>OSAS +AS· S S 1=1 I I I 1 S S S S ' 

TS(UB. B) = z?(s) UG! -1:?( 3 ) (Uei·· + J!ei·) 
S I' 1=1 I I l=l I 6 I 6 ' 

,llOK838TeJILCTBO. KHHeTH'ICCKHH BHHT - BCKTOpHa.si: Mepa Ha 

CHI'Ma-anre6pe cr~ MCXa.HH'ICCKHX CHCTCM BceneHHOH MCXa.HHKH H, 

cne.n:oBaTeJILHO, JlJlSI cu:cTeMLI B = B s u B1 u ••. u B n(i) HMeeM 

Qjg = Q~ + QP~ + ... + Q~i)O' r.n:e AIDl COKpallleHH.sI llHChMa o6o-

3Ha'ICHHC CHCTCM B HH:lKHHX HH.D:CKCax BHHTOB B npasoii qacTH pa­

BeHCTBa 3aMeHeHO HX HH.nCKCaMH. YpaBHCHHe (5.182) B 3TOM cnyqae 

c yqeTOM Toro, ":ITO JlHHaMH'ICCKHH BHHT F J ( -iB' B) SBJI.sICTCS TaIOKe 

BeKTOpHOH MepoH:, HMeeT BHJl 

(5.215) 

,Uanee CJIC.n:yIOT O'ICBHJlHl>IC npeo6pa30Ba.HH.sI c yqeTOM (5.173), 
(5.174) H paBeHCTBa vioi = L~·1vsos + V/i (5.69): 

(LOesvos + 1:?(s) ue~v.Oi·) = L0QS 
S S S 1=1 I I I S S 1 

[LO(esyOs + L?(s) U8~V.si)•] = L0Qs 
S S S 1=1 I l I S S' 

£0· (esvos + 1:?(s) Li.e~v.si) + £0(8~Asvos + 
S S S 1=1 I I l S l S S 

+ L ?(Sl) u e~ v.si· ) = LOSQSS. 
1= I I I 

YMHoxrui: nonyqeHHoe paseHCTBO CJieBa Ha (L~ )-1 = L~ (7.7), 
noCJie npeo6pa3oBaHH:H nonyqaeM .n:oKa31>maeM1im pe3ym.taT, )"IllTLmrui: 

paBCHCTBacJ>fi = ((w~)S) = [(e'3. ))06i• 'y,si = J.6i96i•, v.si* = J.6i96i .. ,0 
I I _., I I 
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KoMMeHTilpim. 1. YprumeHH.sI (5.214) He BBJUllOTC.sI ypaBHeHIDIMH 

,IJ;BIDKeHH.sI CHCTeMbI TBep.zn,IX Terr «( s }-Terro u ( i }-Terra>>. 3To meCTL 

ypaBHemrn .IJ;BIDKeHH.sI cBo6o.IJ;Horo TBep.noro ( s }-Terra, Hecyw:ero Ha ce-

6e ( i }-Terril, BpameHHe KOTOpbIX He 33BHCHT OT .IJ;BIDKeHH.sI :rn>ro Terra. 

2. CrraraeMhie L?i~) (/fE>~" + Jf e~·) IlpaBOH qacTH ypaBHeHHH 

(5.214) onpe,nerr.silOT qaCTJ> .IJ;HHaMlftleCKHX BHHTOB HHepwm Bpama­

IOIUHXC.sI Terr, nepe,naBaeMbIX Ha (s}-Terro. ,IlpyrruI qacn. 3THX BHHTOB 

correp)KHTCjf B CJiaraeMbIX A syOs* + Bsvos ..... s s s s . 
3. YpaaHeHH.sI (5.214) no3BOIDIIOT HCCJie,noBaTL BJIIDIHHe spama-

IOIUHXCjf Terr Ha .IJ;BIDKe.HHe Hecyw:ero HX Tena B cnyqa.six, Koma 06-

parna.si CB.sI3L napHpyeTC.sI (HanpHMep, CHCTeMOH ynpa.BJieHH.sI) WIH 

no yCJIOBH.sIM 3a,na"<IH npeHe6pe)KHMO Marra. 

5.4.4. YP ABHEHIDl JlBIDKEHIDl CB060.IlHOro 
TBEP.!J;Oro TEJIA B BHEPIJ;HOHHOA BHEillHER: CPE.IlE 

DpewiolK.e1me 5.60. IIyCTL: 1. II p e .n no JI o :xc HM, "<ITO B s - a6-

coJIIOTHo TBep.noe Terro, Hecyw:ee Ha ce6e .IJ;HHaMH"tlecKH Hec6anaHCHpO­

BaHHLie H acHMMe-rpH'IHLl'.e spamaroIUHec.si Terra B;. i = 1, 2, ... , n(lk), 
vsos - BeKTop KBa3HCKOpOCTeH B s OTHOCHTe.JILHO HHepQHWILHOH CHC­

TeMLI KOOp.D;HHaT E 0 ; 

2. II p e .n no JI o :xc HM, "<ITO so BceneHHoii: MexaHHKH fanHJiejf 

cyw:ecTByeT oTKpLITa.si MexaHH"<IecKa.si CHCTeMa Ds, TaKa.sI "<ITO: 

2.1. D s - JIOKaJILHO JIHHeii:Ho H3MeH.sieMa.si HenpepLmHa.si cpe.na 

(0.2.4); 
2.2. ,Ileq,opMHpOBaHHe CHCTeMLI D s npH .IJ;BH:XCeHHH B HeH TeJia 

Bs 6ecUHpKYIDII.lHOHHo (noTeHUHaJILHO) (3.96); 
2.3. KlmeTH"<IeCKHH BHHT Qg! CHCTeMhI Ds B Es IlpH .IJ;BH:XCeHHH 

OTHOCHTeJILHO E10 jfB.JilleTc.si JIHHeii:HLIM npeo6pa30BaHHeM BeKTop­

HOro npoCTpaHCTBa KBa3HCKopocTeii Teila B s: 

QOs =As yOs (5.216) Ds s s · 
Tor.na ypaBHeHHjf .IJ;BIDKeHHjf TBep.noro Terra B s OTHOCHTe.JILHO E 0 

B 6a3HCe [es], CB.sI3aHHOH CHCTeMLI KOOp.D;HHaT Es• HMeIOT BH.IJ; [20, 
24, 33] 

AsvOs* +BsyOs =Zs +Hs +Ns (5.217) s s s k s s s• 

AS= Ls+ L?(s) UE>~L~·T BS= <1>0sAs +AS' 
S S 1=1 I I I ' S S S S ' 
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As· = L ?(s) U [(ei )]8~ - 8~ [(ei )])L~·T 9i· 
S z:::l l 3 I I 3 I 6 ' 

rs = l:?(s) UG! - ~?(s) (Hei·· + nei·) 
S 1::::1 I I l=l I 6 I 6 ' 

u = ue(J,6i' P = (<I>ossL~ + L~[(e'3. )]e6i· )0':'J.6i' 
I I I I I I I 

AoKa3aTeJJLCTBO ypaBHeHIDI (5.217) a.Hano1.wmo aoKaJaTeJibCT­

By ypaimemm (5.214) c yq:eroM roro, tfl'o Qro = Q~ + Q~ + 
+ QP:b +. · .+ Q~s),0" 

OnpeAeneHHe S.32. IloCTOSIHHasI CHMMerpHtlecKasi: MaTpHUI>I A~ 

Tp8,!UilUIOHHO Ha3Lmaer01 .MamPUllf!U npucoeowreHHblX .Mace me.no. B .r. 

5.4.S. YPABHEHIDI IlPOCTLIX CB060,!UIOro H CB.H3AIIllOro 
.IUJIDKEHHit AliCOJllOTHO TBEP)(Offi TEJIA 
B CllOPME JIAI'PAIDKA II PO)(A 

IlpeJVIoJKeHHe S.61. IlycTL: 1. Mj - (6 x 6)-MaTpHQa nepe­

xoaa OT 6a3HCa [e 8 ] x [e 8 ] K HeOpTOf'OHaJlbHOM}' 6a3HCY oceH: no­

.UBH)KJIOCTH [f 8), TaKasI 'ITO (5.67) 

(5.218) 

2. [c~) 6JIO'iHO-,n:UaroHa.TibHasl (6 x 6)-MaTpHua c 

( 3 X 3 )-6JIOKaMH C ~; 
3. MJ - (6 x 6)-MaTpHua nepexo}::(a OT 6aJHca [eO] x [eO] K 

HeoproroHaJILHOM}' 6a3HCY oceli IlO,llBIDKHOCTH [f s ], TaKIDI qro 

(5.219) 

4. qs. qs· - o6o6meHHbie KOOp,zumaTbI H CKOpOCTH CB060.llHOI'O 

p:B1uc:emm Tena, dim qs = 6; 
5. n-Koop.llHHaTbI Tena B (n~· = V800) - Henpep1>mHL1e <l>YHK­

U.HH BpeMeHH. 

Tor,lla: 1. )1.mI rrpoH3BO}::(HOH BeKTopa cKopocTeH: y300 no 0606-

m.eHHLIM CKOpOCTSl.M Tena HMeeM 

(5.220) 
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2. .1lmI npoHJBO.IUIOH BeKTOpa cxopocTeii y300 no o6o6ll.leHH:&IM 

KOOpJJ.HHaTa.M Tena HMeeM 

(5.221) dVS00/dqS = MJ' . 

,IloK83aTeJihCTBO. 1. dV
3
00/dqs· = dMJqs· /dqs· = MJ. 

2. dVSOO/dqS = d(V}>O)ldq 3 = d1t9<>' I dq 3 = (d1t90/ dqS)'' rae 

1too· = yoo s s . 
OcTaJIOCL BLI"IHCJIHTh KOOpJJ,HHaThI 1t~: 1t~ = f ysooµl (dt) = 

= J MJqs· µ 1 (dt) = J MJdqs ~ d1t~ldqs = MJ.o 

KoMMeBTapuii. MatpHUa npoHJBOJJ;Ha.51 d1t~ldq3 = MJ .eexTo­

pa KOOPAHHaT 1t90 Tena no o6o6ll.leHHLIM KOOpJJ;HHaTa.M npH Tpa,IUl­

UHOHHOM IlOCTpOeHHH TeOpHH tpe6yet aHaJIHTINeCKOI'O Bbl"IHCJIC­

HIDI 36 qaCTH:&IX npoHJBOJJ;H:&IX. B paccMatpHBaeMOM CJiyqae 3TOT 

Tpy.IJ;OCMKHH npouecc HCIC.7IIOtJaCTCJI Il01IHOCTl>IO, TaK KaK B (5.46) no­

nyqeH I'OTOBbIH K Henocpe,llCTBCHHOM}' HCilOJ11>30BaJIHJO Ha 3BM 

MatpHtJHLIH anropHTM B&IIJHCJICHIDI M~ c yqeTOM (5.42). 

IlpeAJJOlKelDle 5.62. IlyCT&: 1 .. KmieTHtJCCKa.51 3HeprH51 CB060A­

HOI'O .ZVJH::K:CHIDI TBCp,llOI'O Tena 3aBHCHT OT cxopocTeH Te.Tia, KOTOp&Ie 

JaBHCgT OT o6o6ll.leHHLIX xoopJJ.HHaT H cxopocteii 3toro Te.Tia 

(5.218), (5.219): 

T = ysOO,T egvsoo = T(VSOO), vsoo = MJqs· = vsoo (q 3 , qs· ); (5.222) 

2. gradq.T, gradqT, gradyoT - rpa.z:i;HCHTl>I KHHCTINCCKOH 

3Hepnrn Te.Tia B no.z:i;npoCTpaHCTBe o6o6ll.leHHLIX cxopocTeii, xoHq>H­

rypauHOHHOM no.z:i;npOCTpaJICTBe q>aJOBOI'O npOCTpaHCTBa Tena Qq H . 

BeKTOpHOM npOCTpaHCTBe CKOpoCTeH vsoo = [c~ ]VSOs. 
Toma sepH&l CJIC,ll}'IOll.lHC COOTHOWCHIDI: 

gradqT = (MJ' )T grady0T, 

grad T = M 0·rgrad T 
q• f VO • 

grad q· T = MJ·T (MJ' )-T gradqT, 

r.n:e (MJ' )-T ::: (MJ·,T )-1. 

242 

(5.223) 

(5.224) 

(5.225) 



,IJ;oKa3aTeJILCTBO. IlepBbie nsa paBCHCTBa IlOJiyqalOTC51 c HCilOJib-

30BaHHeM npaBHJI BbitlHCJICHH51 qaCTHbIX npoH3BO,D;HbIX CJIOJKHbIX 

<PYHimHH H paBeHCTB (5.220), (5.221), BTopoe - pe3yJibTaT HCKJIIO­

t{CHH51 H3 HHX BCKTOpa gradvo T.D 

Ilpe;m:olKeHHe 5.63. Ilycti.: 1. I1 pen no JI o JK HM, t{TO B s -

a6comoTHO TBepnoe Teno (5.182): 

Q~' = F8 (-iB, B), 

F00(-,B, B) = G8(-,B, B)- D8(B, -,.8) 

(5.226) 

(5.227) 

- ypasHeHHe ero npoctoro cso6onHoro nsmKeHH51 OTHOCHTCJILHO 
HHCpUHaJibHOH CHCTeMLI KOOp,D;HHaT Ea H B 6a3HCe 3TOH CHCTeMbl 

KOopnHHaT; 
2. Q(-,B, B) = MJ·T Fg(-,B, B) - 0606rneHH1>re CWILI, OTHe­

ceHHI>Ie K o6o6rneHHbIM KOOp.ZJ:HHaTaM TCJia (,zuma.MWJec.KHli BHHT 
F00 (-,.8, B), nepec•mTaHHDIH B 6a3HC ff s] oceli nonsHJKHOCTH Tena). 

Tor.na ypasHeHH51 IlarpaHJKa Btoporo pona cso6onHoro Teepnoro 
TCJia HMCIOT BHll (37) 

(grad T)' -gradqT=Q{-,B,B). q· 
(5.228) 

)J;oKa3aTeJibCTBO. Bi.rt1TeM H3 npoH3BO.IlHOH paseHCTBa (5.224) 
paBeHCTBO (5.223) c yqeTOM (5.228), (5.269) H (5.226): 

(grad q· T) · - gradqT = MJ·T (gradv0T) · + MJ·T· grady0T -

- (MJ' )T gradv0T = MJ·r (gradv0T) • = MJ·T Q~· = 

= MJ·T F8(-,B, B) = Q(-,B, B). 

B 3TOM npoctelimeM .ZJ:OKa3aTCJILCTBe ypasHeHIDI JiarpaHJKa BTO­

poro poaa npe.nnoJiaraJIOCb, tffO cpopMa 3THX ypaBHeHHH YJKC H3BCCT­

Ha. IlpHBe,!leM BTopoe .IlOKa3aTCJibCTBO, He HCilOJib3YIOinee 3TOH HH­

<PopMa.QHH. 
Yt{HTbmasi, 'ITO npH (5.269) Q~ = gradvoT = (MJ )-T grad q· T 

H3 (5.223), nonyqaeM d[(MJ )-T grad q· T] I dt = Fg (-,B, B), 
(5.226). 
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.D:ttcpcpepeHqHpoBam1e B rreBoii: qacTH ::1Toro paBeHCTBa .uaeT 

(MJ )-T d(gradq· T)ldt + (MJ )-T· gradq· T = F~(-,B, B). 

YMHoxasi norryqeHHDrii ~3ym.TaT crreBa Ha MaTpw-¥ M~·T, nruiy-
qaeM d(grad T)ldt+MO, (MO)-T·grad T=MO, pO(-,B,B)= 

q· f f q· f 0 

= Q(-,B, B). 
Iloi:i:cntBIDUI B neByro qacTb ypairneHIDI BeKTop grad q· T m 

(5.224), npHXOJJ:HM K paBeHCTBY 

d(grad q· T) I dt + MJ·T (MJ )-T· MJ·T (MJ" )-T gradqT = 
== Q(-,B, B), (5.229) 

me OIJeBH,llHO (MJ )-T· =I: (MJ" )-T. 
Ilpo,l:lenaeM CJie.zzyiom;He BbPIHCJieHIDI: M2 (MJ )-1 = E -7 

-7[MJ (MJ )-1] · == 0 -7 -MJ" (MJ )-1 == MJ (MJ )-1· -7 - MJ" = 
= MJ (MJ )-1· MJ -7 - (MJ" )T == MJ·T (MJ )-T· MJ·T. IIoi:i:-

CTaBIDUI norryqeHHblH pe3yJibTaT B (5.229) c yqeTOM Toro, 'ITO 
(MJ" )T (MJ" )-T == E, npttxo,n;HM K JJ:OKa3hIBaeMOMY ypaBHemno.O 

Ilpe,IVIo:>KeHHe 5.64. IlycTb: 1. Jl:BmKeHHe TeJia B s .SIBJUieTc.sJ 
rrpOCTbIM CWl3aHHblM c npocTeiimHMH roJIOHOMHbIMH CB.sJ3.sJMH TH­

na (5.204); 

2. llf sn-( 6 X dim qs }-MaTplll.I,a 6-MepHbIX OpTOB oceii IlO.ll:BIDKHO­

CTH rena OTHOCHTe.JibHO HHepUHa.JlbHOH ce:creMbI KOOpJJ:HHaT E 0 (5 .65); 

3. YpasHeHIDI KHHeMaTHKH rrpocTOro cBSI3aHHOro JJ:BIUKeHIDI Te­

na B KBa3HCKOpOCTSIX HMeJOT BH,ll; (5.67) 

(5.230) 

4. MJ - (6 x 6)-MaTp:uua rrepexo.ua OT 6a3nca [eO] x [eO] K He­

opTOroHaJlbHOMY 6a3HCY oceH: l10.ll:BIDKHOCTH [f s ], TarcruI 'ITO (5.219): 

(5.231) 

r,n;e rrepBoe paBeHCTBO .sJBJI.sJeTC.SI ypaBHeHHeM KHHeMaTHKH Te.Tia B 

CKOpOCT&X; 

5. qs' qs· - o6o6m;eHHble KOOpJJ:HHaTbl H CKOpOCTH CB060JJ:HOro 

,ll;BHXeHIDI TeJia, dim qs < 6; 
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6. Koop.n:HHaTbI n~ TeJia B £ 0 - HenpepbIBHhie cpymrn;HH Bpe­
MeHH. 

Tor.na: 1 . .nmi npoH3BO.U:HOH BeKTopa CKOpOCTeli vpo no 0606-

meHHbIM CKOpOCTjiM TeJia HMeeM 

(5.232) 

2. .nmi rrpOH3BO)l;HOH BeKTOpa CKOpOCTeH vpo no o6o6meHHbIM 

KOOp.U:HHaTaM TeJia HMeeM 

(5.233) 

)loKa3aTeJILCTBO .n:ocnoBHo cosrra,u;aeT c .n;oKa3aTeJibCTBOM 
(Il.5.61).0 

Ilpe.wiolKelDle 5.65. IlyC'Tb: 1. KirneTH':lecKasi 3Heprna npocroro 
CM3aHHOfO .n;BIDKeHIDI TBep.n.oro Tena 3aBHCHT OT CKopocreif Te.Tia, KO­

TOpI.Ie 3aBHC.HT OT o6o6meHHbIX KOOp)lHHaT H CKopocreH: 3TOfO TeJia: 

T = v00·T e0voo = T(voo) s 0 s s ' 

vpo = MJllfsllqs· = vsOO(qS' qs· ); (5.234) 

2. gradq.T, gradqT (dim grad • T =dim gradqT= dim qs< 6), 

grady0T (dim gradv0T = 6) - rpa'keHTbI KHHeTH':lecKoH: 3Hepnm 
Terra B no.unpocrpaHCTBe o6o6m:eHHLIX cKopocreii, KoHcpmypammH­

HOM no.n:npoCTpaHCTBe cpa30B0f0 IlpOCTpaHCTBa Te.Tia Qq H BeKTOpHOM 
npocrpaHCTBe cKopocreH: vsoo. 

Tor.na BepHLI cne.n:yrom;He COOTHOIIIeH~: 

gradqT = (MJ' llf sll)T gradvoT, 

grad q· T = <MJ llf sjl)T gradv0T. 

(5.235) 

(5.236) 

)lOKalaTem.CTBo. 06a paBeHCTBa IlOJiyqaIOTCB: c HCilOJI.&30BaHH­
eM npaBWI BbitlHcneH~ qacrHblX npOH3BO.n;HbIX CJIO.:lKHbIX cpyHICUHH 

H paseHCTB (5.232) H (5.233).D 
IlpewioJKeBHe 5.66. IlycTL: 1. Ilpe.n;nono.xcHM, tITo Bs -

a6comoTHO TBep.n;oe Te.TIO H 

Q OO· Fo 
sO = 0' (5.237) 
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Fo0 hB, B) = G8<-iB. B)- D8(B,-,B) + R8<-iB. B) (5.238) 

- ypa:eHeHHe ero npocroro CBSI3aHHOI'O ,u;BIDKeHlUI OTHOCH'I'e.JI])HO 

HHepUHWlLHOH CHCTeMbI KOop,zumaT E 0 H B 6a3HCe STOH CHCTeMbI KO­

op,znmaT (5.182) c npocrefumn.m I'OJIOHOMH&IMH CBSIWdH THna (5.204); 
2. Q(--,B,B)=llf 1\ITMJ•TF3(,B,B) - o6o6lileHHLie CHJILI, 

oraeceHHL1e K o6o6meHHLIM Koop;:umaTaM Tena ~HHaMH'iCCKHH 

BHHT F g ( --iB s , B s ), nepecti:HTaHHbIH B 6a3Hc [f s] oceH: no.IJ;BIDKHoc­

TH Te.1Ia (dim Q(-,B, B) =dim qs < 6); 
3. llf sl!T MJ·T R8(-,B, B) = 0. 
Tor.na ypa:eHeHIDI JiarpaHJCa BTOporo po.Ila npocToro CBSI3aHHoro 

,llBHXCHIDI TBep,lloro TeJia HMeIOT BH,ll; 

(gradq· T)' -gradqT = Q(-,B, B). (5.239) 

}J;oKa1aTeJ11»CTBO. B11NTeM H3 npoH3BO.n;Hoii pa:eeHCTBa (5.236) 
paBeHCTBO (5.235) c )":IeTOM (5.269): 

(grad q· T) · - gradqT = llf sUT MJ·7 (grady0T) · + 

+ llf sUT M~·T· grady oT - llf s(IT (MJ' )T grady 0T = 
= llf s/IT MJ·T (gradyoT)' = llf sl!T MJ·7 Q!'8' = 

= llfsllT MJ·T F~(-,B, B) = Q(-,B, B).O 

KoMMemapHH: 1. Pa:eeHCTBa (5.228) H (5.239) aBJUIIOTCjj ypa:e­

HeHl{j[MH narpaIDKa lI po,Ita Ha CaMOM ,!leJie a6COJIIOTHO TBep.n;oro Te­

na, KaK KOHTHH)'YaJILHOH HenpepbIBHOH cpe.n;bI, a He KOHeti:Horo MHO­

xecrsa HecyruecTByrollUIX B peaJILHOM <f>H3H'iCCKOM MHpe TO"ICK co 

cocpe,llOTOti:CHHLIMH MaCCaMH. 

2. IlpH <f>opM}'nHpOBKe H AOKa3aTe.1ILCTBe ypaBHeHHR (5.228) H 

(5.239) He HCilOJib3YIOTCj[ KaKHe-JIH6o «KJiaCCH'ieCKHe» ypaBHeHIDI 

,llBH:XCeHIDI BLIWeyKa3aHHLIX KOHC"IHLIX CHCTCM TOlICK (ypaBHCHIDI 

Hi,roroHa, o6mee ypa:eHeHHe .llHHaMHKH, u;eHTpaJILHoe ypaBHeHHe 

narpaH:Xa H T. n.), KOTOp.Lie ,nmJ peaJibHOI'O TBep,noro TeJia (KOHTH­

H)'YaJI.LHOH HenpepbIBHOH cpe.n;.LI) He CflilCCTByroT, KaK co.n;epxamHe 

KOHClIH.Lie C}'MMbl CJiaraeMLIX, B COCTaB KOTOpbIX BXO,lljJT HYJICBbie 

Mace.LI (KaK HHepUHOHHLie MepLI TO"leK KOHTHH)')'Ma). 

3. noKa3aTe.JI])CTB0 ypa:eHCHHH (5.228) ,II,1ISI npOCTOro CB060,llHOI'O 

JJ;BIDKeHlUI Terra H (5.239) ,II,1ISI npocroro CBSI3aHHoro JJ;BIDKCHHjj c npo-
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CTefuI.mMH I'OJIOHOMHLIMH CBSl3SIMH (5.2.U4J I'Opa3Au l'..Vpu"1"' \f-Y'>"' "•r- -

KH) H «Dp03patIHee» (MaTeMamqecKH H <PH3H'iecKH) ,llOKaJaTeJibCTB 

«KJiaCCH'iecICHX» ypa.BHCHHH JlazpamKa 11 po.aa ,w:uI KOHe'IHOI'O MHO:iKe­

CTBa ToqeK co cocpel{OTOl{eHHl>IMH MacCaMH npH TeX :xce yCJIOBIDIX. 

4. YpaBHeHHSI (5.228) He no,wrexcaT Herrocpe,llCTBeHHOMY HHTer­

pHpoBaHHIO (HCKJUQqag CJIY'laH nonyqeHWI HHTerpa.rIOB), JIBJWIC& 

1IHWb anropHTMaMH COCTaBJleHHSI CKaruipRbIX ypaBHeHHH ABIDKeHHSI 

Te.na. Ma1'p~1>1e ypaBHeHHSI .llBHXeHHSI Tsepnoro Te.na (5.206), no­

nyt1eHH1>Ie H3 Tex :xce paseHCTB (5.182) B ,nBa-1'pH JleHCTBHSI (S.185), 
I'OTOBLI IC Herrocpe,ZlCTBeHHOMy HHTerpHpOBaHHIO Ha IlK c HCil01Ib30-

BaHHCM MaTpHl{HOI'O MaTooecneqeffHSI. 3TH :xce ypaBHeHHSI y,ll06HDI 

JVU1 nonyqeHIDI CKaruipHI>IX ypasHeHHH WJHXCeHIDI (B cnyqae Heooxo­

.llHMOCTH B TaKOBbIX) c HCilOJlb30BaHHCM anre6paH'leCKHX MonyneH: 

CHCTCM a.Ha1IHTHl{CCKHX BbltlHCJICHHH Ha 3BM (8, 13]. 

S.4.6. YPABBEHWI WSIDKEHWI TBEP,l(OfO TEJIA 
B IlOTEHIUIAJlbHOM IlOJIE 

OnpemmeHHe 5.33. IlyCTi.: 1. B npocTpa.HCTse xoHqmrypauuii 

TBepnoro Te.na B s onpene.neHo cKarui:paoe none (B03MOXCHO TotfKa qs 

npHHa,JJJiexarr CBSl3H (5.204)): 

(5.240) 

2. B COCTaB o6o6meHHbIX CHJI Q( -,B' B) B03JlCHCTBHSI BHemHeii 

cpe,llbl Ha Te.no B .r BXOWIT cnaraeMbIC, BbJ:tlHCJISICMble no <t>opMyJiaM: 

(5.241) 

Toma: l. CKarui:pHoe none (5.240) H83blBaeTcSI nomeHJ#UO.llb­

Hbl.M, a caMa <i>)'HK.UHSI P(q1 ) - nomeHJ#UO.llO.M no.11J1,. 

2. ,IbrnaMHl{CCKHH BHHT Q pi ( -,B' B) H83bIBaeTCSI nomeHijUO.llb­

Hbl.M ouHa.MuiiecKU.M 8UHmoM. 

IlpeNJoJKeHHe 5.67. IlyCT:&: 1. Qpi (,, B) - nOTeHIU1aJibm1e 

,llHHaMH'lCCKHC BHHT&I; 

2. L - CKa.rISlpHaSI <i>Yffl'IUi'I L: Qq ~ Ri' paBHaSI p83HOCTH KH­

HCTH'ICCKOH 3HepmH TeJia H IIOTeHUHa.ria IIOJISI, B KOTOpOM HaxO,llHT­

CSI TeJIO (5 .240) 

L=T-P; (5.242) 
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3. Q: (-,B, B) - o6o6m;eHHbie CHJibl HenoTeHnHan1>Horo npoHc­

xo)l(,UeHIDI 

(5.243) 

Tor;::i:a: 1. YpasttettIDI npocTOro .UBHXeHIDI TBep;::i:oro Tena B 

o6o6m;eHHbIX CKOpOCT.SIX (5.206) HMeIOT BHJJ: 

A:(qs)qS" +Bf(qs,qs·)qs· = 

(5.244) 

2. YpastteHHSI IlarpaHxa BToporo po,n;a npoCToro ABHXeHHSI 

TBep;::i:oro Tena (5.239) HMeIOT BH.D; 

(gradq· L)' -gradqL = Qf (tlJ, B). (5.245) 

IlpHMepi.1: 1 . .l(HH3MHqecKHH BHBT npHTJIJKeHH.B 

TeJia K 3eMJie. 

IIpe;::i:nonoxHM, "ITO: 1. Bc11 Bcen:eHHruI MeXaHHKH coCTOHT 

TOJibKO m IUiaHeThl 3eMJlj{ (Z) H Tena B s TaK, 'ITO x E Z, y E B s; 
2. IIn:amrra 3eMJISI HMeeT <iJopM)' mapa pa.neyca Rz; 
3. IIn:ornocTH 3eMJIH H Tena B s nocT011HHLI (He 3a.BHC11T OT no­

JieBbIX KOOp;::i:HHaT); 

4. MHepumun.Hrui: cHcreMa KOOp;::i:HHaT pacnOJioxeHa Ha 3eMJie TaK, 

'ITO KOOpJJ;HHaTHrui: IlJIOCKOCTh ep' Do, ef .SIBJISieTCS: IlJIOCKOCThIO MeCTHO­

ro ropH30IITa, a OCL e ~ HanpaBJieHa no Pa.IlHYCY 3eMJIH OT u;empa. 

B 3TOM CJl}"lae c Hcnon1>30BaHHeM (2.35) AJUI noTeHii;aana noru1 

T11roTeHIDI, co3;::i:asaeMoro 3eMJieii, HMeeM 

Pg= m(B8 )grc0f, (5.246) 

r;::i:e re~ - TpeThlI KOOp,UHHaTa pa.neyca-BeKTOpa UeHTpa Mace Tena 

B s B E 0 ; g = y m(Z)(Rz + re~ )-2 - ycKopeHHe 3eMHOro rnroTe­
HIDI. 

Jl,rnI rJia.BHOro BeKTopa 't 0 .UHH<lMH'leCKOfO BHHTa 3eMHoro npH­

Tj{){(eHHSI Tena B s B [eO] nonyqaeM 

tO = - gradqPg = - m(B8 )gO, gO = col{O, 0, g}. (5.247) 

IlepeBOASJ BeKTOp 't 0 B 6a3HC CB113aHHOH CHCTeMbI KOOp;::i:HHaT Es 
AJUI .UHHaMH'leCKOro BHHTa (CKOJil>39:IIJ;ero BeKTOpa) 3eMHoro npHT9:-
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xemUI B CB.SI3a.HHOH CHCTeMe KOOpJurnaT 'ts = c ~· 1 't 0, norryqaeM ( c 

yq:eTOM (7 .1)) 

Gs (Z B) = - Gs [cO,T ]col{i:s i:s} s , cs s , . (5.248) 

YpastteHIDI ,n;smKeHIDI Tena npHHHMa10T BH.Il 

KoMMemapHii. He cneeyeT nyran. JU1HaM1Nec:mH BHHT nplmDKe­

HIDI Terra K 3eMJie c .Il,HHaMIBiecKHM BHHTOM Beca Tena. Ee.rm onopa He 

HMeeT .rr,BIDK.eHIDI OTHOCHTeJlbHO 3eMJIH, TO JUIHaMINecKH:e BHIITbl npH­

UOKeHIDI Terra K 3eMJie H seca Tena coBna,uaIDT. ECJIH ycKopemre onop1>1 

cosrra,uaeT no HanpaB.TieHHIO c ycKopeHHeM cBo6o,IlHoro na,ueHH51, TO 

HOpMa JUIHaMW:IeCKOro BHHTa Beca Tena MeHLwe HOpMLI ,IllfilaMWleCKO­

ro BHHTa nplmDKeHIDI Tena K 3eMJie, eCJIH ::im ycKopeHIDI npoTHBono­

JIO:lKHLI no ttanpaBJiemno, TO - 60JILwe. Ee.rm ycKopeHH51 coBna,uaIDT 

(onopa cso6o,IlHo na,uaeT), TO ,IlHHaMWiecKilli BHHT Beca Tena paseH HY­
JllO ( COCTosnrne HeBecoMOCTH). 

1 ~HHaMHqecKHA BHHT B03AeACTBHH Ha Teno 

npyJKHH. 
Ilycn. a6comoTHo TBep.aoe TeJIO B s onHpaeTOI Han npyxmI, TO'IKH 

KpenJieHIDI KOTOpbIX K TeJIY o603HatJ:eHLI Pri (i = l, 2, ... , n), H HX pa­

.IlHYCbI-BeKTOpbI rJ,s,.; B CBSI3a.HHOH CHCTeMe KOOp,IlHHaT Es Te.Tia Hee [eS] 

6aJHCe rf.:i = [rf,:i (l)rj,~ {2)r/,~ (3)] (B TepMHHax MATJIAE). 
CB.SDKeM c TeJIOM n CHCTeM KOOp,IlHHaT E Pri = (Pri, [es]) c HatJ:a­

JlaMH B ToqKax KpeITJICHIDJ npyxHH H 6aJHCaMH [eS] OCHOBHOH CB.sI-

3aHHOH CHCTeMbl KOOp,IliiHaT Es = ( 0 s, [es]), TOI',Ila MaTpHU:a nepe­

xo.aa Es -t E Pri B seKTOpHOM npocrpa.HcTBe BHHTOB HMeeT BH.Il 

Tf,~ = [E 0; (rf,ri)s E]. 
TiycTL QPri (Pri, B) - 0606m;eHH1>1e CHJibI ynpyroro BoJ,n;eiicT­

BIDI i-ii np)')KHHbl Ha Te.TIO, TOI',Ila ,IlJI.sI ,IlHHaMHtJ:eCKOro BHHTa Toro xe 

803,IlCHCTBIDI BE Pri• BXo,wun;ero B COCTaB BHHTa Ff,ri (-,B, B)(5.214), 
norryqaeM FPri(Pri,B) = (Mj)-TQpri(Pri,B) (5.228), (5.239). 
J])uI QPri (Pri, B) B (37J rrpH MaJibIX o6o6m;eHHblX KOOp,IlHHaTax no­

JiyqeHo QPri (Pri, B) = - C(i)qs, r.ae C(i) - (6 x 6)-MaTpHn;a KO­

::i¢¢HUHeHTOB xecTKOCTH i-H npyxHHbl, IIO::ITOMy 

Ff>n (Pri, B) = (Mj )-T Qpri (Pri, B) = - (Mj )-T C(i)qs. (5.250) 
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,[(rrSI JlHHaMHtleCKOl'O BHHTa B03)leHCTBIDI i-H npyxHHbl Ha TeJIO 8 

OCHOBHOH CBjJ3aHHOH CHCTeMe KOOp)lHHaT no.rryqaeM Ff (Pri, B) = 
= Tfl:;Ffori (Pri, B), OTKyJla JlJISI JlHHaMH'ieCKOl'O BHHTa B03)leHCTBIDI 

BCex np}')KHH Ha TeJIO B Es = ( 0 s ' [es ]) HMeeM 

Ff (Pr, B) = "Lf =l Ff (Pri, B), 

H JlJISI o6o6meHHbIX CIDI COOTBeTCTBeHHO 

Q(Pr, B) = Mj•T Ff (Pr, B). 

Co6HpWI no.rryqeHH1>1e pe3yJ11>TaT1>1, no.rryqaeM 

Q(Pr, B) = - C(B)qs, 

C(B) = Ms,Tr.,r: rss. (Ms )-T C(i). f 1=1 Pri f 

(5.251) 

(5.252) 

(5.253) 

06o6w;eHHble CH.Tlbl (5.253) IlOTeHIJ;HaJI:bH:bl TaK, qTo (5.240) [37] 

P = qs,T C(B)qs, Q (Pr, B) = - gradqP. (5.254) 

B rracTHOCTH, eCJIH no yCJioBIDIM 3a,n:a1m npH MaJILix o6o6mea­

HLIX KOOPJlHHaTax MO:XCHO npHIDITb MjT :::::: E, TO 

C(B) = "Lf =1 Tf,:;C(i), (5.255) 

CCJIH BCC npyxHH.bI 0,!U{HaKOB.bI C(i) = C, TO 

C(B) = Ms,T ("L~ rss. (MS )-T )C f 1=1 Pri f · (5.256) 

ECJIH HMeIOT MecTo o6a BLIIIIe}'Ka3aHH.&Ix yCJioBIDI, To 

(5.257) 

IlpH B.bIBO)le paseHCTBa (5.253) npHHu;HnHaJibHO HCil0Jlb30BaHbI 

)lBa YCJIOBl{jJ: JlHHaMHqeCKHH BHHT ynpyrocTH np}')KHHbI 3anH­

CaH B CHCTeMe KOOpJlHHaT Epri = (Pri,[eS]) H B MaTpHu;e C(i) yq­
TeHbl see (25) Kos<Pqmu;11eHTbI :xcecTKOCTH np}')KHHbI [37]. Ha npaK­

THKe qacro 3Ta HH<iJOpMau;IDI OTCytcTByeT' HO B3aMeH ee H3BeCTHbI 

ucnepHMeHTaJibHO onpem~.JUieMbie Kos<P<PHU:HeHrbl :xcecTKOCTH B 

HHep11HaJILHOH CHCTCMe KOOpJlHHaT E 0' CBa3aHHOH, HanpHMep co 

CTOJIOM, Ha KOTOpOM 3aKpenJICHbl np}')KHHbI, H TOJlbKO JlJISI npOJlOJlb­

HOH H JlByx OJlHHaKOBbIX nonepeqHi.1x Jle<iJopMau;Hii. HHLIMH CJIOBa­

MH, H3BeCTHa TOJlbKO (3 x 3)-MaTPHU:a :xceCTKOCTH npyxHHbI BH)la 

c(i) = diag{c11 , c22 , c33 }. (5.258) 
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B 3TOM CJI}"Iae ;J1)IJl o6o6meumix cHJI Q(Pr, B) MOXHo no.rryqHTL 

,11;pyroe paueHCTBO. B&ItlHCJIHM ABH:XCeHIDI naparu:te.TI&Horo nepeHoca 

Toqex: KpeIDICHIDl npy:xcHH K Te.TI}' Pri OTHOCHTeJibHO E 0' IlOJiarwI, 

qTO Eo = Es npH t = 0: 

0 00. = 0 00 + cOrss. _ rss. = 0 00 + rss. + (es)rss. _ rss. = 
Pn s s Pn Pn s Pr1 Pn Pr1 

= o?J + (0s}rf,~ = o?J + (rf,ri}s,Tas = [E (rf,,;}s,T]qs. (5.259) 

B 3TOM CJl)"'lae rJiaBH&tii BCKTOp ,D;HHa.MlACCKOI'O CKOJlblSIIUCI'O 

BCKTopa 803,lleHCTBIDI {i)-npy:xcHHJ>I Ha Te.TIO npHMeT BH,ll 

mv F~(Pri, B) = - c(i)[E (rf,ri}s,T]qs. (5.260) 

Ilepeii.!leM B (5.260) K CBSl3aHHOH CHCTeMe KOOp,D;HHaT H 3anH­

meM B HeH CKOJIDlSllUHH BeKTOp Ff (Pri, B) c yqeTOM: 

mv Ff (Pri, B) = - c~·T c(i)[E (rf,,;}s,T ]qs, (5.261) 

Ff (Pri, B) = - Gi,;col{mv Ff (Pri, B), mv Ff (Pri, B)}. (5.262) 

Ilo,aCTaBJlll B (5.262) paBeHCTBO (5.260), IlOJIY'IHM 

Ff (Pri, B) = 

= - Girl [c~·T ][c(i) c(i)(rf,,;)s,T; c(i) c(i)(rf,ri )s,T ]qs. (5.263) 

C}'MMHpy.11 (5.263) no sceM npy:xcHHaM H nepexo.IUI K 06061UeH­

H&IM CHJlaM, nonyqaeM H)'XCH&IH pe3YJl&TaT, aHaJIOI'H'IHblH (5.253): 

Q(Pr, B) = - C(B)qs, (5.264) 

C(B) = MjT:tf=t Girl [c~·T ][c(i) c(i)(rf,,;)s,T, ... 

c(i) c(i)(rf,,; )s,T ]. (5.265) 

ECJIH no yCJioBIDIM 3a,naqff ,11;onyCTHM&1 comameHIDI Mj•T =EH 
c~ ::::: E, TO <t>opM)'na (5.265) npHHHMaeT 6onee npocToii BH,ll: 

C(B) = Zf =l Giri [c(i) c(i)(rf,ri}s,T, c(i) c(i)(rf,ri}s,T ]. 

OcTaeTCS OTMCTHTb, qTO aHaJIOI'H'IHO (5.254) 06061UCHH&Ie CHJl&I 

(5.253) IlOTCHUHaJibHl>I TaK, qTO 

P = qs.T C(B)qs, Q (Pr, B) = -gradqP. (5.266) 
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5.5. BTOPIAHLIE CBOHCTBA BCEJIEHHO:R 
MEXAHHKH rAJIHJIEjJ n 

Ilpe,1V101Ke1D1e 5.68. IIycTL: 1. T - KHHernqecKrui sHeprIDI a6-

conIOTHO TBep,D;OI'O Tena (5.194), (5.222), (5.234): 

T = 0. 5y
3
00 · egvsoo = 0. 5y

3
0s · e~y3os = 

= 0. 5qs· · A8 ( qs )qs· ; (5.267) 

2. Q,W. Qg: - KHHeTH'lecKHe BHHTLI Te.Tia BS npH ,ZJ;BIDKeHHH OT­

HOCHWILHO HHepu;Ham>HOH CHCTeMbl KOOp,D;HHaT B 3TOH xe CHCTeMe KO­

op,D;HHaT H B CHCTeMe KOOp,D;HHaT, CBSI3aHHOH c TeTIOM (5.171), (5.169); 
3. Q~q == A8 (qS )qs· - o6o6meHHLIH KHHeTH'leCKHH BHHT Te­

na B s npH ,Zl;BHXeHHH OTHOCHTeJILHO HHepn;HaJILHOH CHCTeMLI KOOp­

,ZJ;HHaT (B TepMHHax o6o6meHHLIX KOOp,D;HHaT). 

Tor,ZJ;a KHHeTH'lecKrui 3HeprIDI Terra paBHa nonoBHHe MOmffOCTH 

BLIIIIeYKaJaHHLIX KHHeTH'leCKHX BHHTOB: 

.ll:OK333TeJILCTBO CJie,ZJ;yeT 1{3 onpe,D;eneHHH KHHeTH'leCKOH 3Hep­

mH H KHHeTH'lecmx BHHTOB B TepMHHax CKopocreH:, KBa3HCKOpo­

CTeH H o6o6meHHLIX CKOpoCTeH (5.173).D 

Ilpe.IVI01Keime 5.69. B o6oJHa':leHIDIX npeALmymero yrnep)l(JleHIDI 

Q,W = grady0T, Q2J = grady3 T, Q~q =grad q· T. (5.269) 

.ll:OK333Te.JILCTBO ,ZJ;OCTHraeTCjJ: BLI':IHCJieHHeM rpa,z:(HeHTOB npaBLIX 

qacreH paBeHCTB (5.267).D 

KoMMeHTapHH: 1. «l>opMYJILI (5.269) MHOroKpaTHO HCIIOJIL30Ba­

JIHCL pmee, HanpHMep (5.228), (5.239). 3,ZJ;eCL Ha 3THX <i>aKTax OCTa­

HaBJIHBaeTCjJ: BHHMaHHe eme pa3. 

2. HJ nepBLIX AByx q,opMyn (5.268) H (5.269) cne,ZJ;yeT, qTo 

y
3
00 = (eg )-1 grady0T, y

3
0s = (8~ )-1 grady

3
T. (5.270) 
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Ilpe,!tlIOJKeHHe 5.70. fiycn.: 1. eg, 8~ - (3 X 3)-MaTpHUbl 
IDiepu1rn Tena (HHJKHHe npaBbie (3 x 3)-<<SIIUHKH» MaTpHU MHJaca 

eg, e~ B Eo H Es; 
2. o~, rcOO, r/3 - Koop.z:tHHaTHbie CTOJI6UJ>I BeKTopoB o~, rcO, rt 

IlOJIOJKeHIDI Ha'lana 0 s CBB3aJIHOH CHCTeMbl Koop,u;1rnaT Es H u;eH"Ipa 

Mace c Tena B E0 H E 3 H HX 6a:mcax (rcOO = o~ + c~rfs). 
Toma BepHO CJie.uyromee paBeHCTBO, CBSl3bIBaIOIUee Ma'IpHW>I e 8 H 

e ~' TJ>a,IUIUHOHHO Ha3bIBaeMb1e TeH3opaMH HHepllHH Te.Tia B E 0 H Es 

eg = c~S~c~·T - ( (rcO)O(o~)O + (o~)O(r/)O )m(B). (5.271) 

,llOK838TeJILCTBO .l:{OCTHraeTC» npBMblM nepeMHO:lKeHHeM Ma'IpHU 
B paBeHCTBe (5.175).0 

KoMMemap:uii. B qaCTHocm, eCJIH B Ka'lecTBe CBSl3aHHOH Bb16paaa 

u;eHTpaJibHIDI CHCTeMa KOOp.I\HHaT Es = Ecs (5.176), TO r/3 = 0 H nos­
TOMy 

(5.272) 

Ilpe,!tlIOJKeHHe 5.71. IlyCTh Dvo (T), Dvs (T), D q· (T)-noBepx­
Hocm ypoBIDI KHHeTINeCKOH 3Hepnm reJia B llpOCTJ>aHCTBax CKOpo­
CTeH VYOO, KBa3HCKOpOCTeH v,os H 06o6IUe.HHbIX CKOpOCTeH q· Tena. 

Toma 

Q2i ..L Dvo (T), Qg; ..L Dvs (T), Q~q ..L D q· (T). (5.273) 

,!1;0Ka1aTeJlhCTBO CJJeeyeT m yraepxcneHHB grad Tl. D(T) B npo­
CTJ>aHCTBe mo6blX rrepeMeHHbIX H (5.269).0 

Ilpe.zt1101KeHHe 5.72. IlyCT&: 1. T- KHHeTH'lecKruI saeprwi Te­
na (5.268); 

2. p - noTeHI.lHaJI IlOllil, B KOTOpOM HaxO)lHTCB Teno; 
3. Q: ( tB, B) - o6o6meHHbie CHJibI HenoTeHUHaJibHOro rrpoHc­

xoxcneHHB (5.243). 
Tor,u;a Bepao cne.zzyromee paseHCTBo: 

dldt(qs· ·grad T - L) = qs· · Q3S(-µJ, B). 
q· 

(5.274) 

,!J;OK338TeJILCTBO. Ilpo.uHcpcpepeHUHpyeM CKaJijlpHoe npoH3Be)le­

HHe qs· · grad T: 
q· 
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dldt(qs· · grad T) = qs· · dldt gradq T + q· • 

+ qs" ·grad T. 
q· 

(5.275) 

YMHOXHM ypa.BHeHIDI JiarpamKa (5.245) CKamipHO Ha CTOJI6e!l 
o6o6w;eHHDIX CKOpOCTeii 

qs· · d(gradq· L)I dt- qs• · gradqL = qs• · Q: (-,B, B) 

H no,llCTa.BHM B nonyqeHm.tii pe3y111>TaT CJiaraeMoe qs· · dldt grad T 
q• 

H3 pa.BeHCTBa (5.275) 

dldt(qs· ·grad q· T) - (qs" · dldt grad q· T + qs· · gradqL) = 
= qs·. Q(-,B, B). (5.276) 

Ho cnaraeMoe B Kpyml>IX CK06Kax SIBruleTCSl npOH3BO,llHOH <PYHK­
mm JiarpamKa L = L(qs, qs= qs'), irro H .llOKa31>IBaeT yrBep~e­
HHe (5.274).0 

IlpellJIOlKelUle S.73. TiycTJ> Bee ,llHHaMH'lecme BHHTl>I B03,lleHCT­
BIDI BHeWHeH cpe,lll>I Ha Terro HenoTeHUHaJThHOI'O npOHCXO~eHIDI, 
KpoMe HHepUHOHHoro, pa.BHlil ffYJIIO (5.243): 

Qf (-,B, B):: 0. 

Tor,lla CyMMa KHHCTWlecKOH :imepmH Terra H IlOTCHUHaJia IlOJI.SI, B 
KOTopoM Haxomrrc.si: Terro, B npouecce ero ABmKeHIDI coxpaHSieTc.si:: 

T + P = const. (5.277) 

.l(oK&3&TeJlhCTBO cneeyeT H3 (5.274) c yqeTOM (2.542) npH ycno­
BIDIX (5.268) H (5.269). ,lleiicTBHTerr&Ho: dldt(qs· ·grad T - L) = 

q· = 0 ~ qs· · grad q· T - L = const. ~ 2T - T + P = const. ~ T + P = 
= const.D 

KoMMemapuH:. B yCJioBHSIX npe,llb~ero npeMo:iKeHHSI pBBeHcr­
Ba T + P = const. H qs· · grad T - L = const. (qs· · grad L - L = 

q• q· = const., Ta.IC Ka.IC grad P = 0) SlBJISllOTca mrrerparraMH ypasHemm q· 
(5.274). 

IlpellJIOlKe1D1e S.74. Ilycn: 1. iF~(-,B, B) - HMny111>c ,llHHa­
MWlecKoro BHHTa F~(-,B, B) Terra B E0 (5.128) 3a BpeM.sI flt: 

iF~(-,B, B) = J XtuF~(-,B, B)µ 1 (dt); (5.278) 
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2. Q,W(t+ dt), Qj%(t) - KHHeTwreCKHe BHHTDI Tena B Eo B 

MOMeHTbl BpeMeHH t H t + !l.t. 
Torna: 1. HMny.Jlbc nRHaMHtlecKoro BHHTa Fg(-,B, B) Tena B 

HHepI.tHaJibHOH CHCTeMe KOop,nHHaT E 0 3a BpCMSI dt paBeH .nH<t><t>e­

peHn;Hany KHHCTHtlCCKOro BHHTa B TOH xe CHCTCMe KOOpJJ;HHaT 3a TO 

xe speMSI: 

(5.279) 

2. IlpHpalll;CHHe KHHCTHtlCCKOro BHHTa Q,W (t) Tena B HHCpI.{Ha­

nbHOH CHCTeMe KOOpJJ;HHaT Eo 3a BpeMSI M paBHO HMnym>cy (5.278) 
)J;HHaMWICCICOro BHHTa B TOH :JKe CHCTCMe x:oopJJ;HHaT 3a TO :JKe BpeMSI: 

(5.280) 

.IJ:oK838TeJl:bCTBO paBCHCTBa (5.280) )J;OCTHraeTC.sI HHTerpHposa­

HHCM no BpCMCHHOMY !l.t-HHTepsany yrsepJK,lleHIDI (5.279) HnH 

(5.182).0 

KoMMeHTapuii. B pa3Bep.eyroii <t>opMe paBeHCTBO (5.280) HMeeT 

eg (t + dt) vpo (t + M) - eg (t) vsoo (t) = 
= f XlllFg(-,B, B) µ 1 (dt). (5.281) 

Ilpe,IVlolKeHHe 5.75. IlycTb: 1. iFf (-!J, B) - HMnynbc JJ;HHa­

MH'lecKoro BHHTa F: ( -,B' B) Tena B CB.sI38HHOH CHCTCMe KOOpJJ;HHaT 

Es 3a speMSI 6.t: 

iFf (-,B, B) = J XlllFf (-,B, B) µ 1 (dt); (5.282) 

2. 1:1 (-,B, B), 1:2 (-,B, B) - nee t1aCTH HHepIUioHHoro BHHTa 

l f ( 1B' B) Tena B B CB.sI3aHHOH c HHM CHCTeMe KOOpJJ;HHaT Es. 3aBH­

C.sIIIJ;He OT KBa3H}'CKOpCHHH y
3
0s* H KBa.IlpaTHtlHbie no KBa3HCKOpO­

CT.sIM VsOs, TaKHe 'ITO (5.186) 

(5.283) 

fS (-D B) = - esvos• lS (-11 B) = - c:I>Osesvos sl JU' s s • s2 JU' s s s · 
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3. i/:1 (--iJJ, B), il:2 (--iJJ, B) - HMil)'JILCLI BHHTOB (5.283): 

il:1 (--iJJ, B) = J x 1~.r1:1 (--iJJ, B) µ 1 (dt), (5.284) 

(5.285) 

4. Q2: (t + ~t), Q2: (t)- KHHCTJNecme BHHTLI Tena BE s B MO­

MCHTLI BpeMeHH t H t + ~t. 
Toma BepHo paBeHCTBo 

,llOK838TeJILCTBO paBCHCTBa (5.286) AOCTHraeTCj{ HHTerpHpOBa­

HHeM IIO BpeMeHHOMY ~t-HHTepBa.ny yrBepx,n;eHHj{ (5.185) c yqeTOM 

(5.173).D 

KoMMemapuii. B pa3BepHyroU: cpopMe paBeHCTBO (5.286) HMeeT 

BH,ll 

0~(Vs0S(t + M)- vsos(t)) = 

= J X!itFf (--iJJ, B) µ 1 (dt)- J X!itl:2 (--iJJ, B) µ 1 (dt). 

Ilpe.llJioJKeHHe 5.76. B yCJioBWIX rrpe,D;LJ.Zl)'Illero yrBepx.n;eHWI 

pa3HOCTL KBa3HCKOpOCTeU: Tena B }'Ka:JaHHLie MOMCHTLI BpeMeHH MO­

::lKCT 6LITL BLl'IHCJieHa c HCIIOJIL30BaHHCM paBeHCTBa 

V
8
0s (t + M) - vps (t) = 

= (0~ )-1 f X!it (Fi (--iJJ, B) - <I>~s0~vps) µ 1 (dt). (5.287) 

KoMMemapHii. PaBeHCTBO (5.287), 3aIIHCaHHoe B cpopMe 

vsos (t) - vsos (0) = 

= (0~ )-1 J~ (Ff (--iJJ, B) - <I>~s0~vsos(t))µ 1 (dt), (5.288) 

jJBJijJCTCjJ HHTerpanLHLIM ypaBHeHHeM .D:BH::lKCHWI Tena B KBaJHCKOpO­

CTj{X c MpoM Ff(--iJJ,B)-<f>~s0~vps(t). 
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Ilpewm:m:eHUe 5.77. MOJ:UHOCTb KBa,npaTH'lHOH OTHOCHTeJILHO 

KBa3HCKopocTeH qacm HHepn;HOHHOI'O BHHTa Tena B CBJI3aHHOH CHC­

TeMe xoopAHHaT 1:2 (-,B, B) = <I>~se~V50s paima eymo: 

1s (-,B B). yos = <i>Osesvos . vos = o s2 • s s s s s · (5.289) 

rrOK838TelILCTBO cI>Os9syOs. vos = VOs,T cI>Os9syOs = m(B) x 
1-1\ •SSS S S SSS 

x v~s,T (w9)sv9s + m(B)v~s,T (w9)s(rcO)s,T w9s + m(B)w~s,T ( v9)v9s+ 

+ m(B)w~s,T (v9)(rc0)s,Tw9s + m(B)w~s,T (w2)s(rcO)sv9s + 
+ w~s,T (w~)se~w~s = - m(B)v~s,T (v9)sw~s - m(B)w~s,T (vJ)sx 

X (rcO)s,Tw9s+ m(B)w~s,T (vJ) 5 vJs+ m(B)w~s,T (vJ) 3 (rcO)s,TwJs+ 

+ m(B)w~s,T (wJ)s(rc0) 3 vJs + W~s,T (wJ)sE>~wJs = 0, me HCilOJib-

30BaHLI CBOHCTBa KOCOCHMMeTpH'lecKHX Ma-rpHU (x)y = - (y)x, 

(x)x = 0.D 

Ilpei:mo:m:euue 5.78. IlycTL: 1. T - KHHeTH'lecKrui aRepl'IDI 

TeJia; 

2. It (-,B. B) - ,llHHaMH'leCKHH BHHT HHepn;HH Tena B B CBJI3aH­

HOH c HHM CHCTeMe KOOpAHHaT Es. 
Toma CKOpOCTb H3MeHeHIDI KHHeTH'leCKOH ::mepmH Tena COBila­

.l{aeT c MOIUHOCTJ.10 BbiilleJKa3a.HHOI'O BHHTa, BljlTOH c o6paTHblM 

3HaKOM: 

(5.290) 

,IloKalaTeJU.crBO. 1. YMHOXGIB paBeHCTBO (5.185) CKaruipHO Ha 

BeKTOp KBa3HCKOpoCTeH vps Tena C }"leTOM (5.283) H (5.289), IIOJI)"IHM 

- Is (-,B B) · yos = yos · QOs* (5 291) s • s s Bs· · 

Bbl'IHCJIHM IIpOH3BQmnnn (VOs. QOs )*:: yOs. QOs + vos. QOs* H 
~~- s & s & s f 

nepemnneM nonyq:eHHOe paBeHCTBO B BH,ll;e yps. Q2:* =(V30s. QB:)*­
- yOs*. QOs s Bs · 

0CTWIOCb y<IeCTb, 'ITO (VsOs · Q2: )* = 2T. (5.269) H BOCilOJlb30-

BaTbCji npaBHnOM AH<P<PepeHn;HpoBaHJ{jJ cno:xrnoii cpYffKUHH T · = 
= vos•. gradv: T = yOs· . QOS D s s s Bs· 

Ilpei.Jio:m:euue 5.79. ITycTL: 1. T - KHHeTH'leCK~ SRepl'IDI 

TeJia; 

9 B. A. Koaonnea 
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2. Q2t - cKopoCTI> H3MeHeHIDI KHHeTINecKoro BHHTa B 3 -Tena 

B CB513aHHOH c HHM CHCTeMe KOOpJtllllaT Es. 
Toma CKOpOCTL H3MeHeHH51 KHHeTlf'leCKOH :mepnrn Tena COBIIa­

,l{aeT c MOW:HOCTLIO BLIIIIe}'Ka3aHHOI'O BeKTopa: 

(5.292) 

,lJ;OKa38Te.JlbCTBO ,l{OCTHraCTC51110,[(CTaHOBKOH (5.291) B (5.290).0 

Ilpen.nolKelBle S.80. IlyCTI>: 1. T - KHHCTINCCKa51 3HepIIDI Tena; 
2. Fg(-,B, B) · V

3
00, Ff (-,B, B) · y

3
0s, Q(-,B, B)- q· - MOW:­

HOCTH .l{HHaMITT:ecmx BHHTOB Fg(-,B, B), Ff (-,B, B) H o6o6w;eH­
HLIX CHJI Q(-,B, B). 

Tor,l{a BepHLI CJIC.i:cyIDI.UHe paBeHCTBa: 

T' =Fg(-,B,B)·Vsoo =Ff(-,B,B)·V30s =Q(-,B,B)·q'.(5.293) 

,11;0Ka3aTeJ11tCTBo. BTOpoe paBeHcTBo B (5.293) 11onyqaeTC5I YM­
HoxeHHeM ypaBHCHH51 ,[(BHXCHH51 (5.185) CKaruipHO Ha BCKTOp KBa-

3HCKOpOCTCH c yqeTOM (5.289) H (5.292), llCpBOC 51BillleTC51 BTOpLIM 
CKaruipHLIM npoH3BC,l{CHHCM, BLI'IHCJICHHLIM B .llpyroM 6a3HCC (MOW:­
HOCTH BHHTOB Fg(-,B, B) H Ff (-,B, B) cosmi,naioT). JJ:oKaxeM 110-
cJie.l{Hee paBCHCTBO. YMHOXWI ypaBHCHH51,[(BHXCHH51 (5.239) CKaruip­

HO Ha CTOJI6en; o6o6meHHLIX CKopocreii:, IIOJiyq:aeM 

q· · (gradq· T)' - q·· gradqT = q·· Q(-,B, B). (5.294) 

BLI'IHCJIHM npoH3BO.[(HflO npoH3:se.l{eHIDI (q ··grad q· T) • = q ·· x 
x grad T+ q·· (grad T)', oixymlq'· (grad T)' = (q' x 

q· q· q· 
x grad q· T) · - q·· · gradq. T. Ilo.l{CTaBJIU nOJI)"leHHLrn pe3YJILTaT B pa-
BCHCTBO (5.294), IIOJI)"iHM (q .. grad q· T). - q ... grad q· T - q. x 
x grad q T = q · · Q ( -,B, B). OCTan:OCL yqeCTL, 'ITO B COOTBel'CTBHH c reo­
peMOH 3Hrrepa o6 o,[(Hopo.zun,ix ~ q · · grad • T = 2T H npom­
BO;:maH KHHeTH'ICCKOH 3HepmH, KaK CJIOXHOH ~ T = T(q, q. ), 
paBHa T. = q··. gradq· T + q· · gradqT.D 

IlpewiolKe1me S.81. IlyCTL: 1. roy0 , rovs• ro q. - 1-cpopMLI, 
nopo)K)leHHLie ,[(HHaMITT:CCKHMH BHHTaMH Fg ( -,B, B ), Ff ( -iB, B) H 
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o6o6meHHblMH CHJia.MH Q(-,B, B) Tena B HHep1n1a.111>HOH CHCTeMe 

KOOp,!J;IfHaT Eo (1t~· = V
3
00), B CB513aHHOH CHCTeMe KOOp)J;HHaT 

(n~s· = yps) H o6o6IUeHHblX KOOp,llHHaTax COOTBeTCTBeHHO (14J: 

rovs =Ff (-,B, B) · d(n~s) =(Ff (-,B, B) · vps )µ 1 d(t), (5.296) 

ro q· = Q(-,B, B) · d(q) = (Q(-,B, B) · qs· )µ 1 d(t); (5.297) 

2. fumyn1>Cbl 1-cpopM (5.295)-(5.297) 3a BpeM51: At HMeIOT BH)J;: 

irov0 = f Xru (F~ (~. B)- V3
00 )µ1 (dt), 

irovs = J X~t(Ff(-,B, B)- VsOs)µ1 (dt), 

iro q· = J 'Xru (Q(-,B, B) · qs· )µ 1 (dt); 

(5.298) 

(5.299) 

(5.300) 

3. T ( t + At), T ( t) - KHHeTWieCKruI 3HeprIDI Tena B MOMeHT1>1 

BpeMeHH t + At H t. 
Toma H3MeHeHHe KHHeTWieCKOH 3Hepnrn Tena 3a BpeM51: At COB­

mmaeT c JII061>1M m HMIIYJII>coB (5.298)-(5.300): 

T(t + At) - T(t) = iroy0 = irovs = iro q· . (5.301) 

)lOKal3TeJILCTBO cne.nyeT H3 (5.293) H (5.298)-(5.300).D 

Onpene.neHHe 5.34. l-cpopM1>1 (5.295)-(5.297) Ha31>maroTc.si 

pa6omoit oUHa.M.u'leCKUX BUHmoB F~ ( -,B, B ), Ff ( -,B, B) u o6o6UfeH­

HblX cu.n QhB, B) Ha nepe.MeUfeHUJlX d(n~ ), d(n~s) u qs coomBem­

cmBeHHO. 

OnpeAeJieHHe 5.35. ronoHoMH1>1e CB.sI3H (5.204) Ha31>maroTc.si 
UOellJlbHbLMU, eCJIH pa60Ta )J;HHa.MWieCKHX BHHTOB pe~ 

R8 (-,B, B), Ri (-,B, B) (5.238) Ha nepeMeIUeHH.sIX d(1t~) H d(n~s) 
pasHa eyrrro: 

R8 (-,B, B) · d(n~) = Ri (-,B, B) · d(n~s) = 0. (5.302) 

259 



KoMMemapHH: 1. YMHO:lKruI paseHctsa (5.293) Ha µ 1 (dt) c 

yqeTOM nepsnrx qacreii paseHCTB (5.295)-(5.297), no.rryqaeM CJie.izy­

IDIUHe yrsep)KJJ;emm: 

1.1. ,Ump<lJepeH[(HaJI KHHeTWiecKoii 3Hepnrn Tena B cosmmaet 

c pa6otoii AHHaMH'IecKHX BHHTOB F3(-,B, B), Ff hB, B) H 0606-

meHHbIX cHJI Q( -,B, B) Ha rrepeMememu1x d ( n ~ ), d ( n ~s ) H dqs: 

dT = F3(-,B, B)- d(n~) = Ff(-,B, B)- d(n~S) = 
= Q(-i/1, B) · dqs. (5.303) 

2.2. H3MeHeHHe KHHetWiecKoB: 3Hepnm: 3a spewi /).t pasHo pa-

6ote AHHaMH'lecmx BHHTOB F 3 ( tB, B ), Ff ( -,B, B) H o6o6meHHbIX 

CHJI Q(-,B, B) Ha rrepeMeIUeHIUix d(n~ ), d(n~s) H dqs 3a 3TO xe 

spewi. 

3. IlpeAilOITO:lKHM, qto CB.SI3H (5.204) H)J,eaJibHbl (5.302). 
Tor.na AHl:iaMH'IeCKHe BHHTDI F3 (-,B, B), Ff (-,B, B) B npe.UbOl}'IUHX 

paBeHCTBax He CO,ll.epxat BHHTOB peaKllllii B CIDI)' (5.302). 
4. Bee BbimecKa3aHHDie yrsep)KJJ;eHH.s:, soo6me rosop.SI, He .SIBIT.SI­

IDTC.SI «3aKOHaMH IIpHpO,UbI», HO MOryr 6bITb rrone3HO HCIIOITb30BaHbI 

npH pemeHHH npHKn~HblX 3a)J.aq Ha ypoBHe TOl{HOCTH, COOTBeTCTBy-

10meM npe.anonoxeHHIO o cy:wectBOBaHHH BO BceneHHoli a6con10t­

Ho TBep,ll.bIX TeJI. 



6. MEXAHHKA CHCTEM TBEP,!U>IX TE.JI 
CO CTPYKTYPOH ;:J:EPEBA 

IlOJIHruI TeOpIDI Bonpoca c 6onblIIHM KOnHtieCTBOM no.n;po6HbIX 

npHMepoB pacCMOTPeHa B (18-33). 3.u;ecb npHBe.u;eHbI TOITbKO 

OCHOBHbie pe3YJILTaTLI • .D:OKa3aTenbCTBa scex yrBepx.neHHH: onyme­

Hbl, O.n;HOil03HUHOHHble HH,D;eKCbl THila s KHHeMaTHtiecKOH uenH 

(0.5.2) 3aMeHeHLI Ha .n;Byxno3HUHOHHbie HH,D;eKCbl THila lk CHCTeMbl c 

.n;peBOBH,!UIOH C1J>)1KTYPOH (33). 

6.1. YP ABHEHIDI KHHEMATHKll 
CHCTEMLI TBEP)U>IX TE.JI 

6.1.1. I'PAfb CHCTEMJ.d TBEP.ZU,IX TEJI 
CO CTPYKTYPOit ,nEPEBA 

3~aqa KOHCTP)'HPOBaHIDI ypasHeHlm KHHeMaTHKH CHCTeM TBep­

,D;blX Ten CBO,D;HTCji K «YIHlKOBbIBaHHIO» B 0.IlHH 6JIOK B COOTBeTCTBHH 

c rparpoM CHCTeMbI ypaBHeHHH KHHeMaTHKH OT,D;eJibHbIX K.HHeMarn­

qecKHX nap CHCTeMbI, norryqeHHblX AJlll CJIOXHOro ,D;BHXeHIDI O.IUl­

HOqHoro TBep.n;oro Tena (§§ 5.2.1, 5.2.5) (39). 3THM ofu.slcIDieTC.sI 

TepMHHOJIOl'IDI CHCTeMHOro aHanH3a pa60TbI (33). 

Onpe.!{e.JieHHe 6.1. 1. Elk - (lk)-3.neMeHm zpatjla, «l» - HH­

.n;eKc CTBorra .n;epeBa, «k» - HH.n;eK.c ypoBIDI l, k E N; 
2. I'patjJ opueHmupoflaH B03paCTaIOIUHMH OT KOpIDI E10 K Bep­

IIIHHaM .n;epeBa noCJie.n;oBaTeJibHOCTIIMH HH,D;eKCOB «l» H «k» c npHO­

pHTeTOM HH,D;eKca «l»; 
3. (lk)+ - MHO>Kl!C11UJO OOCmWKU.Mocmu (lk)-3.lleMeHma zpatjla: 

MHOXecTBO Bcex 3JleMeHTOB rpa<fla, ,D;OCTIDKHMbIX H3 ( lk )-3JleMeHTa 

BBepx no .n;epeBy (B HanpasneHHH B03paCTaHIDI HH,D;eKCOB), 

Elk E ( lk) +. )lruI JWeBOBH.n;Horo rpa<fla MHoxecmo .n;OCTIDKHMocrn 

( lk) + .sisngercg IlO)l!J;epeBOM OCHOBHOI'O .n;epesa c ( lk )-KopHeM; 
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4. ( lk) _ - .MHO»recrrl8o KOHmpOocmu:>KU.Mocmu ( lk )-3.lle.MeHTna. zpa­

t/Ja: MHoxecrao scex 3JleMeKI'OB rprupa, ;r{OCTIDKHMbIX m ( lk )-:meMema 

BHH3 no ,!lepeBy (B HanpaBJiemm: y61>maHIDI HH,UeKCOB), Elie E ( lk )_. 
l1.rnI ApeBOBH)lHOfO rpacpa MHO::lKec'l'BO KOHrp,!lC>C'l'IDICHMOCTH jffi)J}Je'l'CSJ. KH­

HeMaTINecKOH !lellbIO c nepBbIM :m:eMeHrOM E 10 H nOCJie.D,HUM Elk; 

5. (lk)+ - MHO;)Kecmso npasou UHtfUOeHmHocmu (lk)-3.neMeH­

ma zpatfJa: MHOXCeCTBO 3JieMeHTOB rpacpa H3 (lk)+, ,!lOCTIDKllMhlX H3 

(lk)-:meMeHTa 3a o.n;HH mar BBepx no ,!lepeBy, E1k I/. (Zk)+; 
6. (lk)- - MHO;)Kecmso .nesou uH14uOeHmHocmu (lk)-3.ne.MeHma 

zpatfJa: MHOXeCTBO 3JieMeHTOB rpacpa H3 (Zk)_, ,D;OCTHXHMhlX H3 

( lk }-3rreMeHTa 3a o.n;HH mar BHH3 no ,a;epeBy, Elk '/. ( lk )- ; 

7 . .IlBa :meMeHTa rpacpa Eµ,k-l• Ezk• eCJIH Ezk E (µ, k- t)+, 
&BJUIIOTC.si: (µ. k -1; lk)-KuHe.Mamu11,ecKou napou, µ 'l. 

6.1.2. KHHEMA THKA YilPYI'OH 
(µ. k-1; lk)-KHHEMATHIIECKOit IIAPbl 

n 61 n · 1 Rµ,k-1_( lk lk lk lk lk pe,lt1IOJKe.HHe • • YCTb. . lkk - P1 ' P2 , P3 , <i'a.. <i'p, 
<p~ )T - KOHCTPYKTHBHIDI KOHcpHiypailH.sI (µ, k -1; lk)-mHeMaTH­
qecKOH nap1>1 (5.63); 

2 Rlkk = (olk olk olk elk elk elk )T - .hvJHCTTU'OHaJILHa& 
· lk 1 ' 2 ' 3 ' 4 ' 5 ' 6 't'r~.......-· 

KOHcpHiypailH.sI (µ, k -1; lk)-KHHeMaTH'leCKOH napLI; 

3. (o{k, O~k, 0~ )T - BeKTOp JIHHeHHLIX ){ecpopMailHH 

(µ, k - l)-3JieMeHTa CHCTeMLI; 

4. (0~, O~k, o~k )T - yrJIOBLie ){ecpopMallHH (µ, k - l)-3JieMeH­
Ta CHCTeMhl; 

5. Ilpe){nOJIOXeHHe: O~k * 0, eCJIH o~k = 0 HJIH e~k = 0 H 
I I I 

O~k = 0, eCJIH o~k ;/:. Q HJIH e~k ;/:. Q, HJIH O~k = o~k = 0~k = 0, eCJIH 
I I I I I I 

cp)'HKUHOHaJibH:&Ie ,D;BHXeHH& JII06oro npoHCXO)l(,D;eHH.sI no i-KOOp,D;H-

HaTe B (µ, k -1; lk)-KHHeMaTH'l~CKOH nape OTCyrCTByIDT. 

Toma: 1. (µ, k-1; lk)-KHHeMa'IWlecKa&napaHa3bmaere&ynpyzou; 

2. Kompmypau,IDI (5.63) ynpyroH: (µ, k -1; lk)-KHHeMaTH'le­

CKoH: napbl HMeeT BH.n; 

Rµ,k-1 - (Rµ,k-1 Rlkk) Rµ,k-1 - (plk mlk )· (6.1) 
lk - lkk , lk ' lkk - ' 't' , 

Rlkk =(o~ o~ o~ S~ o~ o~)+(o~ o~ o~ e~ e~ e~)-
lk 1'2'3'4'5'6 1'2'3'4'5'6-

= ( ... 'qfk' ... ), qfk = ofk' HJIH = a:k' HJIH = 0fk' HJlH = 0. 
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3. Ypa:sHemra KHHeMannrn ynpyroii (µ, k -1; Zk)-KHHeMaTHtle­

cKoii napi.1 HMeIOT BM (5.67) 
lkk,T Q 

Vµ,k-l;lk _ Mlkkltflkllqlk· Mlkk - elk (6.2) 
lk - lk ' lk - Q Elick 

lk 

cfr =cl (q~ )c2 (q~k )c3 (q~k ), 

Ei~ =lie§ (q~k )cf (q~k )efkl cf (q~k )e~kl e~kll. 
(6.3) 

(6.4) 

KoMMeHTapHii. 3neMeHTaMH ynpyroii (µ, k - I; lk)-mHeMam­

'lecKoii napi.1 .sIBJUIIOTC.sI ynpyme TBep.IU>Ie Tena. Ilo npe.n;norro:xceHHIO 

nepeMemeHHe ( lk )-Tena OTHOCHTeJibHO E lkk OCYilleCTBJI.sieTCH 3a 

C'leT q,ymcu;HOHaJibHblX .wm:xceHHH ynpyroii: ~eq,opMauIDI 

(µ, k -1)-Tena) H Heynpyroli npHpO,UbI, BJIIDIHHeM rrepBLIX Ha 0,l{HO­

mmeKCHble BTopi.1e npeae6peraeTc.sI. 

C¢opM)'JIHpyeM ypaBHeHIDI KHHeMaTHKH CHCTeMl>l B HeCKOJILKHX 
¢opMax [28, 33]. 

Ilpen.noJKeHHe 6.2. IlycTL: 1. (10) + - CHCTeMa TeJI co CTpYK­

TYPOH nepeBa; 
2 (v) - I{ yi,j-l;nj } (6 x 1)- ~ . - co ... , nj ,... - n MepHbIH BeKTOp KBa-

3HCKOpOCTeH KHHeMaTH'leCKHX nap CHCTeMLI TeJI (5.67); 
3. V =col{ ... , VzkO,lk , ... } - (6n x 1)-MepHbIH BeKTop KBaJHCKo­

poCTeH: ( lk )-:meMeHTOB CHCTeMbl (5 .49); 
4. L - 6rroqua.si sepxH~eyroJILHaJl (6n x 6n)-MaTpm:i:a c 

(6 x 6)-MaTPH'IHbIMH 6noKaMH Lff (7.7), eCJIH (lk) E (st)+, H 
(6 x 6)-MaTpH'IHbIMH 0-6noKaMH, ecnH (lk) fl. (st)+, Ha nepeceqeHHH 

(st)-MaTpH'IHblX CTpOK H (lk)-MaTpH'IHbIX CTOJI6I.lOB; 

Tor.z:ta; 1. YpaBHeHHe KHHeMaTHKH CHCTeM TeJI co CTpYK'fYPOH 

.a;epesa HMeeT BM 

V:: LT (V). (6.5) 

2. MaTpHQa L HaJbmaeTc.si KOHqJUzypaijuonnou Mampu1-1eu cuc­
meMw me.fl. 

KoMMeHTapHii. BeKTop KBaJHcKopocTeii V Bcex TeJI cHcTeMbI 

OTHOCHTeJibHO 6a30BOH CHCTeMbl KOop.a;HHaT E10 SIBJI.sieTCSI mrneii:-
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HblM npeo6pa.30Bami:eM BeKTopa KBa.3HCKOpOcTeH 3THX TeJI (V) B KH­
HeMaTH'leCKHX napax CHCTeM'bl c MaTpHueH: LT. H3 (6.5) CJie.zzyeT, 
qTo 

(V) =(LT )-1 V. (6.6) 

IlpeJtJioEeHHe 6.3. IlycTI.: 1. (10)+ - cHcTeMa Te.JI co CTPYK­
rypoM: .uepeBa; 

2. q · = col { ql 1 · , q12 • , ... , qlk· , ... } - cTorr6eu 0606meHHL1x 

CKopocTeii CHCTeM.bl, COCTaBJieHH.blH H3 CTorr6uoB o6o6rueHHbIX 
CKOpoCTeii KHHeMaTwqecKHX nap CHCTeMbl (5.62); 

3. M - 6rroqHO-.UHaI'OHanbHasI (6n x 6n)-MaTPHUa nepexo.ua OT 
o6o6rueHHl>IX CKOpOCTeH CHCTeMbI Te.JI K KBa.3HCKOpOCTjJM KHHeMa­

THqeCKHX nap 3TOH CHCTeMbl c (6 x 6)-MaTpH'IHblMH 6JIOKaMH M1}1' 
KHHeMaTwqeCKHX nap (5.46) Ha rJiaBHOH ,!lHaroHaJIH 

M = diag { ... , M}kk, ... }; (6.7) 

4. llt11 - 6noqHO-)lHaroHWibHasI (6n x dim q}-MaTPHUa c 

(6 x dim qlk· )-6rroKaMH llflkll H3 (6 x 1)-opTOB J/k' (i = l, 2, ... ' 6) 
oceH: no)lBIDKHOCTH KHHeMaTwqecmx nap (5.65) Ha rmumoii AHaro­
HWIH 

llt11 = diag{ ... , llf1kll, ... }. (6.8) 

Tor.ua HMeeT MecTo crre.uyrow:ee paBeHCTBO 

(V) = Milf1lq·. (6.9) 

IlpeJtJIOEeHHe 6.4. IlycTb: 1. (10)+ - CHCTeMa Te.JI co CTPYK­
rypoH: .uepeBa; 

2. (1 x 6}-CTPOKa HJlH (dim qst x 6)-MaTPHUbI-OilepaTOpbI (5.74), 
(5.76) 

S st-a _ ~st,TMstk,TLst 8 st _ ~st,TMstk,TLst 
lk - Ju. f lk' lk - Ju. f lk (6.10) 

npoeKTHpOBaHHjJ BHHTa xft (3a.zi;aHHoro B E1k) mo6oro npoHcXo)K,lle­
HlijJ (KHHeMaTH'leCKOro, AHHaMHqeCKOro, KHHeTwqecKoro HT . .u.) Ha 
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a-OCb (OCH) <l>YHimHOHaJibHOI'O .n;BHJKeHIDI (st}-3JieMeHTa CHCTeMbI B 

(i, t -1; st)-:rameMaTH'leCKOH nape, a= 1, 2, ... 6; 

3. S - sepxHerpeyrorrbHasI 6noqHasi (dim q x 6n)-MaTPHUa c 

6JIOKaMH (6.10) Ha nepeceqeHHH (dim qst x 6n)-MaTPH'IHblX CTpOK 

H (dim q x 6)-MaTPH'IHblX CTOJI6UOB, ecrrH (lk) E (st)+, H H)'JleBbIMH 

6JIOKaMH Ha 3THX MecTax, eCJIH ( lk) <I. (st)+; 

Toma: 1. YpasHeHIDI KHHeMaTHKH cHcTeMhI Terr co CTPYKTYPOH 

.nepesa HMeIOT BH,D; 

(6.11) 

2. MaTPHUa S Ha3bmaeTc.si cmpymiypHou .Mampu1.1eu cucme.Mbt 

meJt co cmpymiypou oepeBa. 

KoMMemapBH: 1. CTP)'KTYPHasI MaTPHUa S B pa3BHBaeMOM 

q,opMaJIH3Me MeXa.HHKH CHCTeMhI Terr HrpaeT ueHTPaJihH)'IO pOJII>. Ee 

Ha3BaHHe o6ycrroBJieHo TeM, qTo OHa HeceT B ce6e nonffYIO HH<l>op­

MauHIO 0 CTp)'KTYPe CHCTeMbI Terr: 

- 0 BffYTPeHHeH KOH<t>mypauHH CHCTeMbI H CTPYKTYPe KHHeMa­

TH'leCKOH CXeMbI CHCTeMbI (rpaq,a CHCTeMbI) - MaTPHUa L; 
- 0 nepexo.n;e OT KBa3HKOOp,u;HHaT CHCTeMbI K o6o6m;eHHbIM 

KOOp.D;HHaTaM CHCTeMbI - MaTPHUa M; 
- 0 xapaKTepe .n;BHJKeHIDI no KaJK.D;OH H3 CTeneHeH CB060.D;bl CHC­

TeMbI - MaTPHUa weCTHMepHbIX OPTOB oceii ,D;BHJKeHIDI CHCTeMbI llf11. 
QqesH,D;eH <l>H3H'ICCKHH CM.blCJI MaTPHI{.bI S: (6n)-MepHbIH BCKTOp 

p = col { ... , Pz~ , ... } BHHTOB JII06oro npOHCXO~eHIDl OHa npoeKTH­

pyeT Ha ocn .n;BHJKeHIDJ CHCTeM.bI Terr. MaTpnua ST BbinOJIH.sieT 06-

paTHOe ,D;eH~TBHe, B qacTHOCTH, npeo6pa3yeT o6o6m;eHH.ble CKOpo­

CTH CHCTeMbI B BeKTOpbl KBa3HCKOpoCTeH: CHCTeM.bI (B KHHeMaTH'le­

cme BHHThI CHCTeM.&I c TOt{HOCT.bIO no nepecTaHOBKH CTPOK). 

2. '.3neMeHTbl MaTPHU.bI s, onpeJlemIIOW:He BKJia,n; .n;BHJKeHIDI 

( lk )-Terr B .D;BHJKeHHe (st )-Terr, OTJIH'IH.bl OT HymI TOJI.bKO B crryqae 

(lk) E (st)+· HanpHMep, B KHHeMaTHllecKoii cxeMe «eJKHK» (He­

CKOJibKO spaw;arom;HXC.SI .D;HHaMH'leCKH Hec6anaHCHpOBaHH.blX Terr 

(5.214), ycTaHOBJICHHblX Ha HOCHTerre - BH6pocTeH.D;bl, rpoXOTbI H 

T. n.) Henocpe,u;cTBeHHOe BJIH.SIHHC Bpaw;arom;HXCH Terr .n;pyr Ha .n;pyra 

npHHUHnHaJibHO HCKJIIOt{CHO. 
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6.2. YPABHEHWI }lBIDKEHIDI 
CHCTEMLI TBEP,lJ;LIX TEJI 

6.2.1. YPABHEHIDI ~IDKEHIDI CHCTEMLI TEJI 
B KBA3HCKOPOCT11X II 0.60.liIIJ;EHHLIX CKOPOCTJIX 

Ilpew10Ie1D1e 6.5. Ilycn,: 1. Taep).l;oe Te.no Bzk - 3JleMeHT 

CHCTeMbI TBep).l;bIX Te.JI co CTP)'KTYPOH ).l;epeaa; 

2. E10 , Ezk - HHepu;Harr&HWI H cBSI3aHHWI c Bzk cHCTeMbI Koop­

).l;HHaT; 

3 ylO,lk = col{v10•1k w10• lk} - BeKTOp KBa3HCKOpoCTeH TeJia "lk lk 'lk 
Bzk oTHOCHTe.n:&Ho E10 a E1k; 

4. Bi~ - MaTPHU:a MH3aca Te.n:a Bzk B Ezk (noCTomHWI MaTPHn;a 

(5.172), BbJllHCJieHHWI B Ha'larre Ozk H 6a3HCe [elk] CBSl3aHHOH CHCTe­

MbI KOOp).l;HHaT); 

5. Rft (i, k -1; lk), RJ:Z:J (lk; j, k + 1)- ).l;HHaMH'lecme BHH­

TbI peaKn;HH Te.n:a Bi,k-1 E (lk)- Ha TeJIO Bzk H TeJia Bzk Ha Te.n:a 

Bj,k+l E (lk)+: 

Rft = Rft (i, k-1; lk)- L j L~.k+1Rf:Z:I (lk; j, k + l); 

6. Nft (i, k -1; lk), NJ :Z:J (lk; j, k + 1)-).l;HHaMH'lecme BHH­

TbI TpeHHSI Te.n:a Bi,k-l E (lk)- o Te.no Bzk H Te.n:a Bzk o Te.no 

Bj,k+l E (lk)+: 

Nft = Nft(i, k-1; lk)- L j L~.k+lNJ:Z:I (lk; j, k + 1); 

7. uft (i, k - I; Ik), uJ:Z:J (lk; j, k + 1) - ).l;HHaMH'lecme BHH-

ThI ynpa.BJieHIDI ).l;BIDKeHHeM Te.n:a B lk omocHTeJlbHO Te.n:a 

Bi, k- l E ( lk )- H ).l;BIDKeHHeM Tena B j, k + 1 E (lk) + OTHOCHTeJlbHO 

Tena Bzk: 

Uft = Uft (i, k -1; lk) - r. j Lrk+l uj :z:: (lk; j, k + 1); 

8. P/k - a::iponmpo).l;HHaMH'lecmH: BHHT Te.n:a Bzk B Ezk; 
9 .. Gft - ).l;HHaMH'lecmii BHHT T51roTeHIDI Te.n:a Bzk B Ezk 

(5.248); 
10. <I>}~·lk - MaTPHU:a KBa3HCKOpOCTeii TeJia Bzk BH).l;a (5.184); 
11. * - CHMBOJI onepau;HH ).l;H<P<PepeHn;HpOBaHHSI B Elk. 

Tor).l;a ypaaHeHHe ).l;BIDKeHIDI arreMeHTa B1k CHCTeMbI TBep).l;bIX Te.JI 

co CTP)'KTYPOH ).l;epeBa HMeeT BM [19, 24] 
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etkyio,zk* + <I>10,tketky10.1k _ ztk + 8 zk 
lklk lk lklk - lk lk' 

zlk - Rlk + utk +Nik Hlk - p,lk + Glk 
lk- lk lk lk' lk- lk lk" 

Ilpe,IVIo&eHHe 6.6. Ilycn.: 1. {Bck} - cHcTeMa TBep,llhIX Te.TI 

co CTJ>YKTYPOH ,llepesa; 
2. F = col{FN, Ft}, ... , F1~ , ••• } - (6n x 1)-MepHhIH BeKTop 

,llHHaMH'leCKHX BHHTOB: 

plk - ztk + Hlk + rlk 
lk- lk lk lk' (6.12) 

zlk - Rlk + ulk + Nlk Hlk - P,lk + Glk. 
lk- lk lk lk' lk- lk lk' 

3. R - BeKTop ,llHHaMH'lecmx BHHTOB BHYTPeHHHx peaKUHii 
CHCTeMhl 

R = col{Rfg ,Rfi , ... , Rft .... }; (6.13) 

4. u -(6n x 1)-MepHhIH BeKTop ,llHHaMH'leCKHX BHHTOB ynpas­
JieHIDI CHCTeMOH, u - CTOJI6eu ynparuunomHx ycHJIHH u( µ. k - 1; lk) 
Ha QCj{X IIO,llBH:lKHOCTH KHHeMaTH'leCKHX rrap (µ, k -1; lk) CHCTeMhI 

Te.JI: 

u = col{u(lO, 11), u(ll, 12), ... , u(µ, k-1; lk), ... }. (6.15) 

Cpe,llH COCTaBJlj{IOmHX u(µ, k -1; lk) MOJYI' 6LITh H)'JICBhle, 'llTO 

03HaqaeT CB060,llHOe ,llBIDKCHHe IIO COOTBeTCTBYIOmHM o6o6meHHLIM 
KOOp,llHHaTaM; 

5. N - BeKTop ,n:HHaMH'leCKHX BHHTOB TPCHIDI Ha OCSIX ,llBIDKe­
HHj{ CHCTeMhl, n-CTOJI6eu ycHJIHH TPCHHH n(µ, k -1; lk) Ha ocgx 
,llBH:lfCelillj{ KHHeMaTH'leCKHX rrap ( µ' k - 1; lk) CHCTeMLI Te.JI, 
dim n(µ, k -1; lk) = L.zk dim q~,k-1. 

N = col{Nfg, Nfi , ... , Nft .... }, (6.16) 

n = col{n(I0,11), n(ll, 12), .•. , n(µ, k-1; lk), ... }; (6.17) 
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' 

6. s - CTJlyK.rypHruI Ma1'pHUa CHCTeMbl Te.JI (6.11). 

Tor.n;a: 1. CTpyKT)'pHruI Ma1'pHUa S llH)'JIHpyeT BeKTop R (HHLIMH 

CJIOBaMH, R E Ker S) 

SR =0. (6.18) 

2. CTPYKTYPHruI MaTpHua S BblI(emJ:eT yrrpaBJUIIOillHe ycHJIIDI H 

ycHJIIDI 1'peHIDI u H n H3 AHHaMH'iecKHX BHHTOB U H N: 

u=SU, n =SN. (6.19) 

IlpeAJI01KeHHe 6.7. IlycTb: 1. {Bzk }-CHCTeMa TBepADIX Te.JI co 

C1'pyKT)'pOH .n;epeBa, {Ezk }-CHCTeMa CB}l3aHHblX c Te.JiaMH CHCTeM 

KOOp.D;HHaT; 
2 {Rµ,k-l = (Rµ,k-l Rlkk )} - MHO::>KeCTBO KOHri-HrypauHH 

. lk lkk ' lk 't' 
CRCTeMbl Ten; 

3. V = col{Vl~·11 , vi1~·12 , .•. , v1io,zk , ... } - (6n x 1)-MepHbIH 

BeKTOp KBa3HCKopocTeH TeJI CHCTeMbI (5.49); 
4. A= diag{Af~} - 6noqHo-AHarOHaJibHruI (6n x 6n)-Ma·qmua 

HHepuHH CHCTeMbl TeJI c 6JIOKaMH Aft (5.200) Ha rJiaBHOH AHaro­

HaJIH; 

5. <l>=diag{<I>~~,ll,<1>~~·12 , ... ,<1>}2·1k, ... } - 6JIOqff0-AHaro-

HaJibHruI (6n x 6n)-Ma1'pHUa KBa3HCKOpOCTeH c (6 x 6)-6JIOKaMH 

(5.184); 

6. H + T = col{(H + T)H, (H + T)g , ... , (H + T)~~, ... } 
(6n x 1)- MepHDm BeKTop AHH~ecKHX BllllTOB B03,IJ;eHCTBH}I Ha CHC­

TeMY Te.JI ee BHemHeH cpeADI Hft = P1~ + GfZ H yCTaHOBJleHHbIX Ha ee 
::meMeHTax BpamaroII.UiXC}I Ten T1ik . 

Tor.r{a: 1. YpaBHeHRe ABmKeHIDI CHCTeMD1 TBepALIX Ten co 

C1'pyKT)'pOH .n;epeBa B KBa3HCKopocrnx HMeeT BH,l{ 

SAV* + S<l>AV = S(H + T) + u + n. (6.20) 

2. YpaBHeHRe ABH::>KeHH}I CHCTeM TBepADIX TeJI co CTJlyKT)'pOH 

.r{epeBa B o6o6meHHbIX CKOpOCT.SlX HMeeT BH,l{ 

A(q)q" +B(q,q')q' =Q, (6.21) 

A(q) = SAST' B(q, q.) = SBST + SAsT·' Q = S(H + T) + u + n. 
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IlpeNIO.JKeHHe 6.8. IlpOH3BOJ{Hbie Slf-<J.-cTpOK MaTPHU.bI S B 

yprumeHHH (6.21) c yqeTOM (5.76), (6.10) BbfllHCJUIIOTCSl c HCilOJI.b30-

BaIIHeM peicyppeHTHl>IX cpopMy.JI 

sst-<J.• == sst-<J.• Ln,k-1 + 8 st-<J. Ln,k-lcI>n,k-l;lk (6.22) 
lk n,k-1 lk n,k-1 /k lk ' 

sst-<J.• == +st,T Mstk,T· vn,k-1 ;lk = Mlkk +lkqlk· 
st J a f ' lk f J a. ' 

r.l{e B MaTPHUe M{k,T· c yqeTOM (6.3), (6.4) HMeeM 

cstk· == cstk(wstk)st st st st • 

(6.23) 

6.2.2. YPABHEHIDI .I(BIDKEHIDI CliCTEMLI I'YKOBO-YilPYrnX 
TBEP,U:LIX TEJI CO CTPYKTYP01t ,n:EPEBA 

IlpeMOJKeHHe 6.9. IlycTb: 1. {Bid - C.HCTeMa ynpyr'HX 3Jie­

MeHTOB CHCTeMl>l Ten: 
2. Cff (i, k - 1; /k) - ,ZlHHaMJflleCKHH BHHT B03,l{eHCTBHSl 

(i' k - 1 )-Tena Ha (lk )-Teno, B03HHKaIOIUHH 3a C'IeT ynpyrocrn 

(i, k - l )-Tena; 

3. C(i, k -1) - (6 x 6)-MaTpHu;a xecTKOCTH (i, k -1)-Tena c 

HCH)'JieBl>IMH CTPOKaMH H CTOJI6UaMH, HH)leKCLI KOTOpbIX COOTBeTCT­

B)'IOT HH,[{eKCaM oceii ynpyroro .l{BH:XCeHIDI KHHeMaTH'!eCKOH IIap1>1 

(i, k -1; /k), (CM. § 5.4.6); 
4. II p e A II 0 JI 0 ){(HM, 'ITO 06061UeHHble CIDil>I ynpyrocrn 

M~kk,T cft (i, k -1; lk) SlBJISllOTC51 mmeiiHblM rrpeo6pa30BaIIHeM 

CTOrr6ua 06061UCHHbIX KOOPAHHaT llflkllqlk KHHCMaTH'lCCKOH nap1>1 

(i, k -1; lk) c yqeTOM II. 3 (TBep,llLie Te.Jia - ryKOBO-ynpyrH) 

M1f''T Cf~ (i, k -1; lk) = C(i, k - I)l(tlkllqlk; (6.24) 

5. c - 6JIO'lHO-.l{HaroHaJil>HaSI MaTPHUa c 6JIOKaMH -

llflkllTC(i, k - l)llflkll Ha rJiaBHOH AHaI'OHWIH. 
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Tor;:~a: 1. YpaimeHHe (lk)-sneMeHTa CHCTeMbI Te.JI HMeIOT BH,11; 

AlkVlO,lk"' + Blkv,10,lk - zlk + Hlk + rtk +elk (6.25) 
lk lk lk lk - lk lk lk lk' 

cf: =cf: u. k -1; Zk) - 1: i L~k+t cJ:t:: (lk; j, k +I); (6.26) 

2. YpaBHeHIDI ,l{BHXCeHIDI CHCTeMbI ryKOBO-ynpymx Ten HMeIOT 
BH,l{ [28) 

A(q)q ·• + B(q, q • )q • + Cq = S(H + T) + u + n, (6.27) 

A(q) == SAST, B(q, q ·) = SBST + SAST·. 

Ilpe)lJIOlKeHHe 6.10. IlyCT1>: 1. Il-onepauIDI rrepecTaHOBKH 
C1J'OK H ctonou;os MaTJ>HU: A(q), B(q, q ·),CB ypasHeHIDix (6.27), 
Ta.Kasi qTQ 

IlA(q)= At(q) A+(q) , IIB(q,q')= B:t(q,q') B+,(q,q") , 
A2"(q) A:(q) B!(q,q') B:(q,q') 

0 0 ,. 
TIC= , 

0 C: 

r.ue Dt ( q), D:; ( q ), D :!: ( q ), D: ( q) - MaTJ>HUbl BKJia,zta .IlBIDKeHIDI 
(sepXHHH HHJleKc) B ,l{Bl{}l(eHHe (HHXCHHH HH.UeKC), (+)-Heynpyroe 
( «Me,WieHHOe») ,l{BHXCeHHe, (-)-ynpyroe ( «Ol>IC1J'Oe») JlBHXeHHe; 

2. q = col{q+. q_ }, q+, q_ - CTOJIOu;I>I o6o6meHHblX KOOp,llH­
HaT Heynpymx ( «Me,wieHHI>IX») H ynpyrnx ( «6LIC1J'bIX»} ,IlBHXCeHHH; 

3. llf+ll. llf_ll- Ma1'pHu;I>I mecrHMepHLIX oproB oceii ueynpymx 
H ynpyrnx ,IlBHXeHHii COOTBeTCTBeHHO. 

Toma ypasHeHIDI JlBIDKeHIDI CHCTeMLI Te.JI c ryxoso-ynpyrn:MH 
3JieMeHTaMH HMelOT BH,11; [28] 

At (q)q.j.' + Bt (q, q • )q+ +A:; (q)q.:· + B:j: (q, q • )q.:. = Q, 

Q = llf +llTfi[S(H + T) + u + n]; (6.28) 

A: (q)q.:· + B: (q,q • )q.: + A:!:(q)q.;_- + B!(q,q • )q+ + C:q_= Q, 

Q = llf _llTfi[S(H + T)]. 
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6.2.3. O(n 3 )-AJirOPHTMld KOHCTPYHPOBAHWI 
3JIEMEHTOB HHEPllHOHHLIX MATPJm 
YPABHEllHA JUIIDKEHWI CHCTEM TE.JI 

IlpeJV1011te1D1e 6.11. IlyC'I'I>: 1. A:, B: - ( 6 x 6 }-MaTIJIDlbI 

HHepinm m ypasHemm JlBIDKemm (s}-:aneMema CHCTeMLI Ten (5.217), 
s =lk; 

2. (st, lk)+ =(st)+ n (lk)+ - nepecetieHHe MHOXCCTB .llOCTH­

iKHMOCTH (st}- H (lk }-sneMelITOB CHCTeMbl Ten; 

3 A st-a Bst-o. - "'JieMeHT1>1 (tIHCJia) MaTnUT• A(q) H · lk-13 ' lk-13 " ·r ........ 
B(q, q ·) cooTBeTCTBeHHo, pacnonoxeHH1>1e Ha nepeceqeHHH 

(st-O.}-CTIJOK H (lk-{3)-cTon6uos; 

4. sfJ-o. =fst,TMjk,TVj,. pE(st)+-CTPOKH CTIJ)'KTYPHOH 

MaTIJHUbl CHCTCMbl TeJI S, s:-a.. - Bb{q}{CJDIIOTCH c HCilOJlb30BaHH­

eM peK)'ppeHTHoli npoue.nyp1>1 (6.22). 
Toma ypasHeHHH ,ll;BHXeHIDI CHCTeMbI TBep,n1>1x TeJI co CTIJyKT)'­

poli .nepesa Moryr 61>ITL npe.ncTaBJieHbI B BH,Z:Ce [33] 

A(q)q ·· + B(q, q · )q · = Q, Q = S(H + T) + u + n, (6.29) 

A st-a _ ~ st-a.AP lk-f3,T 
lk-13 - ~pE(st,lk)+ Sp PSP ' (6.30) 

Bst-a = ~ (sst-a BP slk-13,T + sst-a AP slk-13,T·) (6 31) 
lk-f3 pE(st,lk)+ p p p p p p ' ' 

A st-a. - Bst-a - O tt ( t lk) 
lk-13 - lk-13 - ' p y;;. s ' +. (6.32) 

KoMMemapHH: 1. lh paseHCTB (6.31) H (6.32) cne.nyeT, llTO B 

yprumeHHH JlBIDKCHIDJ (lk)-Tena Moryr BXO.UHTb KHHeManrqecme xa­

painepHCTHKH .UBHJKCHIDI (st )-Tena H Hao6opoT TOJlbKO B cnyqae, 

eCJIH nepecetieHHe HX MHOJKecTB .llOCTHXHMOCTH He nyCTo. HanpH­

Mep, B ypaBHCHIDI ,ll;BIDKCHIDI mo6oro H3 spamarom;HXCJI TeJI CHCTe­

MbI Te.11 THUa «CJKHK» npHHUHUHaJibHO He MOryI' BXO,IJ;HTb o6o6m;eH­

Hbie KOOp.llHHaTbI (yrm.1 BpameHIDI OTHOCHTeJibHO HOCHTemI) .npymx 

BpaIUa.IOmHXCSI TeJI (HX CYMMI>I HJIH pa3HOCTH), a TaIOKe HX CKOpo-

CTH H ycKopeHHH. 

2. H3 KalleCTBeHHOro aHanma ypasHeHHli (6.29) cne.nyeT, llTO 

B3aHMHOe BJIHSIHHe JlBHXeHHH TeJI .npyr Ha .upyra B cnyqae 
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(st, lk) + = 0 B03MO:XCHO TOJlbKO qepe3 Te (p )-Tena CHCTeMbl, WJJI KO­

TOpblX (p, lk)+ -;/:. 0 H (st, P)+ * 0. HanpHMep, WJJI CHCTeMbl Ten 

Tlrna «eXHK» B3aHMHOe BJIIDIHHe .D:BHXemrn Bpa.marom;HXC.Sl Ten ocy­

m:ecTBJI.SieTC.Sl TOJlbKO qepe3 ,IJ;BH:xceHHe HOCHTeJI.SI. IloCJie,IJ;Hee 03Halla­

eT (3TO nenco ysH.IJ;eTb npH npocTOM BH3YaJibHOM aHaJIH3e CTPYKTY­

pbI ypasHeHHH .D:BH:xceHIDI (6.29)), 'ITO mo6.01e 3cpcpeKTbI, npHllHHOH 

KOTOpbIX .SIBJI.SieTC.Sl BbIWeYKa3aHHOe B3aHMHOe BJIIDIHHe Bpa.maro­

m;HXC.SI Ten qepe3 HOCHTenb, orrpe.D:eJI.SIIOTC.Sl TOJibKO CJiaraeMbIMH 

HHepuHOHHOro npOHCXO)K.IJ:eHIDI, 3aBHC.SIW:HMH OT npOH3Be,IJ;eHIDI JIH­

HeHHbIX H yrJIOBbIX CKOpoCTeH OT,ll;enbHbIX Ten H HOCHTeJI.SI (H3 COCTa­

Ba ueHTP06e:x<:HbIX, KOpHOJIHCOBbIX, rnpoCKOilH'leCKHX H T. n. co­

CTaBJI.SIIOW:HX HHepuuoHHoro .D:HHiwH'lecKoro BHHTa). ECTecTBeHHo, 

npH OTCyTCTBHH ,ll;BH:XCeHIDI HOCHTeJI.SI 3TH CJiaraeMbie B ypaBHeHIDIX 

OTCyTCTByroT H B3aHMHoe BJIIDIHHe spa.marom:HXC.SI Ten TaK:xce OTCyT­

CTByeT. 

6.2.4. 0(n2)-AJirOPHTM KOHCTPYHPOBAHIDI MATPHQLI 
KHHETWIECKOO 3HEPI'HH CHCTEMLI TEii 

Onpe.i.e.11eHHe 6.2. IlyCTb: 1. V =col{ ••• , v11°·lk, ... } - BeKTop 

KBa3HCKOpOCTeH CHCTeMbI Ten (5.49); 
2. q. =col{ •• ., qlk· , ... } - o6o6m:eHH.Die CKOpOCTH CHCTeMbI 

Ten; 

3. A H S - 6nolffio-.n;HaroHaJI.DHa.SI MaTPHI.la c 6noKaMH Aff 
(6.25) Ha rnasHoH: .D:HaroHaJIH H CTPYKTYPHa.SI MaTPHI.la CHCTe-

MbI (6.11). 
Tor.D:a: 1. KBa;:{paTH'IHa.SI cpopMa co CBOHCTBaMH MepbI Ha~~ 

T = 0.5V ·AV= 0.5q ·. A(q)q · (6.33) 

HaJbmaeTc.SI KuHemu?lecKou 3Hepzueu cucme.Mbl me.n. co cmpyKmypou 
oepeea; 

2. MaTpHU.DI A H A( q) Ha3bIBaIOTC.SI Mampulla.MU KUHemu?lecKou 
3Hepzuu cucmeMbt me.n. 8 KBa3UCKOpocmax u o6o6cqeHHbl.X cKopo­

cmax COOTBeTCTBeHHO. 

KoMMemapHii. B nepBOM Bapuame npe.D:CTaBJieHIDI (6.33) KH­

HeTH'leCKa.SI 3Hep.lll.Sl cHcTeMbI Ten .SIBJI.SieTc.SI CYMMOH KHHeTH'lecKHx 

3HeprnH: BXO.D:.Slm:HX B Hee Ten, BO BTOpOM BapHaHTe 3TO He TaK. 
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IlpeA1I01KeHHe 6.12. IlyCTL: 1. A.:f.r, A~ - lo x o J-M•npnJ.J,D• 

HHep:QHH no;:mepeBI>eB (st)+ H (lk)+ OCHOBHOI'O nepeBa c KOpHSIMH 

(st) H (lk) COOTBeTCTBeHHo; 

2. Lff E L(R, 6) - MaTpHI.{a npeo6pa3oBaHIDI Elk B Est 

(lk) E (st)+; 
3. (st)+ - MHOXeCTBO npaBOH HHUH,IJ;eHTHOCTH (st}3JieMeHTa 

CHCTeMbl. 

Toma HMeeT MecTo peKYPpeHTHoe paBeHcTBo [20]: 

Ilpe,IVIoJKeHHe 6.13. ITyCTL: 1. B CHJIY (6.34) 

A lk - Alk + "t' TlkAP Tlk,T. 
+ - lk ""'pE(lk)+ LJP +Lp ' 

2. J3~ - (1x6}-cron6eu BHJla 

Alk - AlkMlkkJ.lk· 
I-'+ - + lk a ' 

3. A+ = diag(A~ ), M = diag(Mlf). llt11 = diag<llf 'kll). 

(6.34) 

(6.35) 

(6.36) 

Toma: 1. Arni BI>NHCJieHIDI rum aHaJIHTH'lecKoro KOHCTPYHPOBa­

HIDI ::ineMeHTOB Af£=~ npasoro BepXHero yrna MaTpHUI>I KHHeTWle­

CKOH 3HepmH CHCTeMbI MO:lKeT 6bITh HCilOJib30BaH o(n2 )-anropHTM 

Aft=~ = sf£-CXJ3~, (lk) E (st)+; Aft=~ = 0, (lk) (/.(st)+. (6.37) 

2. Arni npaBoro BepxHero yma MaTPHUbI KHHeTHtleCKOH 3HepmH 

CHCTeMI>I Ten HMeeT MeCTO CJie,zzyromee MaTPWIHOe npe,l{CTaBJieHHe: 

(6.38) 

6.2.5. O(n)-AJII'OPHTM KOHCTPYBPOBAHIDI CTOJIB:IlA b ( q, q · ) 

Ilp.s.iMoe BI>NHCJieHHe HJIH aHamrmqecKoe KOHCTPYHPOBaHHe 

CTOJI6ua b(q, q.) = B(q, q. )q. B (6.29) BbillOJIHSieTC$1 c HCIIOJib30-

BaHHeM o(n3 )-anropuTMa (6.21). A. IO. EeJIKoBI>IM rrpe,l{JloxeH BbI­

tIHCJIHTeJibHO ::iKoHoMHtIHI>lii, nHHe:Hlibm no n, anropHTM KOHCTPYH­

poBaHIDI ::ITOI'O CTon6ua [5, 33]. 
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IlpeAJI01KelBle 6.14. Ilycn. anropHTM trnCJIOBoro HJIH aHa.JIHTHlle­
CKoro KOHCTpYHJ>OBamm Berropa b(q, q ·) = B(q, q · )q · npe.!{CTaB­

JieH c }"JeTOM (6.21) B BH,l(e 

b(q,q· )=S(AX+BV}, X=sr· q·. (6.39) 

Tor.u;a cymecTByeT peicyppeHTHhlii (OT KOpWI AepeBa (11) K no'i­

KaM) o( n )-anropHTM KOHCTJ>YHPOBaHIDI BeICTopa x 
x _ Lµ,k-1;r x + ff·k-i;r· v10;µ,k-1 

lk - lk µ,k-1 lk µ,k-1 , 

X11 = Mflk• !lf ssUqll·, (6.40) 

r.rte MaTPHI.lbI Lt/-l;T· H Mffk KOHCTPYHPYIDTCSI (B q}{CJIOBOH HJIH 

aHaJIHTH'IeCKOH q>opMe), c HCilOJib30BaHHeM anropHTMOB (6.23) H 

(7.11), a BeKTop V~~i~ik-l - C HCllOJlb30BaHHeM ypaBHeHHii KHlle­
MaTHKH CHCTeMbI (6.11 ), ytlHThIBruI, 'ITO MaTPHI.la s yxe IlOJIY'leHa Ha 

3Tane KOHCTPYHPOBaHIDI MaTpHa;l>I A(q). 

Ilpewi:o1KeHHe 6.15. IlyCTI:.: 1. .AJiropHTM qHCJiosoro mm ana­

JIHTH'IecKoro KOHCTJ>YHPOBaHHa: BeKTopa b(q, q ·) = B(q, q · )q · 
rrpe,llCTaBJieH c yqeTOM (6.39) B BH,D;e 

b(q, q.) = llf11T MTZ, z =LY, Y= (AX+BV), x = sr· q.; (6.41) 

2. BeKTOp x = sr· q. Bbl'IHCIDieTCSI c HCilOJib30BaHHeM anro­
pHTMa (6.40); 

3. (cd) - notIKa aepeBa. 
Tor.n;a cymecTByeT peicyppeHTHhlii (oT noqex: (cd) K Kopmo ,n:epe­

Ba - (11)) o(n)-anropHTM KOHCTJ>YHPOBaHIDI BeK.Topa z 

Zµ,k-I = Yµ,k-1 + ~(µ,k-1)+ Lr/-l zlk• Zed = Ycd· (6.42) 

6.2.6. AHAJIHTH'IECKHE TPAHCBEKTHBHLIE 4>0PMbl 
YP ABHEmllt ,IUJIDKEHIDI 
CllCTEM TBEP~LIX TEJI B 4>0PME KOIDll 

B AaHHoii mase IlOJIY'leHbl pa:moxeHIDI npaMoH: H o6parnoii 

MaTPHll KHHeTH'lecx:oii 3Hepnm CHCTeMl>I TCJI co CTPYKTypoii. AepeBa 
Ha npocTdiIIIHe COMHOXHTeJIH-TPaHCBeKIJ;HH (3.41), 'ITO pacurnpgeT 
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B03MO)l{l{OCTH aHamrr1111ecKOI'O HCCJieJJ;OBaHIDI H qHCJieHHOI'O peme­

HIDI 3a,naqH Koum ypaBHemm JJ;BIDKeHHSI CHCTeM TeJI 6onLIIIOH pa3-

MepHOCTH c HCilOnL30BaHHeM MeTOJJ;OB KOMIThIOTepHOH anre6pb1 [8, 
13] H CTaHJJ;apmoro anre6pa1111ecx:oro MaTo6ecneqeHIDI 3BM. B qa­

crnoCTH, ocym:ecTBIDieTC.sI Henocpe)lCTBeHHOe KOHCTp)'HpOBaHHe 

TPaHCBeKTHBHoro pa3noxeHIDI o6paTHOii MaTpHllLI, MHffY.K CTaJJ:HH 
KOHCTp)'HpOBaHIDI CaMOH MaTPHULI H ee IlOCJieJlYIOmero o6pameHHSI. 
IlpHHUHIIHaJibHO HCilOnLJYIOTC.sI CBOHCTBa arperaTHBHOH cpopMbl 3a­
IlHCH ypaimemm JJ;BIDKeHIDI CHCTeMLI [25-29, 33]. PaccMaTpHBaeT­
c.H: TpaHcBeKTHBHa.H: cpopMa Koum ypaBaemm JJ;BIDKeHIDI cHCTeM Ten 
H BLIIIOnIDieTCJl oueHKa BbRHCJIHTeJibHOH TpynoeMKOCTH nonyqeH­
HbIX anropHTMOB [31, 32]. Pmee nonyqeHLI JJ;Ba arrropHTMa KOHCTpy­

HpOBaHIDI 3JleMeHTOB A~-.=_~ MaTpHULI DIHeTHqeCKoii sHepmH A (q) 
CHCTeMbI TBep.zn,IX TeJI (6.30), (6.36) 

I anropHTM 

At-a= L st-aApsk-13,T /-a =!.t,Tv (6.43) 
k-(3 pE(t,k)+ .P P P ' k . a k" 

II anropHTM 

At-a - t-aAk k () At-a -O kcr.() 
k-(3 -sk I-'+• Et+• k-(3 - , 'Ft+• (6.44) 

(6.45) 

u = u(t}, (3 = P(k) (u, (3 = 1, 2, ... , 6). 

Dpe.zvroJKeHHe 6.16~ IlyCTL: 1. Af1 - (6 x 6)-MaTpHila BH.I{a 

(6.46) 

me (6 x 6)-MaTpHUa Ai onpeneneaa peKyppeHTHLIM paBeHCTBOM 

Ak = L Lk (A pA - ~pA~pA, T <P. PlA )Lk, T; (6.47) 
k p E (k)+ p p p p p p 

2. Pr - <P>-CTon6eu MaTPHilbl Af1 <J3 = 1, 2, .•• , 6) 

AM -AMl"k· 
"'k - k J13' (6.48) 
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3. ((3, 13)~ - ((3, (3)-an:eMeHT MaTJ)HUl>I A~: 

(13,13)~ =J:·T13~ =Jt'TAtAJt; (6.49) 

4. ~~ - (6 x l}CTon6eu, onpe,neJUieMblli paBeHCTBOM 

MA = 13~ I (j3, 13 )fA; (6.50) 

5. (t, k)- CKaJISIPHOe npoH3Be,neHHe, aHanorwrnoe (6.44), BHJla 

(6.51) 

6. ttk ((t, k)) = ttk (t, k) = ttk• t < k,-TpaHCBeKUWI (3.41) c apry­
MeHTOM (t, k); 

7. T - npoH3Be.neHHe TJ>aHCBeKUHii, BhlllOJIHSIIOID:HX aizy;mpo­
BaHHe Ha.IUmaroHam.Hl>IX an:eMeHToB MaTJ)HIU>I A ( q) npH BLmonHe­
mrn faycc-npouecca CO CTJ>OKaMH, Ha'IHmUl C nocne,nHeH: 

T = II r;,} (t, k), t < k; (6.52) 
t, k 

TT = II ki/ (k, t)T = II fil (t, k), t < k; (6.53) 
t, k t, k 

tk (((3, (3)~) = tk (j3, (3)~A. (6.54) 

Toma HMeeT MecTo cne.nyrom:ee paBeHcTBo: 

TA(q)TT = diag{ ((3, 13)~A} =II tk ((3, 13)~A. (6.55) 
k 

IIpe,llJI01KeHHe 6.17. IlyCTL: 1. 13~0 CCTb, aHaITOIWIHO (6.44), 
{13)-cTOn6eu HeKoTopoH: HenocpeACTBeHHO He Hcnon1.o3yeMoH: 
(6 x 6)-MaTPHULI A!o; 
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2. (13, 13 )~0 eCTL (13, 13)-an:eMeHT MaTPHULI A!0 

3. ~~o - (6 x l}-cTOnoeu, onpe,neJUieMLm paBeHCTBOM 

B~0 = 13~ I <13.13)~0 ; 

(6.56) 

(6.57) 



4. PeKJPpeHTHbrH anropHTM 'IHCJIOBOI'O HJIH CHMBOJILHOI'O KOH­

C'rp)'HpOBaHIDI CTOJ16ua 13t0 HMeeT BH,ll npH 13t H3 (6.44): 

Ako - A.k _ ok. (6.58) I-'+ -1-1+ . +• 

()~ = L L(k, p)LT (k, p)Jt (13, 13)~0 , (6.59) 
pE(k)+\(k) 

A 0 ApO 
L(k,p)=L~J3~ =Lt+ 1L(k+l,p),L(p,p)=J3+; (6.60) 

6. (t, k) - CKaIDipHoe npOH3BeAeHHe BH,lla 

(t k) - s' - a.Ako s' - a. - J.'· TL' (6.61) ' - k JJ+ ' k - a. k" 

Toma, a11anoIW1Ho (6.55), HMeeT MecTo CJie.uyromee paBeHCTBo: 

TA(q)TT = diag {(J3, 13)~o} = Il tk (13, J3)~o. (6.62) 
k 

Ilpe.!VIOJKeHHe 6.18. AHanHTH'lecme TpaHCBeKTHBHble cpopMbl 

MaTPHI~ A(q) H A-1 (q) c yqeToM (J3, 13)k~ = (13, 13)~ = (J3, 13)~0 HMe­

IOT Bii.A 

A(q) = T-1diag{((3,13)Z~ }(T-1 )T, 

A-1 (q) =TT diag {1/((3, 13)!~ }T. 

(6.63) 

(6.64) 

0.n;HHM H3 OCHOBHLIX rrpH11oxeHHH nonyqeHHblX pe3yJlbTaTOB aB­

~eTca B03MOXHOCT.b Henocpe.a;CTBeHHOro aHalIHTH'lecKoro ( c HC­

llOJib30BaHHeM MeTOAOB KOMilblOTepHOH anre6pbl [8, 13]) HJIH 'IHC­

JIOBOI'O (c HCilOJib30BaHHeM anre6paH'leCKOI'O MaTo6ecne'leHIDI 

3BM) KOHCTPYHPOBaHIDI ypasHeHHii (6.29) B cpopMe KolilH 

q •• A -1 ( q)F' MHHYa CTa,zufil npeABapHTeJILHOI'O KOHCTp)'HpOBaHIDI H 

noCJie.uyromero o6pa:w;eHIDI MaTpHULI A(q). 

Ilpe.!VIOJKeHHe 6.19. A.HaJIHTK'IeCKaa TpaHCBeKTHBHaa cpopMa 

Konm arperaTHBHblX ypaBHeHHH .UBH)l(eHIDI CHC~eMbl Terr co c-rpyx:­
TYPOH .uepeBa HMeeT Bii.A 

q .. =TT diag {1/((3, j3)k~ }TF, F = Q - b(q, q · ). (6.65) 



IlPHJIO)KEHBE 

7. OCHOBAHIDI A.JIIEl>PAlfllECKOH 
TEOPHH BHHTOB 

IloJIHhrH BapHa.HT yul3aHHOH TeopHH pa3pa6oTa.H B (23, 33]. B 
lla.HHOM npru10xeHHH np1rneneHbl ee OCHOBHbie pe3JJlbTRT.hl Wlll 
cnpaBOK no TeKCT)' MOHOrpa¢HH. 

7.1. MHO:JKECTBO CKOJIL3RID;HX BEKTOPOB 

Onpene.ne1111e 7.1. Ilycr1>: 1. A3 -TpeXMepHoe a¢cpHHHo-BeK­

TOpHoe rrpocTpaHCTBO, Es= (os, [es])- npoH3BOJlbHruI neKapTOBa 

CHCTeMa KOOp'AHHaT, x E V3 - CB060llHhIH BeKTOp, xs - ero KOOp­
llHHRTHbrH CTOJ16eu B 6a.JHCe [es]; 

2. y E D3 - TO'IKa, r.y - ee pa,zmyc-BeKTop B Es (Bepxmm 
HHJ(eKc), r;s - ero Koop'AHHaTHDrn cTOn6eu B 6a.JHce [es] (Bepxmm 
BHelIIHHH Hff'AeKc), <rps - KOCOCHMMeTpWJeCKruI (3 x 3)-MaTpH­

u;a, rropoxmeHHruI KoopwmaTRhIM crorr6uoM r ys; 
3. z; - npgMrui, npoxo.wun:IDI qepe3 ToqJCy «)'>> c Hanparunuo­

IIJ,HM BeKTOpOM x: MHOXeCTBO TO'ieK b E D3, TaK.HX 'ITO b = y + kx, 
kER1. 

Torna mecTepKa «l>YHKUHH, (6 x 1-cTorr6eu), Bhl'ffiCJljfeMbIX no 
ipopMJrre 

[XS = QS CO{{XS XS} (7.1) 
s ys • • 

Ha3I>maeTC$1 cKOJlb3.Jl~UM ee1C1nopoM, nopo}KOeHHbl.M ceo6ooHbl.M eex:­

mopoM x u np.R.Mou 1; e cucmeMe 1wopouHam Es (npHBeJJ;eHHI>IM K 

Haqarry Es - HH.XCIIHH Hff'AeKc H Bl>I1IHCJieHIII>IM B 6a3HCe [eS] -
BepXHHH BHeIDHHH Hff'AeKC). 
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IlpeMo1KeHHe 7.1. OnpeJleJieHHe CKOJib3.Slll{ero BeKTopa (7.1) 

He 3aBHCHT OT BbI6opa TO'IKH «)'>> Ha np.HMOH z;. 
)lOIUllaTeJILCTBO. IlycTh «}'>> H «Z» E l§. BI>NHTCUI ,l{Ba CKOJib3Jl­

U{HX BeKTopa (7 .1) c HCilO.JTh30BaHHeM B onpe,lleJieHHH TO'leK «y>> H 

«Z>>, nonyqaeM H)'JleByro meCTepK)' 'IHCeJI B CHJIY TOI'O, 'ITO 

(<rs >s _<rs >s )xs = < 7 ss _ rss > xss = O TaK KaK rs _rs _ z y z y ' z y 
npeJlCTaBHTeJib CB060,llHOro BeKTopa kx, (rt - r:) c kx, k E R1. 0 

B CBSI3H c 3THM HH,U;eKc «}'>> B o6o3Ha'leHHH MaTPHUI>I G ~s B ,llaJib­

HeH:meM, KaK npaBHJio, orrycKaeTc.H. HJ onpe,lleJieHIDI CKOJI.bJ.Hmero 

BeKTopa CJieJzyeT BUCHeiimee yrsep)K,IJ,em1e. 

IlpeMOlKeBHe 7.2. CKOJib3SllllliH BeKTop He SIBJIHeTCSI BeKTopoM, 

T. e. MHOJKeCTBO CKOJI.b3.SllllHX BeKTOpOB I= {lf' x E V3} (7.1) He 

.SlBJISieTCSI BeKTOpHbIM npOCTPaHCTBOM. 

)loK838TeJILCTBO. CyMMa JlByx mo6blx CKOJib3.Slll{HX BCKTOpOB, 

nopo)K,IJ,eHHbIX HerrepeceKaIOII{HMHCSI np.a:MbIMH, He .HBJISleTC.H CKOJib-

3Rl.IUIM BeKTOpoM: 

txs + [Ys =Gs col{x3 xs} +Gs col{ys ys} = 
s s as ' bs ' 

B 11acTHOCTH, C)'MMa (0, 0, 0, ( (as)s - (bs)s )xs )T ,u;Byx 

CKOJIL3SIII{HX BeKTOpOB (7 .1 ), nopo:irmeHHbIX CB060,l{HblMH BeKTOpaMH 

x H -x E V3 H napaJIJieJibHbIMH np.SIMbIMH l~ H lbX, a* b He SIBJI.SleT­

CSI mecTepKOH cpYHKIJ;HH THila (7.1), T. e. He HBJISieTC.Sl CKOJib3.Slll{HM 

BeKTopoM. D 

KoMMeHTapHH. lllecTepKa cpymai:Hii l f JIHHeHHO 3aBHCHMa, 

Ta.IC Ka.IC det (yS)S = 0, a TaKXe HaJIH'IH.Sl ypaBHeHH.Sl CB.Sl3H 

xs, T (yS)S xs = 0. 

IlpeMOJKeBHe 7 .3. ,Una TOI'O 'IT06bI CKOJib3.Slll{HH BeKTop l :s B 

Es 61>m paBeH ttymo, Heo6xo,D;HMo H .u;ocTaTO'IHo, 'IT06bl 61>m paseH 

H)'JIIO rropoxmruomHii ero cno60.u;Hb1ii Beicrop x s: 

(7.2) 
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.11.oKalaTellbCTBo. Heo6xo)lHMOCTh: z;s = G~col{xs, xs} = 
=0-tcol{xS,(yS)SxS} =0-txs =0. JloCTaTOllHOCTh: xs =0-7 

~ Gyscol{xs, xs} = Gys · col{O, 0} = 0-t lf = 0. D 

7.2. BEKTOPHOE IlPOCTPAHCTBO BHHTOB 

OnpeAeJJ:eHHe 7.2. IlycTh: 1. Ii = {l~ = G~col{x1, x1}, 
x~ E R3, k E K(j)}c I - (J)-CHCTeMa CKOJib351In;HX BeKTOpOB z:i B 

cHcTeMe KOOp,llHHaT Es; K (j)-MHo:x<:ectso HH,lleKcos (J)-cHcTeMhI 

CKOJih35IlQHX BeKTOpoB; j-mJ,UeKc CHCTeMhl; 

2. Ht - CyMMa CKOJih35llll;HX BeKTopoB CHCTeMbI I j: 

ns = L /XS (7.3) s sk' 
kEK 

Tor,lla: IllectepKa <PYHKllHH (7.3) HaJbIBaetc.sr 6UHmo.M 6 cucme­

.Me KOOpOuHam Es, rropoX,lleHHLIM (J)-cucme.MOU CKO.llb3JtUfUX 6eK­

mopo6 Ii c MHQ:x<:ecTBOM ~eKcoB K(j). 

llpeMOlKeHHe 7.4. MHo:x<:eCTBO BHHTOB B mo6oi% IIpOH3BOJihHOH 

CHCTeMe KOOp,llHHaT Es RBJIReTC5I IIIeCTHMepHLIM l{HCJIOBLIM BeKTOp­

HLIM npoCTJ>aHCTBOM H = R6 • 

Onpe,lleJJ:eHHe 7.3. IlepsL1e TpH Koop,llHHaTLI BHHTa xJ HaJhIBa­

IOTC5I rJlaBHLIM BeKTOpOM BHHTa H o603HallaroTC5I 

mvx~. (7.4) 

OnpeAeJJ:eHHe 7.4. IlycTL: 1. z-;xs H lf -,llBa CKOJIL35Illl;HX BeK­

TOpa (7.1), nopoX,lleHHhIX KOOPJ:lHHaTHhlMH CTOJI61.{aMH -xs H 

xs E R3 CB060.llHhIX BeKTopoB x H -x E v3 B 6aJHce [es] H rrapan­
JieJihHhIMH IIp:SIMhlMH [-x H [x' y Z' 

2. h =min ll r] - rf II no BCeM TOllKaM y E z;x, z E 1;. 
Tor.n:a: 1. BHHT Hf, 5IBJIRIOin;HHC:SI C)'MMOH arn:x CKOJih35lm;HX 

BeKTOpOB 

HaJLmaeTc:SI napou. 
2. qHCJIO «h» Ha3hIBaeTC5I n.RettOM napbl (7.5). 
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Onpei:.eJieHHe 6.5. CKoJIL3SlmHii BeKTop H Bmrr 

z;s =col{xl,0,0,0}T, H: =col{ ~ Xi,0,0,0}, xi :;t:Q (7.6) 
kEK 

Ha3L1Ba10TcSI Bblpo"JKoeHHbl.MU 8 Es. 

KoMMeHTapuu: 1. CKoJIL3SIIUHii BeKTop l :S B Es Bi.ipo:xc,neH, ec­

JIH JIHHHSI ero .n:eiiCTBWI rrpoxOJJ:HT 1:1epe3 Ha'laJIO KoopJJ:HHaT Es. 
2. CKoJlb3SlmHii BeKTop, BLtpoJK,D;eHHLiii: B Es• He BI>Ipo:xmeH B 

Et, eCJIH 0 8 -:t o1• 

3. BL1po:xmeHHbIH BHHT - He o6SI3aTeJibHO C)'MMa BLipoJK,D;eH­

HbIX CKOJib3SlmHX BeKTOpOB. 

4. MHo:xceCTBO Bl>Ipo:xmeHHLIX BHHTOB .sIBJISieTcSI TPeXMepHLIM 

BeKTopHLIM rro.n:npocrpaHCTBOM V3 npoCTpaHCTBa V3 x V3 . 

llpeWIOJKeHHe 7.5. Ilapa (7.5) H BLlpOJK,ll;eHHLIH BHHT (7.6) HH­
BapmUITHbl OTHOCHTeJlbHO BL16opa TO'IKH npHBe.n:eHWI CKOJib3SlmHX 

BeKTopoB. 06a nopo:xmaroTC.sI KOOp.U:HHaTHI>IM CTOJI6IlOM CB060JJ:HOI'O 

BeKTOpa x E V3 B 6a3HCe [es], npH1:1eM nepBLIH 3aBHCHT OT IIJietJ:a 

<<h>>. 

7.3. fPYIIIlA roJIDKEHHil BEKTOPHoro 
IIPOCTPAHCTBABHHTOB 

CJie.ll)'IOmHe pe3ynLTaTL1 JJ:alOT npocToii, nerxo peanH3yeMDiii: Ha 

3BM anre6paH'leCKHH MeTOJJ: npeo6pa30BaHWl KOOpJJ:HHaT BHHTOB 

rrpH nepexo.n:e K HOBOH CHCTeMe Koop.n;HHaT. 

IlpeJ.tTioJKelDle 7.6.IlyCTL: 1. Es =(os,[es]), E1 =(op[ef])­
.n;eKapTOBLI CHCTeMLI KOOp,llHHaT B A 3 c Ha'laJiaMH B TO'IKaX 0 s' 

Or E D3 H OpTOHOpMHpOBaHHbIMH 6a3HCaMH [e 8 ] = (ef. e~, e~ ), 
[et] = (e{' e~, e~) E V3 COOTBeTCTBeHIIO; 

2. cf E SO (R, 3) - MaTpHUa nepexona OT 6a3Kca [e 3 ] K 6a-

3Hcy [et], [et]= [e 8 ]cf; 
3. of E V3 - BeKTop napannen1>Horo nepeHoca E1 (HH:XCHHH 

HHJleKc) BE s (BepXHllii HHJleKC), ofS - ero KOop,llHHaTHbIH CTOJI6en 

B 6a3HCe [e 3 ] (BHeIIIHHH BepXHIIB HHJleKC), (of)S - KOCOCHMMeT­

pH1:1eCKWI MaTp.mca, rropoJl(J{eHHaSI KOOp.U:HHaTHI>IM CTOJI6IlOM ofS; 
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4. H:, Hf - KOOp,llIDlaTbI BHHTa B Es H Er 
Tor)J.a: 1. ,UBHxeune Hf -? HJ HMeeT BH.n [23, 33) 

H s - LsHt Ls - Tss [cs] s-tt' t-t t• (7.7) 

2. (6 x 6)-MaTpHULI T/s napaJIJieIILHoro nepeHoca H [cf] Bpa­

m;eHIDI, HH,l{)'l{HpOBaHHbie napaJIJieIILHbIM nepeHOCOM Ha BeKTop of H 

Bpam;eHHeM cf E SO(R, 3) B A3 , HMeIOT BH.n 

E 0 
yss = 

t (of)s E ' 
[cf] = cf 0 

0 cf 
(7.8) 

,lJ;OK333Te.JlbCTBO. IlyCTb l:f = a: II xt' xt UT - Oll;HH H3 CKOnL-

31lllJ;HX BCKTOpOB (7.1), BXO,wIID;HX B C}'MMY (7.3), TOni;a: 

Lflf1 = LfGJ col{xi, xpT = Tfs[cf]Gf col{xi, xp = 

= T/s[cf]Gf[cfJT[cf] col {x~, xi}= r,ssGf col {xt. xt} = 
=Gt col {xs, xp= l:i· o 

Ilepexo,ZUI B o6eHX 'laCTIIX 3TOro paBeHCTBa K cyMMaM (7.3) no kc 
)"leTOM nHHeiiHOCTH onepaTOpa Lf, rrorryqaeM ;:i:oKaJLmaeMLrn pe3)'Jlb­
TaT. 0 

Ilpe,IUio:JKeHHe 7.7. MHo:xcecTBo JJ:BH:XCeHHH 

(7.9) 

BeKTOpHoro IlpOCTpaHCTBa BHHTOB 

L(H.6) = {Lf: Lf = T/S[cfl, s, t EN} (7.10) 

srBJI.SieTcsr MYJThTHnnHK.aTHBHOH rpynnoH. 
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7.4. YPABHEHHE KHHEMATHKH 
HA rPYililE L(H.6) 

Ilpe.1VIOlKe1D1e 7.8. IlyCTL: 1. Lt (H.6) = {Li(t): Lf (t)=T/s (t) x 

x [cf (t)], s, t EN} - o.mmnapaMeTpH'lecKasI rpynna npeo6pa30Ba­

HIDI KOOp,wrnaT BHHTOB npH nepexo.n;e K HOBOH CHCTeMe Koop,wrnaT 

(7.10); 
2. W1ft = Wft = col{roft, vft} -KHHeMaTH'lecKHii BHHT .n;sHxe­

HIDI Et OTHOCHTeJILHO Es B Et; 
3. ( vf) t' ( (1) f) 1 - KOCOCHMMeT1mqecKHe Ma1'pHil;Id, nopoJK.l{eH­

Hble KOOp,mrnaTHblMH CTOJI6UaMH vf1, rof1• 

Torna ypasHeHHe KHHeMaTHKH Ha rpynne L 1(H.6) HMeeT BH.ll 

u· = ucpst cpst = (wt >
1 0 

t t t • t (vf)' (wf)t 
(7.11) 

JJ:oKa3aTeJILCTBO. Lf = (T/S[cf])' = r;s· [cf] + T/S[cf]' = 
= (T;s· + T/s[cf] · [cf]T[cf] + (T;s· = T/s(rof)s)[cf] = T/s (T/S' + 
+(rof)s)[cf] = T/s[cf][cf]T Cf>fs[cf] = T/s[cf]<l>ft = Lf<l>ft. D 

YpasHeHHe (7.11) no3BOJl.SleT BBecTH npoC'ryro, neno peanHJye­

MYIO Ha 3BM onep~HIO .n;ucpcpepe~HpOBllHHSI Ha BCKTOpHOM npo­

C1'pllHCTBe BHHTOB. 

Ilpe)VIolKelDle 6.9. IlyCTL Lf :Hf ~H:, Ht =LfHf. 
Toma onep~H .n;H¢¢epeHQHpoeanIDI Koopmmamoro CToJI6Qa 

BHHTa B Heno.n;BHXHOH (•) H IIO.f(BHXHOH (*) CHCTeMax KOOp.n;HHaT Es 
H Et CBjJ3aHbI paseHCTBOM 

Hf = Lf (Hf* + Cf>ftHf ). (7.12) 

JJ:oKa3aTeJILCTBO. H s = u Ht ~ H s· = LS' Ht + LSIHtt * = * s *t I s t t 
- LS(IJ.V· Ht+ Ht )- V(H 1 + cpstHt) D -tst t t -, t tt· 

KoMMeHTapHii. Cm1son (*) ucrroJIL3yeTCjJ AJUI HarJI.Sl.n;HOCTH, 

u6o coqeTaHHe BepxHero HH.n;eKca «t» c CHMBOJIOM ( ·) B o6o3Haqe­

HHH Hf' nocTaTOqHo .n;Jl.SI noHHMaHHjJ. Toro, 'ITO .n;H¢¢epeHUHpoBa­

HHe BHHTa BbIIlOJIIDieTCH B IlO.l{BHXHOH CHCTeMe KOOp.n;HHaT E,. 
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